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If A, B, and C are elements of an arbitrary structure then we have always 
(1) [(A, B), (A, C)] S (A, [(B, ©), (C, A), (A, B))). 


(We will use in this paper the terminology and notation introduced in the 
paper (II); the marks < and > shall exclude the equality.) If the structure is 
especially a so-called Dedekind structure then in (1) the equality holds always 
ie. the equation 


(2) [(A, B), (A, C)] = (A, [(B, C), (C, A), (A, B))) 


is generally valid. (See for instance (II), p. 413, equation (4).) In this paper 
we inquire whether conversely every structure in which the equation (2) is gen- 
erally valid is a Dedekind structure, and how those structures in which (2) 
is not generally valid are characterized. 

THEOREM 1. If A, B, and C are elements of a structure, and between the cross- 
cuts (B, C), (C, A), and (A, B) there is at least one relation of inclusion then (2) 
is valid. 

Proor. If for instance (B, C) S (C, A), then we have obviously (B, C) 
(A, B) too. Therefore it is sufficient to consider the two cases (B, C) S (C, A) 
and (C, A) S (B,C). 

1. Let (B, C) be S (C, A). In this case we have 


[(B, C), (C, A), (A, B)] = [(C, A), (A, B)]; 
from this equation ensues immediately the asserted equation (2). 
2. Let (C, A) be S (B,C). In this case we have obviously 
[(B, C), (C, A), (A, B)] = B 
whence 
(A, [(B, C), (C, A), (A, B)]) = (A, 8B), 


and consequently 
(A, [(B, C), (C, A), (A, B)]) S [(A, B), (A, ©)]. 


But the last inequality implies together with the inequality (1) the asserted 
equation (2). 
THEOREM 2. If between the elements A, B, and C of a structure there is at 
least one relation of inclusion then (2) is valid. 
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Theorem 2 ensues immediately from Theorem 1. 

There are non-Dedekind structures in which nevertheless (2) is satisfied for 
arbitrary elements A, B, and C. We have for instance the 

THEOREM 3: In any non-Dedekind structure of the fifth order (2) is generally 
valid. 

Proor. If = is a non-Dedekind structure of the fifth order then we can 
(see (I), §6) denote its elements by P, Q, R, S, and T in such a way that the 
following inequalities hold: 


(P<Q,P<R,P<S,P<T; 
(3) » Meee 

B< 38,8 < 7; 

la < 7. 


From (8) it is directly evident that between any three elements of = there is 
always at least one relation of inclusion. Now it ensues immediately from 
Theorem 2 that Theorem 3 is true. 

Theorem 3 will be still further generalized in the following. 

THEOREM 4. There are structures in which (2) is not generally valid. 

Proor. We consider a set A consisting of 9 elements FE, L, M, N, Xi, Y, Z, 
X, F. Now we will establish between these elements of A the following 24 
proper relations of inclusion: 


‘Reh Sew, 8c NB < x, F< YY, <8, 8B <P: 
L<vy,t <3, < ¥; 
M<Z,M<Xi,M <X,M <F; 
(4) )N<M,N<X,N<Y,N<F; 
X, < X, Xi < F; 
¥ <P; 
Z<F; 
LX < F. 


One persuades himself easily that by the establishments (4) A becomes a partly 
ordered set. (See also figure on p. 575.) Moreover this partly ordered set is 
even a structure, and cross-cut and union of any two distinct elements of this 
structure can be found from the table on p. 576. 

According to this table we have 


[(X, Y), (X, Z)] = [N, M] = X41, 





and 
(X, [(Y, Z), (Z, X), (X, Y)]) = (X, [L, M, N]) = (X, [Z, N]) = (X, F) = X. 
Hence 

[(X, Y), (X, Z)] ¥ (X, ((¥, Z), (Z, X), (X, Y))). 


In the structure A considered here the equation (2) is consequently not generally 
valid. (On the other hand one can easily persuade himself that the triples 
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X, Y, Z and X, Z, Y are the only triples of elements of A which do not satisfy 
fied for the equation (2).) 
In the following the marks EZ, L, M, N, X1, Y, Z, X, F, and A shall have 
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set A’ of the 9 elements E’, L’, M’, N’, Xi, Y’, Z', X', F’ defined by the equations 
f E' = (A, B, C) 
L’ = (B, C) 
4 M' = (C, A) 
) = x. N’ = (A, B) 
(5) 4 Xi = [(C, A), (A, B)] 


y’ = [(A, B), (B, C)] 

Z' = [(B, C), (C, A)] 

enerally X’ = (A, [(B, ©), (C, A), (A, B))) 
- triples | F" = [(B, C), (C, A), (A, B)] 
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zs a substructure of =, and if we assign to every element of A the corresponding accented 
element of A’, then this correspondence is a homomorphism between A and A’, 

To prove Theorem 5 we have to demonstrate that the table below continues 
to be valid if we replace all elements appearing in it by the corresponding 


M 


() 


accented elements. As this demonstration involves no difficulties we will 
content ourselves to prove the equation [X’, Y’] = F’. 
We have obvirsly X’ = (C, A). Hence 


[X’, Y"] 2 [(B, C), (C, A), (A, B)] 


or 


On the other side we have X’ = F’ and Y’ 


(6) [X’, Y’] 2 F’. 
< 


F’, and consequently also 


(7) iz’, Tis. 
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(6) and (7) yield the equation 
[X’, Y’] = F* 
we have wanted to prove. 

THEOREM 6. (Lemma.) Let to every element U of a structure = be assigned 
an element U’ of another structure >’, where this correspondence is a homomorphism 
between Zand >’. If U < V implies U’ < V’ then the given homomorphism is an 
isomorphism. 

Proor. If U # V, and between U and V there exists a relation of inclusion 
then we have, according to the supposition, also U’ # V’. But if we have 
U # V without a relation of inclusion existing between U and V then we have 
certainly 

(U,V) < U. 


Therefore we have, according to what we have supposed in Theorem 6, also 
"rr <t. 


The last inequality implies that also in this case U’ # V’. Hence to distinct 
elements of = correspond always distinct elements of >’. 

TueorEM 7. Jf A, B, and C are elements of a structure = which do not satisfy 
the equation (2) then the homomorphism between A and A’ existing according to 
Theorem 5 is an isomorphism. 

Proor. According to Theorem 6 it is sufficient to demonstrate that none of 
the inequalities (4) turns into an equality if we replace both its sides by the cor- 
responding accented elements. Moreover we can restrict ourselves to prove the 
13 inequalities 
( E’'< L', E' <M’, E'<N’, 
cas, © © @; 

M'< Z', M'< Xi, 
r<x, WF < 7, 
Xi < X’, 
, ££, 
Z' < F’, 
ia = t, 


because the other inequalities coming into question, namely the inequalities 


(8) ( 





ire, cr, Fee, F<, FSF, 
iY < F, 
(9) iM’ <X', M <P, 
N’<X'’, N'’ < F’, 
| Xi < F 





ensue from the inequalities (8). The discussion shall be divided into 4 steps. 
1. If the equation EZ’ = L’ were valid we should have 


(A, B, C) = (B, C) 
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and consequently 
(B, C) S (A, B); 


hence, according to Theorem 1, the elements A, B, and C would satisfy the 
equation (2), contrarily to the supposition of Theorem 7. In corresponding 
way we can refute the hypotheses H’ = M’ and E’ = N’. 

2. L’ = Y’ or (B,C) = [(A, B), (B, C)] would imply (A, B) S (B, C). Again 
it follows from Theorem 1 that the hypothesis is absurd. Similarly also the 
hypotheses L’ = Z’, M’ = Z’, M’ = X;, N’ = Xj, and N’ = Y’ yield contra- 
dictions. 

3. According to the supposition of Theorem 7 we have X; ¥ X’. 

4. If the equation X’ = F’ were valid then we should have 


(L’, X") = (L’, F’), 
and consequently 
E' = L’. 


This would contradict what we have proved under 1. Just so from the hy- 
pothesis Y’ = F’ we can derive the equation EZ’ = M’, from the hypothesis 
Z' = F’ the equation E’ = N’, and by this a contradiction to what we have 
proved under 1. 

Now the following Theorems 8, 9, and 10 are evident. 

THEOREM 8. Any structure in which the equation (2) is not generally valid 
contains at least one sub-structure of the ninth order having the same property. 

THEOREM 9. Any structure of the ninth order in which the equation (2) is not 
generally valid is isomorphic with the structure A. 

THEOREM 10. In any structure of at most eighth order the equation (2) holds for 
arbitrary elements A, B, and C. 

Theorem 10 represents the announced generalization of Theorem 3. 

It is evident that we could investigate the equation 


(10) ([A, B], [A, C]) = [A, ([B, C], [C, A], [A, B])] 


dually corresponding to the equation (2) exactly in the same way as we have just 
explored the equation (2). Yet, while the Dedekind axiom 


[(A, [B, C]), (B, C)] = (IA, (B, C)], [B, C]) 


is identical with its dual counterpart the corresponding assertion about the 
equation (2) is not true. 

THEOREM 11. In our structure A the equation (10) zs generally valid. 

The proof follows easily from the dual counterpart of Theorem 9. Of course 
Theorem 11 can also be verified simply by the table on p. 576. 

THEOREM 12. The assertion that in a structure the equation (2) holds for arbitrary 
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elements, A, B, and C, and the assertion dually corresponding to this assertion are not 
equivalent. 
Proor. See Theorem 11. 


PRAGUE 
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In the present work we consider some problems concerning the theory of 
partially ordered linear systems and linear spaces, which have been developed 
by F. Riesz, H. Freudenthal, L. Kantorovitch, M. Krein, Sh. Kakutani and 
others. The main purpose of this paper is to reveal the réle of a group of axioms 
analogous to the so called Axiom of Archimedes (or Eudoxe) for real numbers. 
The strongest of these axioms—Axiom A—determines a class of partially ordered 
linear systems which proves to be rather important in various aspects of the 
theory. 

§1 contains the complete list of notions and axioms which we shall deal with 
in the following. As to the elementary properties of the linear system con- 
nected with the ordering’ we refer chiefly to H. Freudenthal [1] and L. Kantoro- 
vitch [2]. 


§1. Notations and definitions 


Let E = {x, y, z, ---} be a linear system (an Abelian group with real numbers 
as operators [3]) and a partially ordered set, i.e. between some pairs of elements 
x, y, of EF (x ¥ y) arelation x < y is defined which satisfies the usual conditions: 

1. « < yand y < « are inconsistent; 

2.2% < yandy < zimply x < z. 

We shall use the following notations: 

x > y denotes that y < x. 

x Sy (ory = x) denotes that either x < yorz = y. 

x || y denotes that x ¥ y and neither x < y nor x > y takes place; we say 
that x and y are incomparable. 

x ¢ M denotes that x is an element of the set M. 

x €M denotes that the set M does not contain x. 

M, < M,z (or Mz D M;) denotes that M, is a subset of M2 (M, and M2 may 
coincide). 

M, = Mz (or Mz = M;) denotes that x S y, whenever xe Mi,ye M2. 

N(M) denotes the set of all z < M. 

H(M) denotes the set of all y = Mi. 

We introduce the notation E*(E) for the set H(O) (resp. N(O)), where O 
is the null-element of the linear system E. Every element of E* (resp. FE ) 
except O is called positive (resp. negative). 

Every element x ¢ H(M) is called an upper bound, abbreviated: u.b., of the 
set M. Every x « N(M) is called a lower bound, abbreviated: 1.b., of M. 

The set M is bounded if there exist an u.b. as well as a l.b. of M. 





1 We always say “‘ordering”’ instead of “partial ordering.” 
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The element x is the least upper bound, abbreviated: |.u.b., of the set M if 
xe H(M) andz Ss H(M),. 

The element x « N(M) such that x = N(M) is called the greatest lower bound, 
abbreviated: g.l.b., of M. 

The l.u.b. (g.l.b.) of the set M we denote by sup M (resp. inf. M). If M 
contains only a finite number of elements 2;, 2, --- , x, , then we use the no- 
tations 


sup M = 21V%wV-:: Var. 
inf MM =2AxmA---Az,. 


M, U M, (M,f/ M:;) denotes the union (resp. the intersection) of the sets 
Mi and M. ‘ 
UM, (NM...) denotes the union (resp. the intersection) of the system of sets 


{M,}. 

M, ~ Mz denotes the set of such xz that reM,,x2€M2. 

M, + Mz, where M,, Mz are subsets of a linear system, denotes the set of 
the elements x + y, where x and y range through M, and Mz respectively. 

\M, where M is a subset of a linear system and ) is a real number, denotes the 
set of elements Ax, where xe M. 

If x is an element of a linear system then D, denotes the set of elements Az, 
where —© <A < +0, 

The subset of D, consisting of Ax with 0 < \ < + © is denoted by R, . 

If M is an arbitrary subset of a linear system E then L(M) denotes the linear 
hull of M, i.e. the minimal linear subsystem E’ C E which contains VM. 

Return to our system Z. The following axioms are always supposed to be 
satisfied : 

Axiom I. x < yimpliesx +2z< y +2 for every zeE. 

Axiom II. Jf x < y then for every number \ > 0: Ax < dy: 

Axtom III. For any two elements xe E, ye E there exists azeE such that 
:¢ 4,8 & P. 

The system E which satisfies Axioms I, IT and III is called a partially ordered 
linear system. 

Let E’ be a linear subsystem of E. £’ itself necessarily satisfies Axioms I 
and II (it is possible, of course, that every two elements of E’ are incomparable). 
As to Axiom III it may be fulfilled or not. We say that E’ is a proper subsystem 
of E if EH’ satisfies Axiom ITI. 

Furthermore we shall use some of the following axioms: 

Axtom H*. For every x > 0 the set Rx has no u.b.’s. 

Axiom H. For every x ¢ E the set D, is not bounded. 

Axiom R. [f for a given x || 0 the set R: has an u.b. then there exists also a 1.0. 
of R.. 

We say, for instance, that the system E is Ey (Ex,x) if E satisfies Axiom H 
(resp. Axioms H and R). 
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It is easy to see that every Hy is Eqs. The system Ez: that is not Ey we 
call weakly homogeneous. The system Ey we call homogeneous. We say that 
E is a regular system if His Ep. If His weakly homogeneous and regular then 
we call it weakly Archimedean. If E is Ey, then we call it Archimedean. 

It is easy to see that the weakly Archimedean and Archimedean systems can 
be characterized respectively by the following axioms: 

Axtom A*. Jf for a given x ¢€ E the set R, has an u. b. then necessarily x < 0 
or x || 0; in the latter case R, has also a 1.b. 

Axtom A. If fora given xe E the set R, has an u. b. then necessarily x < 0. 

We introduce also 

Axiom B*. E contains such an element u > 0 that every x ¢ E can be represented 
in the form x = Xu— x’, whereX 2 0,2’ € EE. 

Axiom B. £E isa Banach space the unit sphere of which has an u.b. 

Axiom C*. Every finite subset M of E has a l.u.b. and a g.l.b. 

Axiom C. Every subset M of E that has an u.b. has a l.u.b. 

The system Ez; is said to have an axial elementu. The system E¢s isa lattice 
according to the terminology of G. Birkhoff [4]. We call E closed if E is E,2 

Remark 1.1. There is an essential difference between Axioms H%*, H, R, 
A*, A and Axioms B*, B, C*, C. The axioms of the first group are cogradient, 
ie. every proper subsystem E’ C E is, for instance, Ey if Z itself is Ey. The 
axioms of the second group do not possess this property. 

ReMArRK 1.2. In Axioms H*, R, A* and A we can replace R, by its subset 


{naz}, where n = 1, 2,---. In fact, if 
m4 SY, 
msy 
and a, 8 are non-negative numbers with a + 8 = 1 then 
ax; S ay 
Bx. S By, 
whence 


at, + Br, S ay + By = (a+ By =y, 
i.e., every N(y) (as well as every H(y)) is convex. Suppose now that 
nme Sy 

for n = 1, 2,---. By Axiom III y can be chosen in E”, ie., the inequality 
holds for n = O too. If A = 0 is arbitrary, then \ = n + a, where n is a non- 
negative integer and 0 S a < 1, and we have Ax = (n + a)x = [(1- an + 
a(n + 1)Ja = (1— a)lnx +a(n+1)z. Since 

Y; 

(n+ 1)¢ Sy, 


2 Such systems are usually called complete. 
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we obtain 


Azr = (l— a)nt + a(n + 1)e S y. 


§2. Positive linear functions 


The real function l(x) defined on E is called linear if for arbitrary x, « EZ, 
a, ¢€E, x2¢E and numbers },, dA» 


l(Ai@1 — Nowe) => hil (21) a hel (22). 


THEOREM 2.1. Let E’ be a linear subsystem of E, I’ a linear function defined on 
E’. There exists a linear function 1 on E such that I(x) = I'(x), whenever x « E’. 

THEOREM 2.2. Let E’ be a linear subsystem of E. If E' ¥ E then there exists 
a linear function | such that | ¥ 0 and I(x) = 0, whenever x « E’. 

THEOREM 2.3. For every x €E there exists a linear function I(x) on E such 
that I(x) = 1. 

These theorems are the analogues of the well known theorems in the theory 
of linear functionals in Banach spaces and can be proved in essentially the same 
way. 

The following lemmas will be useful. 

Lemma 2.1. Axiom III is equivalent (Axioms I and II being fulfilled) to each 
of the following conditions: 

(a) E = L(E"); 

(b) Every x ¢ E can be represented x = x’ — x", where x' € E*¢x" € E™. 

(c) If a linear function I(x) vanishes identically on E~* then 1 = 0. 

Proor. Axiom III is evidently equivalent to (b). The equivalence of it 
to the other conditions can be proved according to the scheme 


(b) — (a) — (ce) > (b). 


The first and the second steps are also obvious. Suppose (b) is not fulfilled. 
Then the linear subsystem £’ consisting of the elements x’ — 2x’’, where 2’ « E’, 
z” ¢ E’, is a proper subsystem of E and does not coincide with E. Therefore 
there exists a linear function 1 ~ 0 such that l(x) = 0 for all x e E’. 

Lemma 2.2. Jf E is a finite-dimensional system then Axiom III is equivalent 
to the following condition: 

(d) E* contains an inner point of E in the sense of the natural topology in E. 

Proor. Obvious, since in this case (d) is equivalent to (a) in Lemma 2.1. 

The linear function p(x) on E is called positive if p ¥ 0 and p(x) = 0, when- 
ever x e E*, 

THEOREM 2.4. Let E be a weakly homogeneous system, E’ an arbitrary proper 





.* By the natural topology of the n-dimensional linear system EF we understand the 
unique topology in E with respect to which the linear operations in E are continuous. It 
can be introduced by the norm: if z = b em &:x; then || z|| = Din \& |, where {x , 22, 
+++, Zn} is the basis of E. 
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subsystem of E, p’ a positive linear function on E’. There exists then a positive 
linear function p on E such that p(x) = p’(x) for every x ¢ E’. 

Proor. Consider the totality >> of all complex-valued functions o(zx)(z in E), 
with | o(x)| = 1. We introduce a weak topology in > defining the neighbour- 
hoods in = as follows: a number e < 0 and a finite aggregate of elements x; ¢ E 
(¢ = 1, 2, --- ,r) are fixed and the neighbourhood U(ao ; x1, «++ , x; ; €) of o9(z) 
is defined as the set of such o(x) that 


| o(xi) — oo(xi) | < (i = 1,2, ++-,7). 


Let K denote the unit circle in the complex plain. Then 2 is the topological 
product (in the sense of A. Tychonoff) of the spaces K,, where x runs over E, 
and every K, is K, 


E 
>=[[ K., K. = K. 


Since K is bicompact, 2 is also bicompact [5]. 

> contains the subspace ® consisting of the functions g(x) = e"”, where I(z) 
is an arbitrary linear function on E. It can be easily verified that © is closed in 
>, consequently @ is bicompact itself. 

Let 2» be an arbitrary positive element of E. If x) € EH’ then we denote by 
II,, the set of the functions g(x) = e® with I(x) = 0. If 2 € E’ then we denote 
by II,, the set of such g(x) = e that l(a) = p’(xo). It follows from Theorems 
2.1 and 2.3 that Il, ~ 0 for every x > 0. It is also easy to see that each IJ, is 
closed in ®. 

Consider an arbitrary finite system of the sets II, 


II., , Mz, ,-°* , Iz, (x; > 0;¢7 = 1, 2, --> , n). 


If EZ’ does not contain any of the elements x; , x2, ---, x), then the function 
g(x) = 1 belongs to every II., (¢ = 1, 2,---,m). If some of 2; belong to E’ 
then we may suppose that {2 , v2, ---,a2:} C E’ (k Sn). We take the finite- 
dimensional subsystems E, = L(x, t2,-°--,2%n) and Ey = L(x, 22, °+- , %) 
of E. 

There exists a positive linear function p,;(x) on EF, that coincides with p’(z) 
on E,. Assume the contrary: there would exist then an x ¢ £;, % > 0, such 
that 1) necessarily p:(%) > 0, 2) ao is the limit (in the sense of the natural 
topology in £,) of a sequence of elements ym < 0 (YmeHi, m = 1, 2,-:-). 
Since E, is a proper subsystem of E, the set Ey = E* / E, contains an inner 
point yo of E; (by Lemma 2.2). Then —y is an inner point of Ey = EN Ey. 

Since Ej is evidently convex and 2» belongs to the boundary of E 1, we have 


a(—yo) + (1 — a)ao S 0, 
whenever 0 < a S 1, whence 


1—- 
“to < Yo. 
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(1 — a)/a takes on all positive values when a ranges through the semi-interval 
(0, 1]. We see that y is an u.b. of Rx , x» being positive, contrary to the hy- 
pothesis that Lis Hy.. The existence of p, is proved. If I(x) is an arbitrary 
linear function on E that coincides with p, on E, then g(x) = e* belongs to 
every Il,,(¢@ = 1, 2,---, n). 

We have proved that the intersection of an arbitrary finite system of closed 
sets II, (x > 0) is not empty. Since @ is bicompact, there exists g(x) = e'?” 
that belongs to every II, ( > 0). 

It follows immediately from the definition of II, that p(x) is a positive linear 
function coinciding with p’(x) on E’* = E* 1) E’. Since E’ is a proper sub- 
system of E, i.e. E’ = L(E’*) (by Lemma 2.1), we obtain 


p(x) = p’(z) 


everywhere on £’. Theorem 2.4 is proved. 

Applying Theorem 2.4 to the case HE’ = D,,, p’(Avo) = A, where 2% is an 
arbitrary positive element of a weakly homogeneous system E, we obtain 

THEOREM 2.5. Jf E is Es then for every x) > O there exists a positive linear 
function p(x) such that p(x) = 1. 

Let z be an arbitrary element of E incomparable with 0. According to Lemma 
2.1, z can be represented in the form 


2=2-Yy, 
where « > 0, y > 0. Consider the elements 
2'(a) = —or+y, 
2'"(8) = x — py 
and denote by o (resp. 7) the least upper bound of the a (resp. 8) such that 
z'(a) = O (resp. 2’’(8) 2 0). Since 
2/0) = y > 0, 2”(0) = a> 0, 
Z(1)=-xty=-2|/0, 2“) =x-y=2|/0, 
we obtain the inequalities 
0Os¢81, 
0 1. 
Lemma 2.3. Let E be Ey» and zeE incomparable with 0. Then either 
¢=1 (r = 1) 
for every representation of z as the difference of two positive elements or 
a <1 (resp. r < 1) 


for every representation of z. 


IA IIA 
IA IA 


r 





‘ This representation is evidently not unique. 
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In the first case, R, has an u.b. (resp. a l.b.) and for each positive linear function 
p(x) 
p(z) = 0 (resp. p(z) 2 0). 


In the second case, R, has no u.b.’s (resp. l.b.’s) and there exists a positive linear 
function po(x) such that 


po(z) > O (resp. po(z) < 0). 
Proor. 1. Suppose that 
2=2-y (cx > 0,y > 0) 


and the corresponding o = 1. It follows from the definition of o that for every 
e>0O 


—(1 + oe +9 2 0, 
whence 
a-z+92 


0, 
guz—y S @, 


Since e > 0 was arbitrary, we obtain 


z. 2. 
y 


IIA 


Quite analogously 7 = 1 implies R, = —y. 
2. If R. S x (Rz = yo) and p(x) is an arbitrary positive linear function then 


p(dz) = Ap(z) S p(x) (resp. 2 p(yo)) 
for every \ > 0, whence 
p(z) = 0 (resp. p(z) 2 0). 
3. Suppose that 
z=2-y ) (x > 0, y > 0), 


o and 7 being arbitrary. Take EZ’ = L(z, y) and define a linear function p’ on 
E’, putting 

P(ia)=1, pty)=120, 
where 7 is not yet determined. It is easy to see that p’(u) thus defined is a 


positive linear function on £’ if and only if 7 satisfies the inequalities 


(°) 


Q 
IA 
3 
IA 

7 l= 


PE 


Se 








oe} 


Ww 


g.l 


ction 


inear 


very 


then 


D(yo)) 


IV 
Ss 


UPR 








PARTIALLY ORDERED LINEAR SYSTEMS AND SPACES 587 


We have, indeed, for every e > 0 
Z(c-—e = -—(6-— er +y20, 


= 


a(r—- d) = z— (r— dye 
If p’ is non-negative on E’* = E*f E’ then 
pi(e'(o— €—)) = —c +e +20, 
p'(2"(r — €-)) =1—(r¥-— €)n 20. 
Putting « — 0, we obtain 
—cot+72 


1-122 


0, 
0, 


or 


IA 


IA 
ai 


o | 


The necessity of (o) is proved. It is not more difficult to prove the sufficiency 
of it. (oc) includes also the case 7 = Oif we put 1/0 = +. 
Suppose that there exists a representation 


z=2-y (x > 0,y > 0) 
for which ¢ < 1. Then it is possible to choose y satisfying (o) and such that 
¢ << 1. By Theorem 2.4 p’ can be extended to a positive linear function 
ponE. We have 

pz) = p’(z) = p(x -—y) =1-—7>0. 
If for a certain representation of z 


z=a2-y (x > 0,y > 0) 


7 <1, then 1/7 > 1 and we can choose 7 > 1 satisfying the inequalities (c). 
Then 


plz) = p'(z) = p'(«-—y) =1-1<9, 
where p is positive linear function on £ that coincides with p’ on E’ 
Combining the results 1., 2. and 3., we obtain the statements of our Lemma. 


§3. Archimedean systems and systems of real functions 


Let E be E,. The following lemmas state some characteristic properties of 
Archimedean systems. 

Lemma 3.1. E is Ex if and only if for every x > 0 the null-element 0 is the 
g.l.b. of the set Rz. 
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Proor. Suppose that Fis H,. For every x > 0 


0< R.. 
It suffices to show that 

yh, 
implies 

y=0 

If 

y Sr 
for arbitrary \ > 0 then 

wy S 2, 
where » = 1/A can take on all positive values. According to Axiom A 

y £0. 


Conversely, assume that 0 = inf R,, whenever y > 0. If for a certain xe EF 
there exists an u.b. of R, then we may suppose that y is positive. 


R.Sy 
implies obviously 

2s &, 
and by our hypothesis 

x0, 


i.e. Axiom A is fulfilled. 
Remark 3.1. It is almost evident that generally 0 = inf {\,x}, where x > 0, 


he > Oand inf {A,} = 0. 


Lemma 3.2. E is E, if and only if \.t S y, An > A, imply Ax S y. 
Proor. The sufficiency of the condition is almost evident. If 


R.sy 
then 
a, = 2 
and 
R. & ~2 


For A, = 1/n we have then 











trek 
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Taking n — © we obtain then 


—2L 


i) 
IIA 


or 


IIA 


x=s0, 


i.e. Axiom A is fulfilled. 
Conversely, suppose that E is E, and consider elements xe EL, ye E and a 
sequence {\,} converging to \ such that 


Ast Sy (n = 1, 2, +>). 


Without loss of generality we can assume that {d,} is a non-decreasing se- 
quence, i.e. 


An = A — &, 


where « = & = --- ande, ~O(n — ~). If this is not the case, then we take 
a non-decreasing subsequence {A,,} C {An} instead of {d,}; if {An} does not 
contain any such subsequences then we represent A,2 as (—A,)(—) and consider 
the sequence {—),}. 

We have 


(A — e)r Sy, 
AT— y¥ S &e. 
Since en — O(n > ~), 
O = inf {e,2z;n = 1, 2,--- } 
and consequently 
——— 
. Ar 


~ 
IIA 
A 


lA 
= 


as was to be proved. 
Lema 3.3. If E is an Archimedean system, then for every z||0 and every 
representation of z as the difference of two positive elements 


2=2-y (x > 0,y > 0) 


there is always o < land r < 1. 
Proor. Suppose that there exists an element ze incomparable with 0 
that can be so represented 


z2=2-y (x > 0,y > 0) 
that, for instance, o = 1. It follows from the definition of o that for any a, < 1 


—antr +y 20 (n = 1, 2,--- ). 
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Putting a, — 1(n — ~) and applying Lemma 3.2, we obtain 
—zt+ty2z0 


which is impossible, because —x + y = —z || 0. 
As to the inequality 


rT<l 


it can be proved in the same way. 

Let P = {p} be an arbitrary set, F an arbitrary linear system of real functions 
f(p) defined on P. We define the natural ordering of F: fi < fe if fi(p) Ss 
fo(p) for all p € P and fi(po) < fo(po) for at least one pp) ¢ P. We assume that for 
every two functions fi ¢ F, fo « F there exists a function f; e F such that f; = fi, 
fs 2 fo. 

THEOREM 3.1. F is an Archimedean system. Conversely, every E4 is iso- 
morphic to a system of real functions defined on some set P with the natural ordering. 

We say that the partially ordered linear system EF = {2x} and EL, = {y} are 
isomorphic if there exists a one-to-one correspondence y = g(x) between the 
elements of F and E, such that g(Aiv; + Acre) = Aye(XZ1) + Aw(ae) and x1 < 2% 
implies ¢(x,) < ¢g(x2) and vice versa. 

Proor or THEOREM 3.1. The first statement is almost trivial. Suppose that 
there exist fi e F, foe F such that 


Afi S fe 
for all X > 0. We then have 


AMi(p) S fo(p) 
forevery pe P. Since X > Ois arbitrary, this inequality implies 
filp) = 0, 


i.e. f, S 0 in the sense of the natural ordering of F. 

Let E be an arbitrary Archimedean system. Denote by P the totality of all 
positive linear functions on EF. To every element x ¢« E we let correspond the 
function f.(p) = p(x) defined on: P. 

The correspondence 


x — f2(p) 
is a homomorphism, 
ax + By — fazray(p) = plax + By) = ap(x) + Bp(y) = af-(p) + Bf,(p). 


Furthermore it is biunivoque. It is sufficient to prove that f. ~ 0, whenever 
x ~ 0, i.e. for every x ¥ O there exists a positive linear function pp such that 
S-(po) = p(x) ¥ 0. Forx > Oorz < 0 it follows from Theorem 2.5. For 
x || 0 it can be deduced from Lemmas 2.3 and 3.3. 
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Letx > 0. Then for every pe Pf.(p) = p(x) = 0 and by Theorem 2.5 there 
exists a po € P such that f.(p0) = po(x) > 0, i.e. fz > 0. 

We must show that for every « @E* f, > 0, i.e. there exists such p; ¢ P that 
f:(pi) = pi(x) < 0. It follows from Theorem 2.5 in the case x < 0 and from 
Lemmas 2.3 and 3.3 if 2 || 0. 

Thus we see that x > 0 if and only if f, is positive in the sense of natural 
ordering of F = {f,}. 


§4. The structure of weakly Archimedean systems 


Lemma 4.1. If the weakly homogeneous system E is regular (i.e. is E4+) then 
for every z||0 and every representation 


z=au-y (x > 0, y > 0) 
either o and 7 are equal to1, org < land r <1 simultaneously. 
Proor. Assume z || 0 and 
z=2-y (x >0,y > 0). 


Suppose that o = 1. According to Lemma 2.3 R, has an u.b. Since £ is 
regular, there exists also a l.b. of R.. Applying the same Lemma 2.3, we 
conclude that 7 = 1. 

7 = 1 implies o = 1 analogously. Lemma 4.1 is proved. 

Let E be E4s and p an arbitrary positive linear function on E. Denote by 
W, the set of ze for which 


p(z) = 0 


and by W—the intersection of all W,, 
‘ 
W=NW,. 
Pp 


W is evidently a linear subsystem of E and every element of W is incom- 
parable with 0. 

It follows from Lemmas 2.3 and 4.1 that W consists of the elements z ¢ E, 
z || 0, for which D, is bounded and for every representation 


z2=2-y (x > 0, y > 0) 


=?7= il, 
As to the elements z || 0 that do not belong to W, for every such z and each 
representation 


z2=2-y (x > 0, y > 0) 


o <1land7r< 1. By Lemma 2.3 for a given z|| 0, z@W, there exist such 
pie P, poe P that pi(z) > 0, po(z) < 0. | 
Lemma 4.2. Jf E is E4s,c+ then E is an Archimedean system. 
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Proor. Suppose that E satisfies Axiom A* and is a lattice. If x and y are 
elements of EF such that 


Rey 
then according to Axiom A* we must have either 


zxz=0 


or 
x || 0. 
In the second case we would have 
Ay V0) = Qy) VO Szv0 


(see [1]), where y VV 0 > 0, for all \ > 0 which contradicts Axiom A*. Lemma 
4.2 is proved. 

Let R = {r} be an arbitrary set and G a linear system of real functions g(r) 
defined on R. We introduce a generalized natural ordering of G: a subset P C R 
is fixed and gi < ge denotes that gi(p) S ge(p) for all pe P and gi(po) < geo(p) 
for at least one po ¢€ P. 

We call P the fundamental subset of R. 

We assume that G satisfies Axiom III. 

THEOREM 4.1. G satisfies Axiom A*. Gis G, if and only if g = 0 is the unique 
function that vanishes identically on the fundamental subset P C R. 

Conversely, every E 4+ is isomorphic to a linear system of real functions G = {g} 
defined on some set R with a generalized natural ordering. The functions g €G 
that correspond to the elements of the subsystem W C E are those that are equal to 0 
identically on the fundamental subset P C R. 

Proor. If gieG, goeG satisfy the inequality 


Agi S He 
for any positive \ then necessarily 


gi(p) ~ 0, 


whenever pe P. Consequently, the following cases are possible: 

1) m = Oif gi(r) = 0 (r eR); 

2) g: < Oif there exists a po € P such that gi(po) < 0; 

3) a || 0 if g(p) = O(peP) and gi(rm) ¥ O for at least onene R +P. We 
see that Axiom A’* is fulfilled. 

G satisfies Axiom A if and only if the third case (g; || 0) is excluded, for which 
the following condition is necessary and sufficient: there exist no g e G such that 
g ~ 0 and g(p) = 0 (pe P).” 
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Let E be an arbitrary system satisfying Axiom A*. Suppose that 
B= {%,%1,°°*,2%,°°: }, 2 eE, v<d, 


is a transfinite sequence of elements such that 
1) E = L(B), 
2) for every ordinal vy < 8:2, é€L({z,}), where 0 S up < », 
3) there exists an ordinal 3’ < 3 such that W = L({x,}), whereO S v < &”. 
Denote by P the set of all positive linear functions p on E and by Q the set 
of such linear functions q on E that 


q(t») = 0, 
whenever 0’ < v < 8. It follows from the definition of W that P/N Q is empty. 


We introduce the notation R for PU Q. Toevery x ¢E we let correspond 
the function g(r) defined on R = {r}, 


x— g(r) = r(x). 
We have evidently 
at + By — Gaz+sy(T) = r(ax + By) = ar(x) + Br(y) = agz(r) + Bg,(r). 


Introduce the generalized natural ordering of G determined by the fundamental 
subset P C R. We shall prove that z > 0 is equivalent to g, > 0. It follows 
from Theorem 2.5 that « > 0 (« < 0) implies g, > 0 (resp. g. < 0). Suppose 
that x ||0. If 2 éW then there exist such p; ¢ P, pz ¢ P that g:(p1) = pi(x) > 0, 
gz(po) = pro(x) < 0. If xe W then g.(p) = p(x) = 0 (pe P), but for at least 
one go €Q: gz(go.) = go(x) ¥ 0. In both cases g, || 0. 

Incidentally, we have proved that the correspondence x — g-(r) is biunivoque. 
Theorem 4.1 is proved. 

Let E be the factor system E © W—the system of classes = x + W, where 
aeE. Eisalinear system. We define an ordering of £ as follows: 

%, < %. if there exist such 2 € % , X2 € % that 7) < 2%. 

Applying Theorem 4.1 it is easy to see that this is an actual ordering of £, 
i.e. the relation of order defined between the classes 7 , 7. does not depend on 
the choice of the representatives x; , 2. 

TuHEorEM 4.2. & is an Archimedean system. 

THEOREM 4.3. If E is the direct sum of W and a subsystem E, C E, i.e. for 
every x € E there exists the unique representation 


zr=2+y, ze W, yeE,,° 


then E; is an Archimedean system and the ordering of E can be re-defined as follows: 
u1<niyfform=Hatn, wMm=HEatywY <m. 
One can easily prove these theorems applying Theorem 4.1. 





5 This is not the case in general. 
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$5. Closed systems 


A very important class of partially ordered linear systems is that of closed 
systems. 

Axiom C' guarantees the existence of the l.u.b. for every set M C E that has 
anu.b. Suppose that a set ZC #hasal.b. Then the set N(J/) is not empty 
and has u.b.’s (each x ¢€ M is one of them). Consequently there exists sup N(M) 
which is evidently the g.l.b. of M. We sce that the set M has inf M if it has a 
l.b. 


The following lemma will be useful. 
Lemma 5.1. Let FE be E,. For any two subsets M, C E, M2 C E that have 
u.b.’s and X > 0 


sup (M, + M2) = sup M, + sup M2, 
sup (AM,) = \ sup M,.° 
Proor. Since 
M, + Mz S sup M, + sup , 
we have 
sup (47, + M2) S sup M, + sup M. 
On the other hand 
M, + M2 S sup (M, + M.) 


implies 
M, = sup (M, + M2) — Mo, 
sup M, S sup (M, + Me) — Mb, 
M2, S sup (M, + M2) + sup MM, 
sup M2 = sup (M, + M2) — sup M, 
and 
sup M, + sup M2 S sup (M, + M2). . 


The proof of the second equality is not more difficult. 
THEOREM 5.1. Every closed system is Archimedean. 
Proor. Suppose that # is FE, and F contains such elements x and y that 


gS ¥. 
If z = sup R, then by Lemma 5.1 for an arbitrary \ > 0 
Az = sup (AR,). 





6 If EF is not closed then these equalities hold, whenever the right sides exist. 
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Since \R, = R,, we have 


Az = 2, 
whence 
z= 0. 
Consequently 
R. 30 
and in particular 
xs 0, 


as was to be proved. 

Let E :be an arbitrary partially ordered linear system. We say that the 
partially ordered linear system E, is the extension of E if E is isomorphic to a 
subsystem E’N E,. If E£, is closed then we say that FE, is a closed extension of E. 

The problem of the existence of closed extensions of partially ordered linear 
systems has been studied by A. Youdine [6]. The following theorem contains 
the solution of the problem from another point of view. 

THEOREM 5.2. The necessary and sufficient condition for the existence of closed 
extensions of a-partially ordered linear system E is that E be Archimedean. If E 
is E, then among all closed extensions E, of E there exists a minimal one E such 
that every other Ey is the extension of E. 

Proor. The necessity of the condition follows from Theorem 5.1 and the 
cogradiency of Axiom A. 

In order to prove the sufficiency of the condition we shall use the results ob- 
tained by H. M. MacNeille who extended the Dedekind’s method to arbitrary 
partially ordered sets [F]. 

Suppose that E is E, and let £ be the totality of all “cuts” (S, T)in E. The 
cut (S, 7) is the pair of subsets S C E, T C E such that 

1) S, T are not empty, 

2) S = N(T) and T = A(S). 

The ordering of E is defined as follows: 


(S, T) s (S8’, T’) if S C S’ (consequently T > T’). 


The partially ordered set L—we call it closure of E—possesses the following 
properties: 

1. EB is closed, i.e. it satisfies Axiom C. 

2. The correspondence 


z— (S;, Ts), 


where S, = N(x), Tz = H(z), is an isomorphism’ between EZ = {zx} and the 
subset E’ C BF consisting of cuts of such kind. 





7 Since algebraic operations are not yet defined in £, we understand here by iso- 
morphism simply an ordering-preserving one-to-one correspondence. 
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3. If a subset M C E has the l.u.b. (g.l.b.) a ¢ E then the l.u.b. (resp. g.l.b.) 
of the set M’ C £ corresponding to M and considered as the subset of F£ is the 
cut (S., 7.) corresponding to a. 

4, Every closed partially ordered set FE; that contains a subset E2 isomorphic 
to E contains the subset £, D EF, isomorphic to &. If 


x— g(x) e Fp, 
§— v(t) « By, 


where x ¢ E, £ € E, are these isomorphisms, then for ¢ = (S,, T7':) 


o(x) = ¥(é). 


We shall consider £ as consisting of some elements £ set into a one-to-one 
correspondence with the cuts (S, 7’) which will be denoted by 


—E~ (S, T) 
or 
E~S, 


where S is the lower class of the cut (S, 7). The elements é corresponding to 
the “rational” cuts (S,, 7) will be identified with the elements re FE. & S # 
denotes that SC S’ if ~ S,# ~ 8S’. 

Denote by © and & the systems of all sets S and 7 respectively. We shall 
use the following properties of the sets S e S (to everyone of them corresponds 
the dual property of the sets 7 « Z). The properties 1°-4° hold for every partially 
ordered set E, the other ones deal with algebraic operations in E. 

1°. The sets S « S can be characterized by the following properties: S is not 
empty, has an u.b. and 


S = N(H(S))3 


2°. Ifee Sanda’ <xthenz’ eS. 
3°. If {.S.} is an arbitrary subsystem of S and the intersection S) = NS. 


is not empty then Sy «eS. 

4°. For every non-empty set M C E that has an u.b. there exists the minimal 
set of the system @—denote it hy [1/]—that contains M and [M] = N(H(M)). 

5°. IfxeE and\X > 0 then for every S ¢ S the sets S + x and AS belong to S. 

6°. If SeS, TeTanddA < OthenAS eT and AT € GS. 

7°. If the subset M C Ehasanu.b. then [M + y] = [M] + yand [AM] = A[M], 
whenever y « FE and Xd > 0. 

8°. Every S eS is a convex set. 

The property 1° can be easily deduced from the definition of the cut. 

2° is evident. 





8 It is obvious that for every M C E M C N(H(M)). 
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S is isomorphic to F (if S, S S2 denotes that S, C S:) and the closedness of 


Ff is based upon 3° which therefore is worth proving. Suppose that So is not 
empty. Then it has an u.b., since S) C S, and S, hasone. For every S. 


SoC S. = N(H(S,)) 

and consequently 

H(So) > H(Sa); 
whence 

N(H(So)) C N(H(Sa)) = Sa. 
Since S, was arbitrary, we have 

N(A(So)) C So. 
On the other hand it is evident that 

N(H(So)) > So. 


According to 1° Soe S. 

The first part of 4° follows immediately from 3°: [M] is the intersection of all 
S that contain M. Let us prove that [M] = N(H(M)). Consider the sets 
[M] = f S and S’ = N(H(M)). They both belong to S. Since 


s>M 
Mc 8S’, 
we have 
[M] c 8’. 
On the other hand 
Mc [M], 
whence 
H(M) > A([M)) 
and 
S’ = N(H(M)) C N(H([M))) = [M]. 
Consequently 


[M] = N(H(M)). 


5° and 6° can be easily proved with the use of 1°. 
If M has an u.b. and ye EF then 


[M]+y2M+y. 
Since [IM] + y belongs to S by 5°, we have 
[M] +y>[M + yj. 
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Suppose that there exists such x e{[M] + y that x@[M + y]. Since 
t=aty, 
where a e[M], we would have 
aé(M+y]— y. 
The set [M + y] — y belongs to S and contains M. Consequently 
[M+yl—-y>[M]>a 


and that contradicts our hypothesis. The second part of 7° can be proved in a 
similar way. 
We now prove 8’. Let 2, 22 be arbitrary elements of the set S. Then 


as T= H(S), 
zw <T = H(S), 


i.e. 


IIA 


1 Y, 


Y; 


whenever ye 7. If \ and uw are non-negative numbers with \ + w = 1 then 


lA 


X2 


IA 


AX Ay, 


KY, 


lA 


Mie 
and 
At + ute Sdytuy=Atuyy=y. 
Since y e J was arbitrary, 
Am +ue ST 
or 
AX, + wr eN(T) = S, 
as was to be proved. 

Lemma 5.1. For every cut (S, T) in E there exists inf (T — S) which is equal 
to 0 if and only if His E,. 

Proor. Without restricting generality we can suppose that 0¢«A. If it 
were not so, we could “translate” the cut taking (S — 2%, 7’ — 2) instead of 
(S, T), where x ¢€ S. 

It is evident that 7 — S => 0. Suppose that 7 — S =z. Imorder to prove 
that 0 is the g.l.b. of T — S, we must show that z < 0. 

T-—-S22 
implies 
S+2zsT 





or 


It 


fo 


It 


it. 
int 
tic 


If 


be 


al 


it 
of 


ve 





PARTIALLY ORDERED LINEAR SYSTEMS AND SPACES 599 


or 
S+2zcs. 
It is easy to see that 
S+nzcs 
for every integer n. Since 0 ¢ S, we have in particular 
0 + {nz} CS, 
{nz} Cc S, 
{nz} = T. 


It follows from Remark 1.2 that 
R,z 


lA 


T, 
whence by Axiom A 
20. 


If E is not E,, i.e. E contains an element z positive or incomparable with 0 
such that R, has an u.b., then it is not difficult to see that the cut (S, 7’), where 
S = [R.], does not possess the property stated in Lemma 5.1. 

After these preliminaries we can prove Theorem 5.2. We shall show that 
it is possible to define the algebraic operations in £ in such way that 2 converts 
into a partially ordered linear system containing E with the a priori given opera- 
tions as its subsystem. 

Derinition O. If & ~ Si, & ~ Se then we put 


& + & ~ [Si + Sl]. 
If § ~ (S, T) then 


hE ~ (AS, AT) ifr > 0, 
hE ~ (N(0), H(0)) = 0 ifr = 0, 
AE ~ (AT, AS) ~r< 0. 


E with the operations just defined is a linear system. Let 
E~ SS, aw~&, F~ & 


be arbitrary elements of F. 


I €+ +5 =€&+ (n+ 9). 
According to Definition O 


(E+ 0) + ~ [[S: + S2] + Ss, 
E+ (n + §) ~ [Si + [S2 + 83]. 
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Since 
Si + S: C [S; + Sl], 
we have 
Si + S: + 83 C [Si + S:] + 8, 
whence 


[S; + Se + S3] C [[S; + Se] + 83]. 
On the other hand, if 
xe H(S,; + Sz + Ss), 


i.e. 

r=8,+&4+ 83, 
then 

x-8S 28+ 8 
and by 4° 

x — S3 2 [S; + Sl, 

“x2 2 [Si + So] + 8; 
x = [[S: + Se] + 83]. 
We see that 
H(S; + S: + S83) © H([Si + S2] + 8s), 

whence 


[S: + S. + S83] = N(A(S,; + S2 + S3)) 


D N(A([[Si + S2] + Ss])) = [[Si + Se] + S3]. 


Consequently 
[[Si + Se] + Ss] = [Si + Se + 83]. 
Analogously we can obtain 
[S, + [S: + Sil] = [Si + S: + Sul, 
whence 


[[Si + Se] + Ss] a [S; + [Se + Ss] 


or 


E+) +t = é& + @ + 9). 











W 


W 


or 





Ss]. 
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Tl. €+9 = 9 + &. 

We have, indeed, S; + S2 = S. + S;, whence [S; + Se] = [.S2 + Sj]. 

Ill. 0 ~ N(O) is the null-element of #, ic. & + 0 = E for every 
te FB or [S + N(O)] = S. 

IfzeS,yeN(0) thenz +y <x. According to 2°x +yeS. We see that 


S+N(Q0)CS, 
whence 
[S + N(O)] CS. 
Conversely, since 0 ¢e N(0), we have 
S=S+0CS8S+N(0)C(S+N(0)]. 


IV. For every é¢ £ there exists such _£¢ F that ¢ + —é = 0. 
Let & ~ (S, T). We shall show that 


—§ = (—LéE ~ (—T, —8). 
According to Definition O 
+ —§~[S + (—T)] = [S — TI. 
Since S — T S Oor S — T C N(O), we have 
[S — T] Cc N(O). 
Lemma 5.1 gives 
inf (7 — S) = 0, 
whence 
sup (S — T) = 0. 
We obtain x = 0, whenever x = S — 7, ie. 
H(S — T) c H(0), 
whence by 1° and 4° 
[S — T] = N(A(S — T)) D N(N(O)) = NO). 
We obtain 
[S — T] = NO) 
or 
é+ —-§=0. 


V. 1-é = &, 
that is obvious. 
VI. A(ut) = (Au)é for arbitrary real numbers A, » and ~ ~ (S, T). 
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If either \ or yu is equal to 0 then the equality is obvious. Consider, for 
instance, the case: A < 0,4 > 0. Then Ax < 0 and by Definition O 


wé ~ (uS, wT), 
A(ué) ~ (A(uT), A(uS)), 
(Aw)E ~ ((Au)T7, (Au) S). 


We see that A(ué) and (Au)é correspond to the same cut, i.e. A(ué) = (Au)é. 
One can consider the other cases analogously. 

VIL. (A+ wé = AE + ué, where ¢ ~ S and X, uw are arbitrary. 

If one of the numbers X, u is equal to 0, then the equality is obvious. Con- 
sider the case:’ > 0,4 > 0. According to Definition O 


A+ wWéE~ A + w)S, 
AE + wé ~ [AS + wS]. 
It is evident that 
(1+ w)S CAS 4+ pS. 
Conversely, if xe AS + yS, ie. 
x= AM + wre, 
where 2; € S, X2 € S, then 
According to 8° 
» bu . 





x3 = 3 ** 5 
and 
z= (A+u)rse(A+y)S. 
We obtain 
AS + wS C (A + w)S, 
consequently 


[AS + wS] = AS + wS = (A+ 4)S. 


Using I, II, IV and VI we can reduce the other cases to the one just considered. 

VIII. ACE + ny) = AE + Az. 

Let € ~ (S,, 71), 7 ~ (Se, T2). The case: \ = 0, is trivial. Suppose that 
» > 0. We have 


AE + 1) ~ AS: + Ss], 
rE + An ~ [AS: + ASI]. 











ee 


Wika tS. 
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It is evident that 


for 
AS: + AS2 = A(Si + Sz), 
whence by 5° 
[ASi + AS] = [AGS, + S2)] = ALS, + Si]. 

The case: \ = —1, follows essentially from IV. The case: X < 0, can be 
ue considered as the combination of the previous ones. 

Suppose now that 
' E~ Si, n~ S82, ¢~ 83 
on- 


and — S 7, i.e. S; C Sp. Then 
Si + 8S; C S. + S;, 








whence 
[S: + 83] Cc [Se + 83] 
or 
E+ocsanat f. 
If \ > 0 then 

S, Cc &2 

implies 
AS; C AS2. 

Since AE ~ AS), An ~ AS2 , we obtain 

AE S An. 





We have proved that F satisfies Axioms I and II. Axiom III is also fulfilled, 
because F£ being closed is a lattice and for any two é e E, n e £ there exists 7 = 
EV ». 

The operations in # introduced by Definition O being applied to the elements 
of E (we identify EZ with the set of “rational” cuts in EZ) coincide with the a 
priori given operations in E. This statement follows immediately from the 
evident equalities 





ed. f N(x) + Ny) = N(x + y), 
hat AN(x), »¥> 9, 
4 N(x) = + N(O), A= 0; 
AH (x), A <0, 


where x, y are arbitrary elements of Z. 





604 DIMITRY WASSILKOFF 


Suppose that the algebraic operations are defined in E so that E becomes a 
subsystem of 2. It follows from Lemma 5.1 that the operations in £ necessarily 
coincide with those introduced in Definition O. This proves Theorem 5.2. 

RemarK 5.1. The main result and the methods of this paragraph slightly 
modified hold for partially ordered groups. Axiom A for the multiplicative 
group G = {a} can be formulated as follows: 

If for an element a ¢G the set {a";n = 1, 2, ---} hasan u.b. thena S e, where 
e is the unit. 


§6. Systems E;. 


Let EK be Ey». The following lemma states some characteristic properties 
of axial elements. 

Lemna 6.1. Each of the following conditions is necessary and sufficient in order 
that ue E be an axial element of E: 

(a) For every x € E the inequalities 


—rAu S2xs du 


hold, whenever > 0 is sufficiently large [8]. 
(8) For every x ¢ E the inequalities 


hold, whenever p > 0 1s sufficiently small. 
Proor. If wis an axial element of HE then for every x ¢ E 
z=Nu— 7’, 
—zrz = Nu — x”, 
where \’ = 0, X” = 0, 2’ € E*, x” ¢E*. Taking \ = max {)’, d’’}, we have 
—hu S zs Au. 
The converse is obvious. 
(a) and (8) are evidently equivalent. 
RemakK 6.1. Every Ez contains an infinity of axial elements. It is evident 
that if wis an axial element of E and v > wu then v is also an axial element. 


Lemma 6.1 gives 
Lemma 6.2. Let u be an axial element of Eandv > 0. Then v is also an axial 


element of E if and only if 
Au Sv, 
whenever \ > 0 is sufficiently small. 
TurorEM 6.1. E is Ep. if and only if E~ contains a bounded set V such that 


every x « E* can be represented in the form x = dy, where = 0, ye V. 
Proor. If £ is Eg- then we put 


V = E*N Nu), 


where wu is an axial element of EZ. 
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Conversely, if E* contains such V then every u = V is an axial element. 

THEOREM 6.2. A weakly Archimedean system E is Ey. if and only if the factor 
system E=E ©OWis Ex. . 

The proof follows immediately from the definition of E (§4). 

THEOREM 6.3. An Archmidean system E is Ex+ if and only if its closure E is 
B,». If it is so, then the axial element of E can be chosen in E. 

It is easy to verify these statements using Remark 6.1. 

TueorEeM 6.4. If E is Egs,c+ then every axial element ue E is a unit in the 
sense of H. Freudenthal, i.e. u/\ x > 0, whenever x > 0. 

Proor. Assume the contrary. We would have an element x > 0 such that 


uAz = 0. 
Then for every \ > 0 
(Au) Az = 0 
and 
hu +a = (Au) Vz [1] 
Owing to Lemma 6.1 \ > 0 can be chosen such that 
Au 2 z. 
Therefore 
(Au) Vx = Au 
and we obtain 
Au + x = du, 
x = 0, 


which contradicts our hypothesis. 

Remark 6.2. The converse is not true: there exist lattices that have units 
and do not contain axial elements at all. 

Let u be a fixed axial element, y « E and a an arbitrary positive number. 
Consider the set U.(y) consisting of the element x with 


—(a-—eusy—2xs (a — eu, 


where « > 0 depends on x. Every such set we call inierval in E. Introduce 
the notation 9% for the totality of all intervals in LZ. 

THEOREM 6.5. A topology can be defined in E satisfying the conditions: 

1. E converts into a T,-space [9]; 

2. algebraic operations in E are continuous; 

3. Wf ts the basis of the space E; 
if and only if E is homogeneous. If E is Ex then the needed topology can be 
generated by a norm.. 
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Proor. Suppose that E is not homogeneous, i.e. EZ contains an element 
z ~ 0 with 


v1 S Dz 


lA 


Xe. 
Then for every u > 0 
re 4 uD, > b'xe : 
Since u"D, = D., 
way <D.s uve : 
Putting » small enough in order that 
—uSuxSu (2 = 1, 2), 
where wu is a fixed axial element of #, we obtain 
—pu S px; S pu 
and 
—wu sD, S wu. 


Since in these inequalities we can take uw as small as we please, D, and z in 
particular belong to every U,(0). Therefore 1. cannot be fulfilled. 
If EF is Ey then we deftne for every reE 


|| [|v = sup {u; —u S ue Su} , 8}. 


For every xe FE || x ||. is finite. It is an immediate application of Axiom H, 
Lemma 6.1 gives that || x ||. = 0 only if x = 0. Furthermore it is evidently 


[| Aw [lu = [A] |e [lus 
[e+ y|lu S |] x Ile + Il y lle. 


We see that || x ||, possesses the properties of the norm, we call it u-norm. 
It is evident that U.(y) is the (open) a-sphere with the center y in the sense of 
u-norm. This completes the proof of the theorem. 

In the following we shall understand by “‘u-completeness”’, ‘‘u-convergence” 
etc. the corresponding notions based on the u-norm. It is evident that if u and 
v are different axial elements of E then u-norm and v-norm are topologically 
equivalent. | 

Remark 6.3. If E is a u-normed lattice then 


| z ||. = sup {4 > O;u|2| S uj} = inf {A > 0;|x| S dv}, 


where 


|x| =z V (-2) 
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It is easy to deduce from this remark the following 

Lema 6.3. If E is u-normed and closed, «x is the u-limit of a sequence {z,} C E 
then {x,} converges to x in the sense of L. Kantorovitch (2). 

TuHEeorEM 6.6. If E is u-normed and closed then E is u-complete. 

Proor. Suppose that {z,} is such that for every « > 0 


| tm — tn | < eu, 


whenever m and n are sufficiently large. According to [2], Theorem 20, 
{z,} has the limit 2 in the sense of L. Kantorovitch and the inequalities 


—eu S Im — La S CU 
imply 
—-w Szrt- 2 3S et, 


that means « is the u-limit of {z,}. 


§7. Partially ordered Banach spaces 


In this paragraph we consider partially ordered Banach spaces, actually those 
the unit sphere of which has an u.b. and a |b.” 

We assume that E is Ez. 

Lemma 7.1. Every Ex is Ex and the u.b. of the unit sphere is an axial element 
of Ex. 

Proor. Ez, satisfies the condition of Theorem 6.1 if we put V equal to the 
intersection of Ey with the unit sphere. Every u.b. of the unit sphere is an 
u.b. of V and consequently is an axial element of EF; . 

The a priori given norm in E we call N-norm. The topological and metrical 
properties of E based on the N-norm such as “‘closure’’, “boundedness” ete. are 
called ‘‘N-closure’’, ‘‘N-boundedness”’ etc. 

LemMaA 7.2. Axiom B is equivalent to the following condition: E is a Banach 
space ordered in such a way that E* contains an N-inner point. 

Proor. Denote by S(y; a) the (N-open) a-sphere with the center y. If EF 
is Ez, i.e. 


S0;1) sy 
then 
y — S0;1) = y+ 8(0;1) 20. 





* Such is, for instance, the space C of continuous functions z(t), 0 S ¢ S 1, with the 
natural ordering and the norm || z || = maz | x(t) |. On the contrary, the space L,(p = 1) 
of measurable functions z(t), 0 < ¢ < 1, with summable | z(t) |? does not satisfy Axiom B 


1 1 
if || z|| = ([ | a(t) |? u)? and x < y denotes that z(t) S y(t) almost everywhere on [0, 1] 


and z(t) < y(t) on a set E C (0, 1] of positive measure. 
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Since y + S(0;1) = S(y; 1), we obtain 
S(y; 1) 2 0, 


y is an N-inner point of E~. 
Conversely, if y is an N-inner point of E*, i.e. 


S(y; «) 2 0, 
then 
Sy; 6) = y + SO; «) = y + S(O; 1) 2 0. 
We obtain 


S(0; 1) = —S(0;1) < y, 


as was to be proved. 
Lemma 7.2 gives [10] 
Lemma 7.3. If E is Ex, then every positive linear function p(x) on E is N- 
continuous. 
THEOREM 7.1. Es is Archimedean if and only if E~ is N-closed. 

Proor. Suppose that F is E4,.. Let y be an arbitrary point of the N- 
boundary of E~ and wu an N-inner point of E™. Since E” is convex, every 
ay + (1 — a)u 

with 0 < a < 1 belongs to E”, ice. 
ay + (1 — a)ju = 0, 
whence 
eo 


a 


Qa 
u = 0. 





y + 


By Lemma 3.2 this inequality holds for a = 1 which gives 
y2 0. 


The sufficiency of the condition can be deduced from Lemma 3.2 in an ele- 
mentary way. 

THEOREM 7.2. Let E be Ez. If E is weakly Archimedean then every point 
y of the N-boundary of E~ belongs either to E~ or to W. 

Proor. It follows from Lemma 7.3 that W is N-closed in E4+,2 and conse- 
quently £ = E © W is a Banach space if we put || || = inf { |! 2 ||; x 3}. 
It is also easy to see that Fis FE, . 

If 7 = y + W then j « L* (use Theorems 4.2 and 7.1). If 7 = 0 = W then 
ye W;% ~ 0 implies y é W, y « E“, as was to be proved. 

If E is Ey,~ then the u-norm can be defined in Z. According to Axiom B 
every N-bounded subset of E is bounded which implies that the N-topology in 
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E is generally stronger than the u-topology. They are obviously equivalent if, 
conversely, every bounded subset of E is N-bounded. Since every bounded 
subset M C E can be included in an interval of the system %{, we thus obtain 
THEOREM 7.3. If E is a homogeneous Ey then the N-norm in E is topologically 
equivalent to the u-norm if and only if the intervals in E are N-bounded. 
We say that the N-norm is non-decreasing if 


—ySrusy 


implies 
lz ll S lly. 


Lemma 7.4. The N- and u-norms are topologically equivalent if and only if the 
N-norm is topologically equivalent to a non-decreasing norm (in particular, is non- 
decreasing itself). 

Proor. Obvious, since the u-norm is non-decreasing and any two -non- 
decreasing norms are topologically equivalent. 

According to the results obtained by M. Krein ({10] and [11]) the N-bounded- 
ness of the intervals in E is equivalent to the following condition imposed on the 
adjoint space FE: 

Every linear functional f « E can be represented 


f=h—h, 


where h; , he are positive linear functionals, i.e. h;(x) = 0, whenever x ¢ E~ (i = 1,2). 
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HOMOLOGY WITH LOCAL COEFFICIENTS 


By N. E. STEENROD 
(Received January 26, 1942) 


1. Introduction 


In.a recent paper [16] the author has had occasion to introduce and use what 
he believed to be a new type of homology theory, and he named it homology with 
local coefficients. It proved to be the natural and full generalization of the Whit- 
ney notion of locally isomorphic complexes [18]. Whitney, in turn, credits the 
source of his idea to de Rham’s homology groups of the second kind in a non- 
orientable manifold [13]. It has since come to the author’s attention that 
homology with local coefficients is equivalent in a complex to Reidemeister’s 
Uberdeckung [10]. 

Since this new homology theory (which includes the old) seems to have such 
wide applicability, a complete review of the older theory is needed to determine 
to what extent and in what form its theorems generalize. The object of this 
paper is to make such a survey. The general conclusion is that all major 
parts of the older theory do extend to the new. In addition the newer theory 
fills in several gaps in the old. The most noteworthy of these is a full duality 
and intersection theory in a non-orientable manifold (§14). 

For the sake of completeness, some of the results of Reidemeister have been 
included. The new approach and new definitions make for easier and more 
intuitive proofs. They lead also to results not obtained by Reidemeister. The 
most important is a proof of the topological invariance of all the homology 
groups obtained.’ In addition developments are given of the subjects of multi- 
plications of cycles and cocycles, chain mappings, continuous cycles, and Cech 
cycles. 

Part I contains an abstract development of systems of local groups in a space 
entirely apart from their applications to homology. Any fibre bundle over a 
base space R [18] determines many such systems in R (one for each homology 
group, homotopy group, etc., of the fibre). These are invariants of the bundle. 
They should prove to be of some help in classifying fibre bundles. 

Part II, which contains the extended homology theory, presupposes on the 
part of the reader a knowledge of the classical theory such as can be found in the 
books of Lefschetz [7] and Alexandroff-Hopf [1]. 


I. LocaL GROUPS IN A SPACE 
2. Notations 


We shall be dealing throughout with an arewise connected topological space 
R. For any point z of R, let 7, be the fundamental (Poincaré) group of R with 





1Tt is not determined however whether or not the combinatorial invariant called “‘tor- 
sion’? by Reidemeister [9] and its generalizations by Franz [4] and de Rham [14] are true 
topological invariants. 
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x as initial and terminal point. If A is a curve from z to y, the class of curves 
from x to y homotopic to A with end points fixed we shall denote by a symbol 
such as az,. Its inverse is denoted by az, or ayz. The elements of F, are 
abbreviated a, , 8., etc. The class a,, determines an isomorphism F, — F, 
(denoted by az,) defined by azy(8z) = ayz8zaz,. In keeping with this notation, 
the product a,8, means the element of F, obtained by traversing first a curve 
of the class a, then one of 8,. As is well known, the combination of two iso- 
morphisms ,:(azy(yz)) is the isomorphism (az8yz) (yz). 


3. Local groups 


We shall say that we have a system of local groups (rings) in the space R if (1) 
for each point x, there is given a group (ring) G, , (2) for each class of paths az, , 
there is given a group (ring) isomorphism G, — G, (denoted by a,,), and (3) the 
result of the isomorphism a,, followed by 8,- is the isomorphism corresponding 
to the path azyBy.. 

It follows from the transitivity condition (3) that the identity path from x to 
zis the identity transformationinG,. A further consequence is that the inverse 
of the isomorphism az, is ayz. By (2), a closed path a, ¢/, determines an 
automorphism of G,. From (8) it follows that F, is a group of automorphisms 
of G,. The invariant subgroup of F, acting as the identity on G, is denoted 
Fi. Since, by (3), 


zy (Br(ayz(g))) = (ayzBzezy) (9), geG,, 
it follows that 


(3.1) Qzy(82(g)) _ [azy(Bz)](azy(g)), ge Gs. 


We shall say that the system {G,} is simple if every F: = F,. If this happens 
for one x, it will be true for all. If {G,} is simple, the isomorphism a, is inde- 
pendent of the path from x to y. Choosing a fixed point 0 as origin, we find that 
each G, is uniquely isomorphic to G,. Thus the local system consists of one G, 
and as many copies of G, as there are points x ¥ 0. 

Two systems {G.}, {H.} are said to be zsomorphic if, for each x, there is an 
isomorphism @¢, of G, onto H, such that 


y(azy(9)) = ay(z(9)), g «Gz. 


We shall deal only with properties of systems which are invariant under isomorph- 
isms. In each case the proof of invariance is trivial and will be omitted. 

It was proved in §2 that the collection {F,} is a system of local groups. It 
is simple if and only if it is abelian. 

In some instances a system {G,} will consist of topological groups. The 
isomorphisms a,, will then be continuous. In the following pages we shall 
omit continuity considerations whenever such are reasonably obvious. 

We shall consistently attempt to reduce the study of a system to the study of 
what occurs at one point of R. As a first step we have 
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THEOREM 1. [f G is a group (ring), 0 a point of R, and y a homomorphism of : 
F, into the group of automorphisms of G, then there is one and only one system 
{Gz} of local groups (rings) in R such that G, is a copy of G and the operations of 
F, in G, are those determined by y. 

For each point x eR, choose a class of paths \,., choosing \.. = identity, 
Let G, be a group (ring) isomorphic to G. Associate this isomorphism with },, . 
If azy is a path, we attach to it the isomorphism G, — G, defined by 


Oxy(J) = Noyl(Acz@zyAyo) (Azo(G))]. 


The second operation is the automorphism of G attached to AczazyAyo € Fo by y. 
Since y is a homomorphism, the transitivity condition (3) holds. 

If {Gz} is a local system, and ¢ an isomorphism of G; into G, such that ag = 
ga for ae F,, map G, — G, with the operation ¢:(g’) = Aoz(@(Azo(g’))). It is 
easily verified that {¢.} establishes an isomorphism between {G.} and {G,}. 
This proves the uniqueness and completes the theorem. 


4, Automorphisms 


Let {G.}, {Az} be two systems of local groups, and suppose that A, is a group 
of automorphisms of G, in such a way that, for any az, , we have 


(4.1) Ory (4(g)) = azy(4)(axy(g)), aeAz,geGs. 


Then {A,} is called a system of local automorphisms of {G.}. By (3.1), it follows 
that {F,} is such a system for any {G;,}. 

Let A} be the subgroup of A, acting as the identity on G.. By (4.1), {Az} 
is a system of local groups. It follows that, under the natural isomorphisms 
A,/A} > A,/A} induced by A, — A,, {Az/Az} is a system of local automorph- 
isms of {G,}. 

If A is a group, and, for each z, A is a group of automorphisms of G, such that 


(4.2) ary (a(g)) = a(a2y(9)), aeA,geGs, 


we shall call A a group of uniform automorphisms of {G.}. If a system {A,} 
of local automorphisms is simple, then any one of its groups is, in a natural way, 
a group of uniform automorphisms of {G,}. If F, or F,/F; is abelian, we have 
such a group of uniform automorphisms for any {G;}. 

As in Theorem 1, complete knowledge of a system of automorphisms is obtain- 
able from knowledge of what occurs at a single point. 

TuHEeoreM 2. Let A be a group of automorphisms of G with only the identity 
acting as such in G (i.e. A’ = 1). Leto bea point of R, and let F, be represented 
as a group of automorphisms of G in such a way that the automorphism a(a(a ’(g))) 
of Gis in A for everyaeF,,a¢A. Then there is one and only one system {Az} 
of local automorphisms of {G,} such that the collection (F., Go, Ao) is isomorphic 
to (F,,G, A). {Az} is simple and therefore A is a group of uniform automorph- 
isms of {G.} if and only if the automorphisms of F, and A in G commute. 

By Theorem 1, the system {G,} is completely determined. By assumption 
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the automorphism aaa is a unique element of A. Thus each a determines an 
automorphism of A, and F, is a group of such. By Theorem 1, the system {A,} 
of local groups is completely determined. For ae A,,g¢Gz;, we choose a path 
Qr and define 


A(g) = az(20(@)(az20(g))). 


Clearly (4.1) will hold once we have proved the right side to be independent of 
Qz- This is shown as follows. 


Bzo(Gor(Oz0(@) (a20(g)))) = (cox820) (a%20(4) (a20(9))) 
= [(aox8z0) (z0(4)) (ez820) "]( (e820) (20(9))) 
= Bzo(a)(Bz0(9)). 


5. Operator rings 


If G is an additive abelian group, the set H of all homomorphisms of G into 
itself forms a ring under the operations 


(a + b)(g) = ag) + 5g), (ab)\(g) =a(bg)), a,beH,geG. 


A group A of automorphisms of G forms a multipligative subgroup of H. It 
generates a subring A* of H with unit = identity. If the symbol a(g) be abbre- 
viated by ag, this multiplication of g eG by the scalar a e A* obeys the usual 
laws: (a + b)g = ag + bg, (ab)g = a(bg), 1g = g, Og = 0, a(g + g’) = ag + ag’. 
One may therefore speak of linear combinations, linear independence, and bases 
in G relative to A. 

We shall say that the system {A,} is a system of operator rings for the abelian 
system {G,} if, for each x, A; is a ring of operators for G,, and for each path 
Qry , we have 


Qzy (ag) = Ary (A) azy(g), aeA,,geG:. 


The analogue of Theorem 2 is proved with only slight modifications. If asystem 
of operator rings is simple, we are led naturally to the concept of a uniform opera- 
tor ring for {G;}. 

For any {G,}, the system {F2} of group rings of {F,} is a system of operator 
rings. If F, or F,/F: is abelian, the group ring of F, or factor ring thereof is a 
uniform operator ring for {G,}. 


6. Dual systems 


Two abelian systems {G,}, {H.} of local groups form a pair with respect to a 
third {K,} if, for each x, G, and H, form a pair with respect to K, (i.e. a multi- 
plication gh = k is given which is linear in each factor) in such a way that, for 
each path az, , we have az,(gh) = azy(g)az,(h). Analogous to Theorem 1, we have 

THEoREM 3. Let G, H form a pair with respect to K, and let F, be realized as a 
group of automorphisms of each of G, H, K in such a way that a(gh) = a(g)a(h) 
foraeF,,g¢€G,heH. Then there is one and only one set of systems {Gz}, {H-}, 








614 N. E. STEENROD 


{Kz} such that the first two form a pair with respect to the third, and G,, H,, 
K, and the automorphisms F,, form a set tsomorphic to the given G, H, K, F,. 

By Theorem 1, there are unique systems {G,}, {H.}, {K.} corresponding to 
G, H, K and the operations of F, in these groups. In the construction of all 
three systems let us use the same collection of paths )., (see proof of Theorem 1), 
Under the isomorphism of G,, H,, K, with G, H, K attached to .; the multi- 
plication in the latter groups carries over into a multiplication in the former. 
The relation az,(gh) = azz(g)azy(h) for geG,, he H, is proved by using the 
property a(g’h’) = a(g’)a(h’) of the closed path a = AyzazyAyo Where g’, h’ eorre- 
spond to g, h under ,.. Any other allowable product which agrees with the 
constructed product in G, , H, will likewise agree in G, , Hz since both products 
are invariant under the translation along Az . 

Of particular interest is the case of character groups. 

TuHeorEM 4. Jf K = real numbers mod 1, G = a discrete, or compact, or locally 
compact separable group, and F, is realized in two arbitrary ways as a group of 
automorphisms of K, and G, respectively, then F, can be realized in one and only 
one way as a group of automorphisms of the character group H of G satisfying 
a(gh) = a(g)a(h). Thus to given systems {K-}, {Gz} is attached a unique system 
{H,} of character groups. 

The character a(h) is defined to be the one with the value a(a‘(g)h) on any g. 
The remainder of the theorem is readily verified. 

It is to be noted that K admits but one non-trivial automorphism, namely: 
k — —k. Thus there are as many character systems of a given system {G,} 
as there are factor groups of F, of order 2. If it should be desirable to have a 
unique character system, it would be natural to choose {K,} to be simple. 


7. Local groups under mappings 


Let R, R’ be two arewise connected spaces and ¢ a continuous map R’— R. 
Let F, F’ be their fundamental groups relative to base points 0, o’ such that 
¢(o’) =o. If {G,} isa system of local groups in R, then ¢ induces in R’ a system 
{G,} as follows. The group G, is chosen isomorphic to G, where x = ¢(y). 
The isomorphism is denoted by ¢. The path a,, in R’ maps G, isomorphically 
on G, according to the rule 


(7.1) ayz(g) = $ *(b(ay2)($(9))), g«G,. 


The transitivity condition is immediately verified. 

The existence of the induced system is apparent in view of Theorem 1 and the 
fact that the homomorphism F’ — F realizes F’ as a group of automorphisms 
of G,. 

The induced system has numerous properties which we list without proofs. 

(a) If {G,} is simple, so is {G)}. 

(b). {G;} is simple if and only if F’ is mapped by ¢ on the subgroup F' of F 
leaving G, fixed. 
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(c). If {G.}, {Hz} are paired relative to {K,}, then likewise the induced 
systems in R’. 

(d). If {Az} is a system of local automorphisms or operator rings for {G,}, 
then likewise the induced systems in R’. 

(e). If A is a group of uniform automorphisms or a uniform operator ring for 
{G,}, it is also one for the induced system. 

It follows from (b) that, if R’ is the covering space of R corresponding to the 
subgroup F" of F, the induced system is simple. Thus any system in R can be 
considered as the continuous image of a simple system in some covering space. 

It is natural to inquire under what circumstances a given system in R’ is 
induced by one in R. For this it is necessary and sufficient that (1) the kernel 
F’ of the homomorphism F’ — F shall act as the identity on G,, , and (2) the map 
of the subgroup F’/F’ of F into the group of automorphisms of G), shall admit 
a homomorphic extension to F. 


8. Special local groups 


Because of their importance in the work of Reidemeister, we shall discuss 
certain local systems based on the fundamental group F of R. 

Let F’ be an invariant subgroup of F, and let & = F/F’. Let 9 be an abelian 
group. Let G be the set of functions from ‘F to §. If two such functions are 
added by adding functional values at each element of , G becomes an abelian 
group. A function f eG is called a restricted function if f(a) = 0 except for a 
finite number of we‘s. The restricted functions form a subgroup G’ of G. 
The structure of G (G’) can be described as the unrestricted (restricted) direct 
sum of as many copies of § as there are elements of . If S = integers and 
F’ = 1, then G’ is the ordinary group ring of F. 

If S is a ring, we define a multiplication of two functions f, g e G’ by 


f X gla) = Dis f(ob™)g(8), a, Be F. 


Since the functions in G’ are restricted, the sum is finite; thus G’ is a ring. If 
G = integers, this product is the usual one in the group ring. 

The group F can be realized in three natural ways as a group of automorphisms 
of the groups G, G’. For any y e F, we define three operations on a function 


feG (G’) by 
Lyf(a) = fiy'a), R,f(a) = flay), T f(a) =f ay), aeF. 


Then Lf, R,f and 7,f are in G (G’), and are called the left translation, right 
translation, and transform of f by y, respectively. It is easy to verify that L,, 
R,, T, are automorphisms of G (G’), and that L,L; = Lys, RyRs = Ry, and 
T,T; = T,;. The subgroup acting as the identity for both L and R is F’. 

In the case that § and therefore G’ is a ring, the left and right translations 
are not ring automorphisms. However the transforms are: T,(f X g) = 
(T.f) X (Tg). 

It follows from Theorem 1 that, corresponding to each of the three ways that 
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F can act on G (G’), we have a system of local groups. These we denote by 
{GE}, {G2}, {GZ}, and similarly for G’. The last of these, {Gz"}, is a system of 
local rings, whenever G is a ring. 

Since & is associative, L,Raf = RsL,f. Therefore, by Theorem 2, the left 
translations form a group of uniform automorphisms of {Gf}, and likewise for 
the right translations of {G7}. Then, as in §5, the group ring of F is a ring of 
uniform operators for these systems. 

Under the automorphism ¢ of G (G’) defined by ¢f(a) = f(a’), we have 
oL.f = R,¢f. Therefore, by means of ¢, an isomorphism exists between {Gz} 
and {GF}. 

In the work of Reidemeister on homotopy chains, § = integers, F’ = 1, so 
that G’ is the group ring of F. The coefficients of the homotopy chains belong 
to the local groups {Gz"} (these are not rings), and the ring of uniform operators 
is likewise G’ where left translations are used. This distinction between the two 
usages of the group ring of F is necessary for a comprehension of the subject 
of homotopy chains. 


Il. THE COMBINATORIAL THEORY 


9. Chains with local coefficients 


Let {G,} be a system of local abelian groups in a space # which is decomposed 
into a cell complex” K. A g-cell of K is denoted by o*, incidence by ¢ < o’, and 
incidence numbers by [c**:07]. We suppose as usual that 


(9.1) Doee-1 [o* * 36" “Yo**:0*] = 0. 


In each cell « we choose a representative point x(c) and abbreviate the symbol 
Give) by G,. A q-chain of K is a function’ f attaching to each oriented q-cell « 
an element f(c) eG, with the property f(— ¢) = —f(c). Chains are added by 
adding functional values. They then form a group isomorphic to the direct 
sum of the groups G, for all q-cells oc. 

If o’ < o, we may choose a path in the closure of o joining x(c) to x(o’) and 
obtain therefrom an isomorphism G, — G, which is denoted by h,,. In order 
that h,-, shall be independent of the path, we postulate that the closure of each 
cell is simply connected. A second consequence of this and the transitivity 
condition is 


(9.2) - heehee = her'e 





2 For the sake of simplicity we suppose K is finite and closed. The extension of the 
subsequent results to relative complexes, open complexes, and to the finite and infinite 
chains of locally-finite complexes will be obvious. 

3 We shall abide by the functional notation throughout. This will prove to be as con- 
venient as the classical linear form notation. We abandon the latter since it has algebraic 
implications more prejudicial than suggestive in the present discussion. 
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By means of the isomorphisms h, we can define the boundary df and co- 
poundary 6f of a q-chain f: 


af(o*”’) _ Dow [o7 6 Ihea-100(f(o")), 
f(a") = Doeslo*zo* hecer+1(f(o")). 


The sums extend over the g-cells which (a) have o*~ as a face, (b) are faces of 
og”. These new functions are g — 1 and (q + 1)-chains respectively. It 
follows from (9.1) and (9.2) that daf = 0, 66f = 0. Therefore cycles, bounding 
cycles, homology and cohomology groups can be defined as usual. 

A special convention for 0-cycles is necessary. We shall agree that any 0- 
chain is a O-cycle. Note that the Kronecker index (i.e. the sum of the coeffi- 
cients of a 0-chain) has no meaning unless the system {G,} is simple.“ 

Finally it is to be remarked that we obtain a completely isomorphic situation 
if we choose new representatives y(¢) ineach ¢. The isomorphism is established 
by means of a path x(c) to y(c) in o for each o. 


(9.3) 


10. Automorphisms of chains 


Let A be a group of uniform automorphisms or a ring of uniform operators of 
{G,}. For any chain f and aeA, define (af)(c) = af(c) for each o. Then 
af is a chain, and A appears as a group of automorphisms or a ring of oper- 
ators of the group of g-chains for each q. 

Since the operations of A commute with translations of the G, along paths, it 
follows that the operations of A on the chains commute with dand6. Therefore 
A appears as an automorphism group or ring of operators of the groups of cycles, 
cocycles, boundaries, coboundaries, and consequently of the homology and 
cohomology groups. 


11. Multiplication of chains 


It should be noted that a.cycle with local coefficients is locally a cycle in the 
ordinary sense; for, in any simply connected open set U (e.g. the star of a vertex), 
isomorphisms of the local groups can be set up with a fixed group (using paths 
in U) in such a way as to transform each chain with local coefficients into an 
ordinary chain mod (K — U) so that the boundary relations are preserved. It 
follows that any operation on ordinary chains which is a sum of local operations 
can be carried over to chains with local coefficients. We have seen that this is 
true of the boundary operator. We shall see that this is also true of products of 
cocycles, products of cycles and cocycles, and intersections of cycles. The 
linking number like the Kronecker index is not of this category. 





* Classical homology with a single coefficient group G is isomorphic to homology with 
coefficients in the simple system of local groups determined by G. 
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In a comprehensive paper of Whitney on products [17], it is proved that, corre- 
sponding to cells o? , of , of “* in K, there is an integer ”’T.’ such that 
(T;) if o? , of are not both faces of of’, then ”“Tj) = 0, 
(T2) for all p, q, 7, 7, k, 


+g, p+qtl ij . ptlypt, +1 yi 
Lan lod ref ry = S. lofos PMTs + 1) Dn lofsof Pre 


(T3) for’all g and j, >>; "Tr? = 1. 
Although the last two conditions appear not to be local in nature, they are so 
by virtue of the first. 

Let {G,} be a system of local rings with units. If f’ and f* are p and q-chains 
respectively with coefficients in {G,}, we define their cwp product to be the 


(p + q)-chain 
(11.1) SP uf(ok™*) = Dig TEAR? (f?(o?) hae "4 (f2(0%))].- 


Here we heve abbreviated the isomorphism of the local group of o? on that of 
ot * by h?’“?. The sum extends over the faces o?, of of o?**. The 
relations 


’ 


(P;) f’ uf? is zero on any o”“* which has not both a face in f” and a face in f*, 
(P2) if? uf’) = Hf’ uf! + (—1)"f? u of, 
(P3) I u f? = ig 


follow from the relations (IT), the transitivity of the h’s (9.2), and the preserva- 
tion of the products in G, under anh. In (P3), J is the 0-cocyele which attaches 
to each vertex V the unit of Gy. Since / is a ring isomorphism, it preserves the 
unit; therefore 6J = 0. It follows just as in Whitney [17] that a product is 
definable for the cohomology classes with the usual properties. The associative 
law and the commutation rule for the special products in a simplicial complex 
are given local proofs. Once invariance under subdivision has been established 
(see §16), the same laws will hold in a general complex. 

For the cap product, we shall suppose that {G,}, {H.} are paired with respect 
to {L,}. Given a g-cochain f? (coef. {G,}) and a (p + q)-chain g’™ (coef, 
{H,}), we define their cap product to be the p-chain 


(112) fing? (02) = Din "TRAIN? Ag? (02 **))] 


with coefficients in {L,}. The sum extends over those j, k for which of, o} 
are faces of of “. Just as before, we obtain 

. - ° ° . n re 
(Q:) f7ng’** is zero on any o” which with no o* of f” is a face of ao” of g’™, 


(Qs) a(f? A ") _ (- 1)"6f* n s"* +f? m ag’. 
In order to obtain an analogue of (IT3), we shall take the special case where 
{L.} = {H.} and {G,} is a system of operator rings for {H.} (see §5). Then 
the 0-cocyele I is defined, and we have (Q;) Ing’ = g’. 
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Under the same assumption, it can be shown that 


(f? u f’) A ” tied ~ fi n (f” n ” ines * 


~ 
for cocycles f*, f’ and a cycle g’**”. 


The uniqueness of the products in the following sense can be proved. Sup- 
pose “I’,’ is another set of I’s for which the relations (I) hold. Corresponding 
to the two sets of I’s is the Whitney operation A (Theorem 8, [17]). Let 
tai? be the coefficient of of*' in the product o7Ao?"*. Define f*Ag’** with 
equations analogous to (11.2) using Ain place of T. Then the Whitney relations 
(R) (loc. cit.) with chains in place of cells can be proved to hold. It follows 
that the two sets of I'’s determine the same products among the homology and 
cohomology classes. 


12. Duality 


Let L be the group of real numbers mod 1, and let {Z,} be the corresponding 
simple system in K. Let {G,} and {H,} be character systems of one another 
with respect to {L,}. Since {L,} is simple, a 0-cycle f° with coefficients in {L,} 
may be regarded as a 0-cycle with coefficients in L. It possesses therefore a 
Kronecker index (= the sum of its coefficients) which we denote by (f°). As 
usual (f°) = 0 is equivalent to f’ ~ 0. The scalar product of a g-cochain f* 
coef. {G,} and a q-chain g’ coef. {H,} is defined to be the Kronecker index of 
their cap product: 


(12.1) f'-¢° = (f' ng’) in L. 


If f* and g’ are zero except on a single o, then, by T; , f*-g‘ is the product f*(c)g*(c). 
Therefore, due to the linearity, the scalar product of arbitrary f’, g’ is the sum of 
products of corresponding coefficients. It follows that the groups of q-cochains 
and q-chains are character groups of one another. 

For any g-cochain f* and (q + 1)-chain g*”’ we obtain from Q2 that 


(12.2) 6ft-g?** = f*-ag*™. 


It follows now in the usual way (see Whitney [17]) that the g” cohomology 
group coef. {G,} and the gt* homology group coef. {H,} are character groups 
with the scalar product as the multiplication. 


13. Intersection in an orientable manifold 


Let K be an orientable simplicial n-manifold and let K* be its dual. Denote 
by De the cell of K* dual to the oriented simplex o of K relative to a fixed choice 
of the fundamental n-cycle Z” with integer coefficients. Let {G,} be a system of 
local groups to be used as coefficients in both K and K*. Let the coefficient 
groups of ¢ and We be the group G, where x is their common point. Then for 
any chain f of K (cochain f* of K*), the equation 


(13.1) f*(Do) = f(e) 
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defines its dual cochain (chain) of K* (K) of the complementary dimension. This 
isomorphism between the two groups of chains has, as usual, the property 


(13.2) (af)* = (— 1)*6f*, q = dimension of f. 


It follows that the g** homology group coef. {G.} and the (n — q)™ cohomology 
group coef. {Gz} are isomorphic. 

In case {G,} is a system of local rings, we have as in §11 a multiplication 
defined for the cochains of K*. The isomorphisms just established between the 
chains of K and cochains of K* enable us to carry over the product in K* into 
anintersection ink. We define the intersection of two chains f, , fo of K to be the 
dual of the cup product of their duals: 


(13.3) fiofe = (fi ufe)*. 


(Compare Whitney [17], p. 422, formula (19.9)). It follows that a system of 
local rings in an orientable manifold determines an intersection ring of cycles iso- 
morphic to the ring of cocycles (same coefficients) under the operation of dual. 

As is well known, the ring of integers is a ring of operators for any group G 
which commute with any automorphism of G. The ring of integers is therefore 
a uniform operator ring (§5) for any {G,}. The equation (11.1) may be in- 
terpreted as defining the cup product of a cochain f” with (simple) integer coeffi- 
cients and a cochain f* with local coefficients {G,}. The relations (P) still hold, 
and these together withthe associative law lead to the conclusion that the 
cohomology ring with simple integer coefficients constitutes a ring of operators for 
the cohomology groups coef. {G,}. 

The dual of this last result is that the intersection ring of an orientable manifold 
with simple integer coefficients is a ring of operators for the homology groups coef. 


{Gz}. 
14. Intersection in a non-orientable manifold 


In a non-orientable manifold K there is no n-cycle with simple integer coeffi- 
cients. One cannot therefore determine the orientation of Do uniformly over K 
so that (13.2) holds. A customary device is to use integers mod 2 as coefficients 
so as to restore the basic n-cycle and escape orientation difficulties. The 
resulting duality and intersection theory is a bit weak due to the inadequacy of 
the coefficients. A more ingenious device has been used by de Rham [13]. 
We shall see that a suitable use of local coefficients permits a full development 
of De Rham’s notion and leads to a complete and satisfying duality and inter- 
section theory in a non-orientable manifold. 

Since K is non-orientable, the elements of its fundamental group F divide into 
two classes according as they do or do not preserve orientation. Those which 
do form an invariant subgroup F' of index 2. Let T be the group of integers. 
For each integer ¢ e T and a e F, let a(t) be +¢ or — ¢t according as a is or is not in 
F'. In this way F is a group of automorphisms of T. Let {T.} be the corre- 
sponding system of local groups given by Theorem 1. We shall say that chains 
with coefficients in {7.} have twisted integer coefficients. 
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Let G@ be an abelian group and let F be represented as a group of automorph- 
isms of G. Let G be the direct sum of two copies of G (i.e. the group of pairs 
(91, g2)). Identify G with the subgroup of elements of the form (g, 0), and call 
G the real part of G. The subgroup G’ of elements of the form (0, g) we call the 
imaginary part of G. The product of (9; , g2) with the complex number a + ib 
(a, b are integers) is defined by 


(14.1) (a + 2b)(q1, gz) = (agi — bye, age + bg:). 


It follows immediately that the complex integers form a ring of operators for the 
group G, and that each element of G can be written uniquely in the form g; + 
ige (91, g2 real). If we set 


(14.2) alg: + igs) = - eo ge 


the automorphisms of F in G are extended to G. For any complex integer a + ib, 
define a(a + ib) = a + ib according as a is or is not in F’. Let T be the ring 
of complex integers, and let {7,} be the system of local rings corresponding to 
T and these automorphisms. It follows that {7,} is a system of operator rings 
for the system {G,} corresponding to G and the automorphisms (14.2) (see §5). 
We refer to {G,} as the complex extension of {Gz}. 

If G is a ring, and the elements of F are ring automorphisms, we define a 
product in G@ in the usual way: (91, g2)(9i, 92) = (gigi — 9292, 9291 + gigz). 
The equations (14.2) define ring automorphisms of G. Furthermore the ele- 
ments of 7 associate and commute with the multiplications in G. Thus {G,} 
is a system of local rings with {7,} as a system of operator rings. 

We shall use {G,} and {7} as coefficients for chains of K and cochains of K*. 
The group of n-cycles of K coef. {7} is infinite cyclic. A generator is con- 
structed as follows. Choose an oriented n-cell ¢ and let Z"(c) = +7 in T, 
(because of a(i) = +7, the sign of 7 has only a local significance). If | o’ | is 
any other n-cell, choose a path a of n-cells from ¢ to | o’ | (successive cells having 
an (n — 1)-face in common). The path a determines an orientation o’ of 
| o’ | concordant with that of «. Now define Z"(c’) = a(Z"(c)). In words: the 
orientation and coefficient of o’ are determined by translating along a path a 
both the orientation and coefficient of c. Translating along a second path 8 
will either produce the same orientation and the same coefficient or reverse the 
sign of both according as a8 is or is not in F’. Thus the chain Z" is inde- 
pendent of the paths chosen in its construction. It is a cycle since, in any 
simply connected domain, it is a cycle. The usual argument shows that any 
n-cycle of K coef. {7,} is an integral multiple of Z". Thus the fundamental 
n-cycle of K has pure imaginary coefficients (or equally well, twisted integer 
coefficients). 

If ¢ is an oriented simply-connected neighborhood in A, Z"(e) will be the 
coefficient Z"(c) of an n-cell o in € oriented concordantly with e. Corresponding 
to a q-cell ¢ e K and an oriented neighborhood e of o, there is in the usual way a 
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unique orientation of the dual cell D.o in K*. If f is any q-chain of K coef. 
{G,}, we define its dual to be the (n — q)-cochain f* in K* coef. {@,} defined by 


(14.3) f* (Deo) = —f(o)Z"(e). 


It is to be understood that f(c) is in G, and Z"(e) is in 7, where x is the point 
common to o and ),o. Since reversing the orientation of ¢ changes the sign of 
both sides of (14.3), f* is independent of the choices of the e’s. The dual of a 
chain f* in K* is given by 


(14.4) f* (0) = f*(D.o)Z"(€). 


Since Z"(e)Z"(e) = — 1, we have that any chain is the dual of tis dual. The 
dual of Z” is the unit 0-cocycle J. The dual of a real (imaginary) chain is 
imaginary (real). The formula (13.2) now follows for the dual in a non-orient- 
able manifold; for it is a statement of local properties, and (14.3), (14.4) differ 
from (13.1) locally by a constant factor. As in §13, it follows that the g™ homol- 
ogy group coef. {G,} and the (n — q)™ cohomology group coef. {G,} are iso- 
morphic. Using (13.3) to define the intersection, we obtain a homology ring 
isomorphic to the cohomology ring whenever the coef. {G,} form a system of 
local rings. In any case, the homology ring coef. {7,} forms a ring of operators 
for the homology groups coef. {G,}. 

Since G is the direct sum of its real and imaginary part, any chain is uniquely 
a sum of a real chain and an‘imaginary chain. The operations d and 6 preserve 
the property of being real or imaginary. Therefore the homology and co- 
homology groups decompose into direct sums of their real and imaginary parts. 
Since passing to the dual interchanges real and imaginary, we obtain the following 
results. The q'" homology group coef. {G,} (coef. {G,}) is isomorphic to the 
(n — gq) cohomology group coef. {G.} (coef. {G,}). The homology classes coef. 
(G} (i.e. the imaginary ones) form a ring isomorphic to the cohomology ring coef. 
{G,}. The intersection of two real cycles is imaginary. The intersection of a real 
and an imaginary cycle is real. 

It is to be noted that the results of this section apply to an orientable mani- 
fold. The absence of orientation reversing paths in no wise invalidates the 
constructions. We have in this way a single theory including both types of 
manifolds. 

The classical approach to intersection is to define directly the intersection of a 
p-chain f of K with a q-chain g of K* to be a chain of the subdivision of K. We 
may do this here as follows. If o is a p-simplex, o’ an (n — q)-face of o and «¢ 
an oriented neighborhood of oc, define co,’ relative to ein the usual way. Then 
define the intersection chain fog to have on o°%),o’ the value — f(c)g(D.o’)Z"(€e). 


15. The Poincaré duality 


If we assume that {G,}, {H.} are character systems of one another with respect 
to the simple system {L,} of mod 1 groups, we may combine the results of §12 
with those of §13 and §14 to obtain: The q™ homology group of the manifold K 
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coef. {Gz} (eoef. {Gz}) and the (n — q)™ homology group coef. {H:} (coef. {H.}) 
are character groups of one another; the multiplication is determined by the scalar 
product ({* n g) where f is a q-chain of K and g is an (n — q)-chain of K*. 

The results simplify in the orientable case if we note that {G,} and {G.} are 
isomorphic, as also are {H,} and {G,}. In the non-orientable case, the results 
simplify if we note that {H:} ({H.}) is the character system of {G,} ({G.}) 
with respect to the system {1} of twisted mod 1 groups associated with the 
simple system {Z,}. 

Before leaving the subject of duality, let us observe that the notion of local 
coefficients has nothing to add to the duality theorem of Alexander. A vital 
step in the argument of Alexander is the following: A cycle in the closed set R 
in the n-sphere S" is a cycle in S" and is therefore the boundary of a chain in S”. 
Such a statement is valid only if the system of local coefficients used in R is part 
of a system in S"; as S” is simply-connected (n > 1), the system of local coeffi- 
cients must be simple. 


16. Chain mapping and subdivision 


A chain transformation is a homomorphism of the groups of chains of one 
complex on those of another which commutes with the boundary or coboundary 
operator or interchanges them (as in the case of the dual). This definition has 
meaning of course when local coefficients are used. All that we need to deter- 
mine here is that chain transformation “‘S” with local coefficients exist in the 
usual circumstances. 

Let a cell mapping K’ — K be given which preserves the relation of incidence. 
Let {G,} be a system of local coefficients in K, and let {Gj} be the induced system 
in K’ (see §7). If o’ +c, there is an attached isomorphism G,, >G,. A chain 
of K’ which is zero except on a single o’ we call an elementary chain. Let f’ be 
an elementary chain and f’(c’) # 0. If the image o of o’ has a lower dimension, 
we define the image f of f’ to be zero. If o, o’ have the same dimension, the 
image f of f’ is zero except on o, and f(c) is the image of f’(c’) under the iso- 
morphism G}, >G,. An arbitrary chain of K’ is uniquely a sum of elementary 
chains. Its image is defined as the sum of the images of its elementary parts. 
The resulting chain mapping we denote by 7. The inverse cochain mapping 7’ 
attaches to an elementary chain of K the sum of the elementary chains of K’ 
mapped into it by 7; we then extend 7’ preserving linearity. That 7 (r’) com- 
mutes with @ (6) is proved by first establishing it in the usual way for elementary 
chains (of course (7.1) is used), and then applying the linearity of @ (6). 

It is necessary to use in K’ the induced system {G,} in order that 7, 7’ shall 
exist in all dimensions. This is seen as follows. Let V’ be a vertex of K’ and 
V its image. Assuming r, 7’ defined for the elementary chains of V, V’, we ar- 
rive at an isomorphism G,, > Gy. Therefore {G,} is the system induced by 
{G,} over the 0-dimensional part of K’. Suppose this is known for the g-dimen- 
sional part of K’. Any closed (q + 1)-cell is simply-connected, there is there- 
fore just one system of local groups defined over it which agrees with a given 
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system on its boundary, and that one is simple. We conclude that the given 
system and the induced system agree on each closed (q + 1)-cell, and finally over 
the whole of K’. 

If K’ is a subdivision of the simplicial complex K, we then have two systems 
in K’: the given system {G,} for K, and the system {Gz} induced by the map 
K’ — K defined by mapping each vertex of K’ into a vertex of the simplex of K 
containing it. The two systems are isomorphic. The isomorphism is set up by 
using the line segments which join each point to its image point. The proof of 
the invariance under subdivision of the groups of K and their multiplications 
may now be completed in the standard way (see for example [17]). 


17. Continuous cycles 


Let {G.} be a system of local groups in a space R. <A continuous chain in R 
is a collection composed of a complex K, a continuous map ¢ of K in R, and a 
chain Z in K with local coefficients in the system {G,} induced by ¢ and {G,}. 
If Z isa cycle, the collection (K, ¢, Z) is called a continuous cycle. The boundary 
of (K, ¢, Z) is (K, ¢, 8Z). Two continuous chains (K;, ¢;, Z;) (¢ = 1, 2) are 
added by forming the abstract sum K,; + Ko, defining ¢ = ¢; on K; , and adding 
Z, to Z,. Two continuous cycles are homologous if there exists a chain (K, ¢, Z) 
such that K D K, and K.,¢ = ¢;0n K;, and dZ = Z,— Z.. The cycles ofa 
fixed dimension divide up into homology classes. Two classes are added by 
adding representative elemerits. In this way we define the homology groups of 
R based on continuous cycles with local coefficients {G,}. That they are 
topological invariants of R and the system {G,} is an immediate consequence of 
the definition. 

If R is the space of a complex, these groups of R are isomorphic to those of K 
with the same local coefficients. The identity map ¢; of K attaches to a chain 
Z of K the continuous chain (K, ¢ , Z) of R. This chain mapping commutes 
with 0, and therefore induces homomorphisms of the groups of K into those of 
R. That these are isomorphisms follows from the lemma: If (K’, ¢, Z’) is a 
chain with boundary of the form (K, ¢; , Z), then there is a chain Z; of K such 
that dZ, = Z, and the difference (K’, ¢, Z’) + (K,¢:1,— Z1) bounds a continuous 
chain in R. The lemma is proved in the usual way by using the simplicial 
approximation theorem to construct a map of the product complex K’ X I 
(I = (0,1)) into R. The needed chain is found in K’ X J with local coefficients 
in the induced system. 


18. Cech cycles 


The only difficulty in the way of extending local coefficients to Cech cycles is 
that of constructing a system of local groups in the nerve K of a finite open 
covering when such a system is givenin R. It is clear that the former must be 
chosen so as to induce the given system in R under the natural map R — K. 
If R is sufficiently complicated, it is possible to construct in FR a local system 
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which is not induced by a local system in any nerve.’ Therefore we are forced 
to restrict ourselves to a system {G.} induced in R by a system {Ge} in a fixed 
nerve K°. We then admit only those coverings which are refinements of K°, 
and we use in them the local groups induced by their natural projections into 
K°. With this modification, the definitions of the Cech homology and cohomol- 
ogy groups and their multiplications proceed as before. 

If R is the space of a complex K, a local system in Ris one in K = K°. Using 
invariance under subdivision, one proves in the customary way (see [15], §9) 
that the groups of K and the Cech groups of R are isomorphic, and the isomor- 
phisms preserve the multiplications. We are thus led to a proof that the homol- 
ogy theory (coef. {G,}) of a complex K is a topological invariant of the space 
K with the local groups {G,}. 


19. Uberdeckung 


In a complex K choose a reference point o (preferably a vertex), and for each 
cell o let a, be a path in K from o to a point z(¢) ine. Ifo’ < a, let agg bea 
path in the closure of « from x(c) to x(o’). The closed path Qe0ieg'Qe’ is abbre- 
viated by Yeo’. As elements of the fundamental group F of K (origin o), the 
y’s have the property 


(19.1) Yoo'Yo'o'? = Yoo!’ foro” <a’ <a. 


By means of the a’s, we map isomorphically the chains of K with local coef. 
{G,| into ordinary chains with coefficients in G, as follows. The transform f 
of the chain f with local coefficients is defined by f(c¢) = a;'(f(c)). By means 
of this isomorphism, we define operators 0, 6 for chains f by: af = af, if = Ff. 
From (9.3) we obtain 


ao’) = Viele’ :ohyee(F(c)), a’ <a, 
if(o"’) = Qielozo” lye" (F(o)), a <o", 


Thus the system of ordinary chains (coef. G,) with the special operators @, 6 are 
isomorphic to the system of chains with local coef. {G,} with the ordinary 
operators @, 6. They determine therefore isomorphic homology groups. It is 
a corollary that the homology groups determined by 0, 6 are independent of 
the choices of the a’s. 

The system f, 0, 6 just described is called an Uberdeckung of K by Reidemeister 
(10; 11]. An advantage of this approach is that it lends itself more readily to a 
computation of the homology groups. One may attempt to simplify the inci- 
dence matrices [o’:c}ye.' , with elements in the group ring of F, by the usual 
methods of transforming bases and consolidation (see W. Franz [2]). 


(19.2) 





> This is the case if R is not locally simply-connected, and if {G,} is the system {G/} 
of local group rings of §8. 





NS 
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20. Zero and 1-dimensional groups 


If the fundamental group F of K and the operations of F in G, are given, then 
one may compute the 0 and 1-dimensional homology groups without further 
knowledge of K. Choose a basis a, , --- , a, of F and a basis, --- , rs for the 
relations in F (each r is a product of a’s representing the unit). Construct a 
2-complex K’ consisting of one vertex o’, one edge for each a; (likewise denoted 
by a;) with both end-points at o’, and, for each r; , a 2-cell E; whose boundary 
is the product 7; of the a’s. Clearly F is also the fundamental group of K’. 
The operations of F in G, determine local coefficients in K’ leading to 0 and 
1-dimensional homology and cohomology groups which we shall prove isomorphic 
to those of K. By the duality of §12, it suffices to prove this for the homology 
groups. 

Define a map ¢ of K’ into K so that ¢(0’) = 0, ¢(a@;) represents a; , and dis 
continuous. It is readily seen that a map y of a complex K” in K is homotopic 
to a map y’ which, on the 1-dimensional part Kj of K’”’, can be expressed as a 
product ¢y” of ¢ and a map y¥” of Ky in K’ which maps each vertex into o’ and 
each edge into a product of a’s. Thus every continuous 0 and 1-cycle is homol- 
ogous to one of the form (K’, ¢, Z) (see §17). It is a further consequence that 
the 0-cycle Z bounds in K’ if (K’, ¢, Z) bounds in K. This shows that the 0“ 
homology groups of AK and K’ are isomorphic. To prove the same for the 1- 
dimensional groups, we must show that a homology relation in K of the form 
O(E, W’, f(F) = g) = (K’,*¢, Z), where FE is a 2-cell and (dE) is a product r of 
the a’s, is a consequence of the relations in K’. Let & be regarded as a hemi- 
sphere of a 2-sphere S° and let E’ be the other hemisphere. The map y’” of the 
equator in K’ extends to a continuous map y”’ of H’ in K’; for the product r is 
expressible in terms of the r;. The map y’ of EF and gy” of E’ define a map 
y’ of S’ in K, and thereby a 2-cycle (S’, ¥’, f(E) = f(— E) = g). Thus a(F’, 
v’, f(E’) = g) = (K’, ¢, Z), and y’ factors into dy”. 

Using the above results we may describe the 0-dimensional groups quite easily. 
Let G; be the subgroup of elements of G, which are fixed under every auto- 
morphism ae Fl. The 0“ cohomology group of K is isomorphic to the group Gi. 
Let G, be the subgroup of elements of G, expressible in the form D> lai(gi) — 9) 
where a; ¢eF, g;¢G,.. The 0°" homology group of K is isomorphic to the differ- 
ence group G.— G, . 

It is worth noting that a continuous image of an n-sphere (n > 1) in K deter- 
mines a group of spherical n-cycles for any loca! coefficients; for the sphere is 
simply connected. However these cycles may or may not bound according to 
the structure of the system of local groups. Consider, as an example, the pro- 
jective plane P’ and the double covering of it by the 2-sphere S’. With twisted 
integer coefficients (§14), the 2-cycles on P’ form an infinite cyclic group and are 
nonbounding. The even multiples of the generator are images of the 2-cycles 
on S° with integer coefficients. Yet with simple integer coefficients in P’, the 
mage of every 2-cycle on S’ is bounding (algebraically zero). 
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NON-COMMUTATIVE CHAINS, II 


By Wiiuram W. FLexner! 
(Received April 1, 1943) 


Non-commutative chains of dimension two are here set up for a finite abstract 
system and by means of them an abelian “homology group” ye is found in the 
spirit of the author’s earlier definition of the Poincaré group as a homology group’, 
The group ue is subdivision invariant and, furthermore, each finite simplicial 
complex determines a family of systems all having the same y2. At the end 
of this paper we is computed for some simplicial complexes including the lens 
spaces. For the lens spaces ye is always the identity. 

A recent paper by Hopf* has obvious points of contact with this one: each 
2-syllable of this paper has as boundary one of the “loop paths” defining the 
“homotopy boundary”’ of the 2-cell in question in the sense of Hopf; if the C of 
(1.2) below is a cycle, the chain F7| + --- + Ej: is a Hopf spherical cycle. 


1. The abstract system S consists of “cells”, each having associated with it an 
integer called its dimension, and an operator F (meaning boundary) whose 
domain is the set of cells of S and whose range is a subset of the ‘‘chains”’ of 8, 
The cells comprize the neutral cell, 1, and n-dimensional cells (n-cells, EZ?) in 
finite number for n = 0, t, 2,3. It is convenient to suppose that 1 is an n-cell 
for each n. 

By an n-chain when n = 0, 1 (but not 2, 3) is meant a class of “‘words”’ in the 
sense of the theory of non-abelian groups with a finite number of generators, 
subject to the relation EE~' = 1, the letters of a word being n-cells or their 
inverses, for instance: 


(1.1) C= (Ej,)" (Ei,)”? isle (E3,)"*; 2; = +1. 


The inverse of a chain and the product of two chains are then defined in the 
obvious way. For the cell 1 and for zero and one-cells EZ, FE is defined as 
follows: 


Fl =1 
FE; 
FE; = E?,(E{,) for one-cells E’ where 7;, i: depend on 7. 


As in N.C., E‘, and (E%,)7 are called the outset and finish of E;. <A word (1.1) 
has property ¢ if it = 1 or if the finish of (E;,)"? forj7 = 1, 2,---,s — 1is the 


1 for zero-cells E? 





1 Presented to the Society, December 1941. 

2W. W. Flexner, Non-commutative Chains and the Poincaré Group, Duke Journal 8 
(1941) pp. 497-505. Here referred to as N.C. 

’ Hopf, Heinz, Fundamentalgruppe und zweite Bettische Gruppe, Comment. Math. Helv. 
14 (1942) pp. 257-309. 
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inverse of the outset of (Ei 544)" *!. The outset of (E;,)™ is called the outset of 
C and the finish of (E;,)”* is called the finish of C’. The system S is now sub- 
jected to condition T of N.C. p. 498 making S connected. If C’ has property ¢ 
outset E° and finish (E°)”, C is said to be a one-cycle on E®. The one-cycles on 
F° form a subgroup 2; of the group of one-chains. 

To each 2-cell E7 a one-cycle FE? on some fixed zero-cell, call it w, is now 
associated. (This FE; bears to the boundary defined in N.C., p. 498, call it 
PE? , the relation FE; = aFE‘a™, where a is a 1-chain having property ¢ and 
outset w). If a; is a one-cycle on w and £; is a 2-cell or the inverse of a 2-cell 
the following symbolic combination Q; of a; and E; is called a 2-syllable: 

Q; = a,E az". 
The inverse and boundary of 2; are defined to be 

O37 = a,Ez"az" 

FQ; = a,(FE,;)az°. 
If C and D are “words” composed of 2-syllables, for instance, 
C = (@Efajz') (aE faz") --- (a,E%a;"), a = +1, 
D = (bE}ibr')(boEfb2') «+ - (bE%{b7"), ye = +1, 
let CD = (a,E Zaz’) --- (a,Eias')(b,E}br') «++ (beE}ibr') and 
FC = (aFE@ajz') --- (a,FE%az"). 


(1.2) 


Then 
F(CD) = (FC)(FD). 


If subjected to the following relations between the syllables these words form 
the group © of two-chains: 


(r.1) 29;' = 1 
(r.2) 202,07" = (FQ)2,(FQ:)~* 
(r.3) a;la;* = : a; € Za ‘ 


DerFIniTIon 1.3. If b is a one-cycle on w and C is defined by (1.2), then 
(1.4) bC bo = (ba,EPay'b’) --- (ba,Eiaz"b"). 


TurorEM 1.5. If C is a 2-chain, bis a 1-cycle on wand C = 1, thenbCb™ = 1. 

Proor. The relations r which are used on the r.h.s. of (1.2) to reduce it to 1 
can be used similarly on the r.h.s. of (1.4) and will reduce b C b™ to 1. 

DEFINITION 1.6. That two words C and D are identical as words will be written 
C = D, that they define the same element of C2 will be written C = D. 

THEOREM 1.7. Jf C = Dthen FC = FD. 

Proor. The operator F applied to the 1.h.s. of the relations r gives the same 
result as when applied to the r.h.s. 
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This shows that FC depends only on the element of @, defined by C. Those 
elements C' ¢ @ for which FC = 1 form a subgroup 2 of @2 called the group of 
two-cycles of S on w. 

THEOREM 1.8. Each C ¢ 2. commutes with every D € C2 . 

Proor. By (r.2)C DC“D™ = (FC) D (FC)"D"* 

= DD" since C isacycle 
1 by (r.1). 

Coro.uary 1.9. The group Z is abelian. 

For each 3-cell &; of S let F&; be a unique element of 2. The elements C of 
Z2 which can be defined by words all of whose syllables are of the form 


a(F&,)%a", q = +1, ae Dy 


make up a subgroup, S, of Z. The factor group ue = Z2/Fe is called the 
second homology group of non-commutative chains of S on w. 


2. If Sis a system then S is a system and is called an elementary subdivision of 
Sif Sis related to S as follows. The elements of S are obtained from those of § 
by replacing a single p-cell of S by two p-cells Y and Z and a (p — 1)-cell X, 
p= 1,2,3. If FE, isa cell of S such that EH, + E and FE, does not contain E, 
then FE, in S is the same as FE, in S. If in S 
(2.1) FE=GL, G, L (p — 1)-chains for p > 1; G a vertex and L the 
inverse of a vertex for p = 1, thenin S 
(2.2) FX = FL 
(2.3) FY = GX 
(2.4) FZ=X"L. 

If FE, in S contains E, FE, in S is the same as FE, in S except that E is replaced 
by YZ." 

If S’ is obtained from S by a finite sequence of elementary subdivisions, S’ 
is called a subdivision of S. 

TurorEM 2.5. If S is an elementary subdivision of S, S and S have the same 
GrOUpS pe . 

Corouiary 2.6. If S’ is a subdivision of S, S’ and S have the same groups p . 

In future all cycles will be “‘on w” unless exception is specifically made and the 
following notational conventions will be adhered to: 

Script capitals, except C, 3 and F&F, for 3-cells; 
the printed capitals E, J, X, Y, Z, for 2-cells and their inverses; 
other printed capitals, except F, for 2-chains; 


small latin letters for one-chains; 
small greek letters, except 7, 7 and yu, for zero-cells and their inverses. 





4 For p = 2 this should be compared with N.C. p. 499, II. If in N.C. substitutions are 
made as shown below, the two definitions correspond: FE — C2FE Cz!, FE’ > C:FE'C;', 
FE" — FE". This shows that the distinction is a notational one. 
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3. Proor oF THEOREM 2.5. The groups of S will be distinguished by a bar. 
The proof that uz = fi is then made in the three cases: p = 1, p = 2, p = 3. 
When p = 1 the one-cell e is replaced by the one-cells y and z and the vertex &. 
Formulas (2.1)-(2.4) become 


Fe = yh, Ft = F), Fy = yé, Fz = "2. 


If E is a 2-cell, FE in S is obtained by replacing e in FE of S by yz. Each 
2-syllable of @ is of the form a Ja”, J*' a 2-cell of S,aeZ.. If a contains y 
or z non-trivially it contains both together as (yz)*’ for otherwise a cannot be a 
one-cycle. Hence the 2-chains of S become 2-chains of S when yz is everywhere 
replaced by e. Thus in this case there is an isomorphism JZ. = 22 such that 
If = Fo and so we = je. 


4,p=2. Eis replaced by Y, Z and z where if 


(4.1) FE = gm, then 
(4.2) Fx = Fm 

(4.3) FY = gx 

(4.4) FZ = x'm. 


Make a change of basis for the 2-chains of @: such that 
(4.5) Y— £z" 
J—-J if J + Yisa2-cell of S, 


where E is a new symbol playing the role of a 2-cell of S and such that 


FE = FE, 
Lemma 4.6. If C ¢ 3: and Y has been eliminated from C by (4.5), there is a D 
containing neither x nor Z and such that D = C. 


Proor 4.7. If the word C has a syllable M = axbJb ‘x ‘a, where J is a 
2-cell of 8, (4.4) gives that x = m(FZ)". Hence 


M = amFZ"'m"'a'(ambJb ma) amFZm"'a" 


(4.8) 
= amZ ‘ma ‘(ambJb ‘ma ')amZm'a"* by (r.2). 


So C has equals containing no x. Among these there is at least one word having 
the fewest syllables containing Z. Let D be such a word and suppose s is the 
number of its syllables containing Z. If s = 0, lemma 4.6 is proved. If there 
is a syllable aZ‘a' in the word D (q = +1), there must be another syllable 
b Z‘b” the x of whose boundary cancels the x in the boundary of a Z a™ in 
FD = 1. As there is no loss in assuming g = 1, D can be written: 


(4.9) D = U(aZa")V(bZ'b")W _ where U, V, W are elements of ©. 
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Let FU = u, FV =v, FW = w. Then 


FD = u(ax'‘ma")o(b mc b")w = 1, 


anda ‘vb =1soa=vb. Therefore 


D= U(WbZb'v )VbZ bb )W 
UV(bZb")V'V(ibZ by) W 
| = UVW, 


which contradicts the hypothesis that D in its original form had s a minimum, 
Hence s = 0 and 4.6 is proved. 

If C ¢ Z. and C as a word is free of x and Z, let 7C be the chain of 2: obtained 
by replacing E in C by Ein 7C. To see that 7C depends only on the element @ 
and not on the word C chosen to represent that element, observe that all steps 
(r.1), (r.2) and (r.3) which can be made for C can be reproduced for 7 except 
those involving x and Z. But (4.8) and (4.9), (4.10) show that lemma 4.6 has 
the effect on the original word C of replacing x by m and then replacing Z by 1, 
Hence if m and 1 are used in rC where x and Z were used in C and if F'1 be written 
m ‘m, the transformations of the word C can be duplicated throughout the 
word 7C. 

Now if C ¢ S, replacing E by YZ = E will yield a chain C ¢ 2» such that 
7C = C,s0 rS. = Z.. It is immediate that 7 is a homomorphism. If His 
a 3-cell then FH in S is*by definition FC in S with E replaced by YZ = E. 
So rFKH = FX and r'FK = FW, whence 7h = ‘fo and so’ uw. ~ fe when 
p = 2. 


(4.10) 


5. p = 3. Gis replaced by Y, J and X. 


(5.1) F& = GL 
(5.2) FX = FL 
(5.3) FY = GX 
(5.4) Ff = XL. 


If C ¢ & obtain 7€ by replacing X everywhere by L. By (5.2), 7C is a unique 
element of 2. If C ¢ 2, then C ¢ 2. and rC = C so 7 is a homomorphism 
such that r2. = Z. Since KH ¥ VY, JF a 3-cell of S implies FI is the same in 
Sand 8S, 7(FH) = FH. Also 


FY = 7(GX) = GL = F& 
FJ = 7(XL) = 1 = Fl, 


so C ef: implies rC ¢  , whence rif2 CF. It remains to show that tS, CI: 


~ 


from which 7 ‘Sh = Sf and we = fk will follow. 





5 B. L. van der Waerden, Moderne Algebra, Berlin 1930, vol. 1, p. 136. 
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Adopt the following notation for 2-syllables of S. 
Q; = b;Jibz', where J; ~ X, X* is a 2-cell of S or its inverse, 
A; = a;X*a;", where g; = +1, 


T; = a,L“a;". Then if 


(5.5) C = MAO, «++ AQ, 
(5.6) rC _ MT }Qi Pa P,Q, . 


Take C ¢ Fo and C e ZS such that rC = C. Then C can be written in the form 
of the r.h.s. of (5.6) and C is given by (5.5). But (5.4) yields X = L(FJ)™ so 


(5.7) C = Ola(LFIJ")" ar | «++ [a(LFJ“)"a," 1, . 


If (5.7) be further expanded by definition 1.3, C becomes a product of syllables 
of the three kinds: 2;, T;, aff “a;' = A;. But N.C. p. 501 formula (3.3) 
now applies if 

A; be represented by the b; of N.C., 

Q; be represented by a; for some 7, 


I’; be represented by a; for the remaining 7. 


Then (N.C.3.5) yields C = g’, and h; will be a product of terms Q and IT;. 
But with h; occurs hz" so by (r.2) each h; may be replaced by a product of terms 
FQ, and FT;. Hence each h,bjhz* of (N.C.3.4) is h:Amhz* € Fe so 


(5.8) C=DC_ withDe‘h. 


Since by hypothesis C’ « fi, C is a product of terms cc where H is a 3-cell or 
its inverse. If KH ¥ &, FH is the same in S and S; if KH = 6, FH = F(YYJ) 
in 8, so in all cases C ¢ Sf. Hence, by (5.8), C ¢ Sh and r “h e Se, which com- 
pletes the proof of theorem 2.5 and its corollary, 2.6. 


6. Now suppose K is a finite simplicial connected 3-complex. It will be shown 
in this section that a system S can be associated with K, not in a unique manner, 
but so that the group ue of S is uniquely determined by K. From 2.6 it then 
follows that ye is unchanged by subdivision of K. Therefore for m (see N.C.) 
and uw, S bears the same relation to K that an “abstract complex” bears to K 
for the ordinary homology groups. 

Let the p-cells of S be the p-cells of K for p = 0,1, 2,3. Take w to be some 
vertex of K. If ais a 1-cell, set Fa = By where 8, y are the end points of a 
in either order. If E is a 2-cell, let c, d, e each be a one-cell on the boundary 
of E (or the inverse of such a one-cell) such that cde is one of the six cyclic orders 
of the one-cells around E that has property ¢. Let b be a one-chain with prop- 
erty ¢ outset w and finish equal to the inverse of the outset of c. Then 


FE = b(cde)b™. 
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If & is a 3-cell, let 
PE = (JP) +++ (bud%b7"), — 


where the J; are the four faces of &, b; is a one-cycle and FF& = 1. That these 
conditions on F& can be satisfied is easily proved by an example (see no, 13 
below). They can in fact be satisfied in many different ways for each 6, 

A ye being thus defined for K, it remains to show that ye is independent of 
the particular application of the rules just given for finding S from K. This 
is the result of theorems 6.1, 6.5 and 8.1. (Theorem 8.1 depends on 2.6.) 

THEOREM 6.1. Let x be a one-chain of S having property ¢, outset & and finish 
w . Then if § is obtained from S by replacing FJ = jin S by FJ = ajx™ in§ 
for each 2-cell J, and, for each 3-cell &, replacing 


(6.2) F& = (a,Jyaz") «++ (a,J az") in S by 
(6.3) F& = (b,Jybi") «++ (bd sb5") in S, where 
bs = zaz, 


then u2(S) = po(S). 
This theorem shows that y2 does not depend on the particular point w. 
Proor oF THEOREM 6.1. Use a bar to distinguish the groups and boundary 
operator of S. To each syllable Q; = a;J;a;' of S assign the syllable 


TQ; cs bJ iby" of 8. 
Then 
(6.4) F(7;) = «FQ. 


If 7(Q: +++ Q,) is set equal to (71)(722) +++ (72), (6.4) shows that 72. = Z. 
Since «(FQ)ax~* = (xFQx"')(vax™"), (r.2) and (6.4) show that 


(FQ; QM FOT*) = («FQx")792(xF O72") 
(F'7Q;) 722(F'72,)* = 7(Q:207"), 


so tC, C ¢ Z, is a unique element of 22, and 7 is a homorphism of Z: into 2. 
Now by (6.2) and (6.3) rF& = F& and +" F& = F&, whence 2 = ie. 

TueoreM 6.5. If S is obtained from S by replacing, for a single 2-cell E of 
S, FE = e by FE = xex where x € 21, and replacing E where it occurs in the 
boundary F& of three-cells & by «Ex in F&, then wo(S) = po(S). 

Since replacing e by ¢’ is a trivial change, this theorem shows that we is inde- 
pendent of the particular choices of the boundaries of the 2-cells. For instance 
if FE = a(rst)a' and FE = b(str)b’, putting « = br ‘a’ brings the change 
under 6.5. 

Proor or THEOREM 6.5. Inchains of § replace E wherever it occurs by xEx", 
where E is a new symbol such that FE = e. This trivial change of basis for 
the 2-chains of S makes the cycles and boundaries of S formally identical with 
those of S. 
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7. Theorem 8.1 below shows that ue. does not depend on the particular choice 
of the boundaries of the 3-cells made in determining S from K. The following 
purely algebraic lemmas are used in its proof. 

Lemma 7.1. Jf in a free multiplicative group the element E ¥ 1 contains, in 
normal form, (N.C.pp. 497-8), no repeated letter, then 


(7.2) D“ED =E 
implies that the element D is a power of E. 


If D = 1 the lemma is trivial, so assume that D ¥ 1, and suppose that D is 
given in normal form by 


(7.3) D = by +++ Dplp41 °° + Cqbp - ++ Oi" 

where g > p and ¢y4:¢, ~ 1. Suppose further that, in normal form, 
(7.4) E = aj. +++ An 

where 

(7.5) a; = a;' implies 7 = j. 

Then 

7 b, «+> bya ++ CpiDp oe+ Dy Gy +++ nb ++ Dppas +++ Cb" ooo Bs 
7. 


= A-'* An. 


Hence either, case 1, a; = b; , or, case 2, a,’ = b,, since the l.h.s. of (7.6) must 
be reducible to the r.h.s. which is normal. 
Case 1. If a, = bi, (7.6) yields 
be oe byl ee Coup ea b> ‘ae ons AnAybo oe boCp+1 ie Cab>" ewe "a 
= ae eee a,Q 


and for the next step in the reduction of the |.h.s. it is necessary that either 
a = b or a; = bk. But if aj’ = b, then b; = bz’ which contradicts the 
normality of (7.3). Hence a2 = be and another step similar to that from (7.6) 
to (7.7) is possible and soon. After p steps there result 


(7.8) b; = a;, 1stsp, ~ =jmodn, 

and 

(7.9) og ane Cp HiGr4 t+ Any +++ Arlpga *** Cg = Arg, *** Andy ++ Oy 
where 

(7.10) p=sn+r, s integral, Osr<n. 


Again normality of (7.3) gives a, ¥ cp41, SO 


(7.11) 





Cot = r+ 
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and 
—1 —l —l 
Cy+1 Cg eee Cp+2 Ar+2 22° Ani *** Ar Ar4i1Cpi2 °°" Cp Cp+1 


(7.11.1) 


= Ar+2 eee an Ay eee Orsi. 


Then cy42 = @,42 and a further step is possible. After g — p such steps 


(7.12) Ci = a;, p<itsg@ ~ =jmodn, 

and 

(7.13) CG; ae ee ++ © AgQy *** DmCp4i °° * Cq = Om4i *** Onl °° * Om 
where | 

(7.14) q=kn+~™m, k integral, O0Osm<n. 


So by (7.14) Cpa: = Gmsi. But by (7.11) Cpa: = G41 80, using (7.5) m =r 
and by (7.10) and (7.14) 


(7.15) q — pis a multiple of n. 
Using (7.8) and (7.12) with (7.15) 
(7.16) by = G = Om = Cy. 


But if p ¥ 0, (7.16) contradicts the normality of (7.3), so p = 0 and by (7.15) 
q is a multiple of n. This with (7.12) proves the lemma in case 1. 

Case 2. Replacing (7.2) by D’E“D = E™ and renaming the letters of the 
word E so that E = a;’a,_, --- a; makes case 2 formally the same as case 1 
and so provides, in case 2, a proof of the lemma for E™ and hence for E. 

LemMa 7.17. Lemma 7.1 holds if (7.2) is replaced by DE D = E™. 

The proof is just as before except that in the formulas whose numbers follow 
the right hand side must be replaced by its inverse: (7.6), (7.7), (7.11.1), (7.13). 

Corotuary 7.18. If E is as in lemma 7.0, D’E D = E™ implies E = 1. 


8. THEorEM 8.1. If S is obtained from S by replacing 
F& = (bJiby') +++ (bsJabis’) in S, 
where & is a 3-cell of S, J; is a 2-cell of S or the inverse of such a 2-cell by 
(8.2) P& = (aJijcr') +++ (eJises’), 


where k, , ke , kz , ky is a permutation of 1, 2,3, 4 andr; = +1, then w = hr. 
Proor. Here the groups Z and 2 are identical so the proof can be made by 


showing that ‘f = fj. For this it is sufficient to show that F& e and F& eh, 
which can be done by finding one-cycles p and q such that 


(8.3) (p Fép")(q F&"'q") = 1, 
for then F& = p qF&"q"'p € te 
and F& = q'pF&™" pq € te. 
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Suppose that 71 = 1. (If it were —1 the notation could be changed by re- 
placing F& by its inverse). Let 
U = (bedab2")(bsJabs") (ba bi’) 


and write FU = u. Take asuch that k, = 1 in the permutation k, , ke , ks , ka . 


Let V = (dues) -+* (Ca-aJitz'5-1) ifa>1l 
V=1 ifa = 1. 
Let W = (Capesticcts) «++ (Cadeice’) ifa<4 
W=1 ifa = 4, 


Write FV = vand FW = w. Then 
F& = b,Jyby'U 
FP& = Vadier W = Vadicr V'VW = vgJic;' v VW. 
Let 
(8.4) G = (b; F&"b) (civ F&ve). 


Comparing (8.4) and (8.3) shows that a proof that G = 1 will prove theo- 
rem 8.1. But G@ = (b;'U'b)(c'v VWoe,) contains no 2-cells except J2, Js 
and J;. Hence G is a chain of the subsystem S of S containing the zero and 
one-cells of S and Jz, J3, J4 but no other 2-cells and no 3-cells at all. By the 
inverse of subdivision, using theorems 6.1 and 6.5 as often as necessary, S can 
be replaced by S’ in which Jz, Js, Js are united to form a single 2-cell £. 
Theorems 2.5, 6.1, 6.5 show that yo(S) ~ wo(S’). So proving that y2(S’) ~ 1 
will show that y2(S) = 1 and hence that the G of (8.4) considered as a chain 
of Sisin%. But Shas no 3-cells so this is tantamount to proving that G = 1 
in 8. Finally, since S is a subsystem of S, G = 1 in S implies G = 1 in S. 
So everything hinges on showing y2(S’) = 1, which is the result of the following 
theorem. 


9. THEorEM 9.1. Jf S is a system having a single 2-cell E and no 3-cells, then 
wo(S) = 1, 

Proor. By theorem 6.1 there is no loss of generality in assuming that w 
is the outset of FE. Let FE = e = xyz, where 2, y, z are one-cells of S or their 
inverses. Since E is asimplex, x, y and zare distinct. Theorem 9.1 is equivalent 
to the following lemma. 

Lemma 9.2. If 


(9.3) D = (a,Ea;z') --- (a,E"ay" where qi = +1, 


defines an element of Ze for the S now under consideration, then D = 1. 
Proor. Suppose the a; of (9.3) are in normal form. If 


(9.4) a;= bec, r= +l, 








638 WILLIAM W. FLEXNER 


then 


(a,E%a;') = (bE"b")(beEc'b) (bE b*), 


so it may be assumed that no a; in (9.3) can be written in the form (9.4). Now 


since x and its inverse must occur equally often in (9.3) (because FD = 1); 7 
must be even. If s = 2, FD = (aye"az")(ase“az') = 1 so az'aye"a; a, = 6% | 


bey 


As hypothesis of an induction assume that S is such that all 2-cycles of § 
(having no a; in form (9.4)) which can be written in less than s syllables define 
the identity of 2, i.e. if H is a cycle of less than s syllables, H = 1. This 
hypothesis has just been proved for s = 3. The D of (9.3) represents a cycle 
of s syllables. Suppose one of these syliables, 2, contains a one-cell m which 


° = P ° ‘ — : P P F 
Since ce’c = 1 implies e = 1 which is impossible, the m in 2 must, in FD =1, 


cancel the m in some other syllable of D, i.e. for some Q 

(9.5) D = M(bmcE‘’c'm™"b") N (dmgE'g''m'd") T 
where M, N, T are 2-chains, r = +1 and 

(9.6) _ b'nd=1 when FN = n, 

for otherwise FD ~ 1. Using (9.6) in (9.5) 

(9.7) D = M[bm(cE‘%c')(gE"g mb NT. 


If the boundary of the chain in the square brackets is 1, D = 1 by hypothesis 7 
of the induction. If not, the bracket can itself play the role of the expression 7 
(9.4.1) and the steps (9.5)-(9.7) can be repeated for the same m until either | 


the hypothesis of the induction can be used or D = pm‘D’m™‘p™’, where D! = 
(hiE" hy’) +++ (hsE"hs"), rs = £1, FD’ = 1. Though D’ is not necessarily 1 


chain, it is convenient to introduce it as a symbol (see definition 1.7) and to | 


as 


and, by either lemma 7.1 or 7.17, a2'a, = e' and gq = —q. Therefore D = be 
(a.E az") (a2 az") (aE ‘az*)(a2E~“'az") = 1 which proves lemma 9.2 for s =2 © 
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define FD’ in the obvious way. Now D’ contains m fewer times than D, al § 


h; have property ¢, a common outset and the finish w *. 


If D’ has a letter m’ which is not «~, y*’ or 2~, the same process may be 
, ye I 
applied to m’ in D’ as was to min D. Since pmD’m ‘p “is a cycle of S the same F 


use of the hypothesis of induction can be made at the new steps as was mate 
before. Eventually either lemma 9.1 is verified or D = uwDu™, where D =) 


(ki\E’'ky') «++ (k.E”*k>’) and p; = +1 and all k; have property ¢, a commot ¥ 
outset o and finish w ’ and are made up of the letters z, y z. Like D’, D is not § 


necessarily a chain. 


Suppose a is the outset of y. Then zk; is a cycle on w and so is a one-cy¢k 4 
of S and must, in normal form, be (xyz)** = e”, a; an integer. Therefor , 


zDzx’ is a chain such that 


¢Dx = (e"B”'e~) oe (e*E”*e~**) a= BR" ... Bree 


| 


4, 8 ; : 
(9.4.1) 2 = bmcE*c “mb where c contains no m, 
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is a cycle of S and so F(xDz™) = 1 which implies p; + ps + ps +--+: +p. = 0 
which in turn implies zDz" = 1. But D = ux" («Dax au" = ur"(1)zu* = 
iby (r.3). If o were the outset of z, similar reasoning would give zyDy'x' = 1 
and D = 1 again. If o were w, then D = 1 directly and so D = 1. Now the 
hypothesis of the induction has been proved for s on the assumption that it 
holds for s — 1, so the proof of lemma 9.1 and hence of theorem 8.1 is complete. 


10. In this and subsequent sections the theory just developed will be applied 
to some particular simplicial complexes. By corollary 2.6, the n-sphere S” 
can be considered to be composed of two n-simplexes, Y" = {aoa --- an} and 
Z" = {Bobi --- Bn} where the identifications of lower dimensional simplexes 
given by {ai,ai, +++ ai,} = {Big8i, +++ Bi,}”', p <n, have been made. So, 
nfor> 2, the two-cycles of S” are the two-cycles of the n-simplex Y” and there- 
fore wo(Y") = 1 implies we(S") = 1. But for n > 2, wo(S") = 1 implies 
w(Y"") = 1. It follows that u2(Y°) = 1 implies wo(S") = 1 for n > 2. 

Now S’ and Y* = J can be treated together. Adopt the notation: 


& = {rar} = {BiBo}"', 1 = {aoar} = {Bobo}, 2 = {oom} = {Bobi}, 
a: = {ai} = {8B}, w= a, 
Feo = maz, Fe = amar, Fe = mai, 
FY = eee, FZ = ee0'e2", Fj = YZ. 


By theorem 2.5, Y and Z and e; can be replaced by E where FE = land FY = E. 
Then ¢ and ¢ can be replaced by e where Fe = ava2’. So it follows that the 
cycles of S’ and J are E‘, and so po(S°) is the infinite cyclic group whereas 
wo(J) = 1. It follows that w.(S") = 1 for n > 2. Since 1 is the only 2-cell of 
S' and S° it follows that y2(S") = 1 forn < 2. 


11. Let M be the complex composed of S’ and an S' (called c) having the 
single vertex a in common with S’ (see no. 10). Fe = aa = 1. Then 
u2(M) is the free abelian group with the infinite set c'Ec™‘, t integral, of gen- 
erators. (Notice that (c'Ec')(cE™'c*) = 1 implies t = s.) 

Let N be a complex like M except that c bounds a 2-cell X: FX = c. Then 
cEc' = X'‘EX' = X'X™'E by theorem 1.8, whence c'Ec ‘ = E. Therefore 
uo(N) is the infinite cyclic group. 


12. Let K be the torus with vertex w, one-cells a and b, and 2-cell EZ, where 
Fa = Fb = wo’, FE = ab ‘ab. The only 2-cycle is the identity so pw is 
the identity for the torus. 


13. Lens spaces.° Take p 3-simplexes Gy), @:, ---, Gp such that G; 





°H. Seifert and W. Threlfall, Lehrbuch der Topologie, Berlin 1934, p. 210. 
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has on its boundary the 2-simplexes A;, B;, C;, D; and the one-simplexes 
a;, b:, c:, di, e:, f; with boundary relations: 


FO; = A;B DL; ’ FA; = ajc; d; ; FB; = dz'b3e; . 


FC; = es faz", FD; = (byez de . 
Group the tetrahedra radially about the one-simplex b = b) = b = --- =b,, 
so that 
(13.1) fi = @i41, C= diay > D; = es fi Biufi es 


if subscripts are reduced mod p. Thus grouped the tetrahedra form a “lens”, 
The simplexes C; compose one face of this lens, the simplexes A; the other, 
If p and q are relatively prime and q < p/2, subject one lens face to a rotation 
of 2rq/p and identify it with the other. This amounts to letting 

(13.2) Gi = Aire, C=itg, fi=Cing, Ci = Alte. 


Since the numbers kq, k = 0, 1, --- , p — 1, are distinct mod p, the effect of 
(13.1) and (13.2) on the one-simplexes can be summed up in 


a; = a, b; = b, C+ = fin = Cizq = dig = 1. 


The number 7 on the extreme right is to be understood as an abbreviation for 
r; where r is a fixed letter and 7 is a variable subscript. Subscripts are to be 
reduced mod p. : 

Then for the lens space (p, q), 


= A.Bfi'G + IB + 1) Aq, 
FA; = ai —q+1)'G-@ 
|FB; = (i — q) ‘bi. 


The system S determined by the equations (13.3) (plus easily deduced boundary 
relations for the one-cells, here omitted) is now simplified by repeated use of 
theorem 2.5. First let 


(13.4) X; = 0G + DBrai +: 1). 
I. Replace G) , G, and A, by & where 
F&, = F(G.G,) = AcBoXoByX~Ax - 
Replace & , Ge, and As, by & where 
F&, = F(&Wzq) = AoBoXoB,XqBuX Ax ; 


(13.3) 


and so on up to and including the'replacement of &)-3, G¢p—2)q and A ¢p-2)q by 
&,-2 where 


F&,-2 = F(Gp-sG »-»¢) = Ao(BoXo +> Bep-2)gX (p-2)a) Aca ° 
Replace Ao , A(p—»g and a by J where FJ = F (A140) and 
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NON-COMMUTATIVE CHAINS, II 


F&p-2 = Aol(BoXo +++ Bip-2)eXip-2)q)Atp—veAcl Ao 
= (BoXo0 +--+ Bep—2ygX(p-2yq)J 
by theorem 1.8 since the square bracket is a cycle; and, similarly, 
F@(p-nq = J Bip eX p-ne - 
Replace &,-2, Gg», and J by & where 
(13.5) F& = BoXoByXq +++ Be—neXv-ve- 


There now remain of the 3-cells only &, of the 2-cells only the B;, and of the 
one-cells b and 7,7 = 0,1, ---, (p— 1). 

II. Now it is possible to eliminate all but one 2-cell and all the one-cells but 
b and [(p — 1)q], which last will also be written (—q). Let 


(13.6) Zig = (—q) DL + heq)Brtig(1 + kg) ‘0? *"(—9). 


Since it is an immediate consequence of (13.3) that 


(13.7) F(Basne +++ Bene) = (kg)? *"(—9) 
using (13.7) on (13.6) and then (r.2) on the r.h.s. of the result gives, by (13.4), 
(13.8) Xiqg = Busne +++ Bep-neZieBo—va +++ Boerne. 
Now using (13.8) to eliminate the X’s from (13.5) gives 
(13.9) F& = BoB, -++ Bep-neZoZq °° * Zip-ve- 
Let D,, be defined by 
(13.10) Drq = ByBisg +++ Bisrg- 


LemMaA. ZZ, °° Zrq = (—Q) 0 7(1 + 1rq)Dro (1 + 7q) ‘0? (—@). 
Proof by induction on ry. For r = 0, this is (13.6), so assume the lemma 
forr << k. Let 


S= (Zo+++ Ziq) Zea = (—Q) {1b 21 + (he — 1)q)D Geol + (% — 1)g)* 0”) 
[bP(1 + kg) Brteg(1 + kg)" b” *")}(—9). 
By (13.3), (L + (& — 1)q) = b(1 + kq)(FBi+zq) * 80 
S = (—g) ‘0h PL + kq)Dig (1 + kg) *b?*"(—9), 


which proves the lemma. 
It is a consequence of the lemma that 


(13.11) LoZq tite Z (p14 _ (—q) ‘(1 + (p ined 1)q)Dop-na(1 + (p = 1)q)*(—@). 
(13.12) If 1 + nq = 0 mod p 


then 


1+ (p— 1)q = (p —n— 1)g mod p 
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and 
1 + (n — k)q = (p — k)q mod p 
for every k, so, by (13.10) 
(13.13) Dp-1)q = B:-- Bi +n) gBoB, > Bip-n—veBia—nre cr 
Bp») Bitin—v4 ++ Br 
But F(B, «++ Brynn) = (1 — g)b"(1 + (nm — 1)q), so (13.13) becomes 
(13.14) Dp—yq = (1 — gq) b"(1 + (nm — 1g) BoB, «> 
Bop-yg(1+ (n — 1)q)"b"(1 - q). 
Now combining (13.14), (13.11) and (13.9) and noticing that (1 — g) = 
(1 + (p — 1)q) mod p yields 
(13.15) F& = BoB, «++ Bep—y¢l(—g) ‘b"(—q) (BoB, + + Bion) (—@) 0 "(—@). 
The elimination of cells now takes place in (p — 1) steps. Let G = B, 


and at the k step replace G,_1 and By, and (kg — q) by G;, where FG, = 
F(G,.Biq). Then letting Gin», = G and (—q)"b(—q) = y, (13.15) becomes 


(13.16) F& = Giy"G"y™"), 
and, trom the definition of G 
(13.17) , FG = y’. 


From (13.17) it follows that m is the cyclic group of order p. Notice that 
by (r.2) and (13.17) 
(y’*?G'y”*) _ y'G'y”. 
Any 2-cycle, H, is a combination of syllables of the type (y’Gy™), and if H #1, 
somewhere in H there must be an adjacent pair 
M = (y'Gy")(y'@"y“) 
or the inverse of such a pair, s # mod p,so that H = LMN. But by (13.16), 
M(y'F&y"') = (y'Gy“)(y" Gy"). 
If n + ¢ = s mod p this shows that Meo. If n + ¢ #8 mod p, 
M (y'F&y')(y" “F&y") = (Gy) "Gy. 


If 2n + t = s mod p this shows that M ef. Otherwise a third step is made 
and so on. But by (13.12), n and p are relatively prime. Hence there is 
a k such that kn + ¢ = s mod 7p, and so after k steps it results that M eth. 
Hence H and LN determine the same element of yo. Now the argument 
applied to H can be applied to LN and so on until eventually it follows that 7 
defines the same element of ue as the identity. This shows that for the lens 
space (p, q), ue is the identity. 


CoRNELL UNIVERSITY 
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SOME REMARKS ON SET THEORY 


By P. Erpés 
(Received February 1, 1943) 


This paper contains a few disconnected results on the theory of sets. 


I. Sierpinski’ proved that under the assumption of the continuum hypothesis 
there exists a single valued function f(x) whose inverse function is also single 
valued and which maps the sets of measure 0 into sets of first category and whose 
inverse function maps the sets of first category into sets of measure 0. He 
stated the problem’ whether a function exists which has the above property and 
also the following one: It maps the sets of first category into sets of measure 0 
and its inverse function maps the sets of measure 0 into sets of first category. 
Thus the function would interchange the sets of measure 0 and the sets of first 
category. We shall prove that such a function exists. Our proof will be very 
similar to that of Sierpinski: we will of course assume that the continuum 
hypothesis holds. 

Construction of f(x): It can be shown’ that a transfinite sequence G, of G; 
sets of measure 0 and a transfinite sequence F, of F, sets of first category exists 
(a < Q, Q is the first ordinal number of the third number class) having the 
following properties: 1) G, U F; = R, G, N F; = A (R denotes the set of all 
real numbers), 2) every set of measure 0 is contained in some G, and every set of 
first category is contained in some F, 3) Aa = Ga — GaN U Gs, Ba = Fa — 


B<a 
Ff U F; both have the power of the continuum, for every a. We evidently 
B<a 
have G, = UB,, F, = UA.. Hence we can construct a function f(x) 
a>l a>l 


in such a way that f(A.) = B,. for every a > 1, and that f f(x) = «x for every x. 
The function f(x) is clearly a single valued function whose inverse f '(x) is also 
single valued. Since, in addition f(x) coincides with its inverse, we have only 
to show that f(z) maps both the sets of measure 0 onto sets of first category, 
and the sets of first category onto sets of measure 0. But both of these state- 
ments are obvious. For let G be any set of measure 0; by assumption G C G, 
for some a and f(@) C U F;, which is a set of first category. Similarly let F 
B<a 
be any set of first category; by assumption F C F, for some a, and f(F) C U Gz 
B<a 

which is a set of measure 0: This completes the proof. 


II. Let m be a cardinal number. Two sets A and B in Euclidean space are 
called m-equivalent if they can be split intom summands A = UA,, B = UB, 
Aa, f Aa; = Ba, fl B,, = 0,andA.=B,.. (The sign = denotes congruence.) 





1'W. Sierpinski, Fund. Math. Vol. 22, p. 276-278. 
? Thid. 
3 Thid. 
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Banach and Tarski‘ proved that in three space any two sets containing open 
sets are finitely equivalent, and that on the line and the plane any two sets 
containing open sets are countably equivalent. 

Professor Tarski’ communicated to me the following result of Lindenbaum: 
There exist 2° linear sets no two of which are countably equivalent. This result 
was never published, and Tarski does not remember the details of the proof, 
I have succeeded in proving that if m is any cardinal number < c, then there 
exist 2° linear sets no two of which are m-equivalent. I do not know whether 
my proof differs from that of Lindenbaum, but I have thought it might be worth 
publishing, since the result has some interesting applications. 

First we remark that it is easy to construct 2" subsets of an infinite set A of 
power 7 such that the symmetric difference (x — y) U (y — 2) of any two subsets 
x and y has the power n._ It is sufficient to divide A into n mutually exclusive 
subsets of power n, and to consider the unions of all these subsets. 

Let now {a,} be a Hamel base (a < w;, w; is the smallest ordinal belonging 
to the power of the continuum.) and let Ag(8 < w,, w, the smallest ordinal 
belonging to 2°) be a family of subsets of this Hamel base such that the symmetric 
difference (Ag, — Ags,) U (Ag, — Ag,) has always the power c. Denote by U; 
the set of real numbers of the form >> c,a, where the c, are rational numbers 
and the a; belong to Ag. Now we show that for 8; ~ 82 Us, and Us, are not 
m-equivalent. We can clearly assume that Ag, contains c elements not contained 
in Ag,. A being a set of numbers and z an arbitrary number, let us denote by 
A + x the set of all numbers z + x where z belongs to A. Also we denote by 
A™ the reflection of A with respect to y. It suffices to show that if {xs} and 
{ys} are two sets of power m (S < ws, ws is the smallest ordinal number belong- 
ing to m) then the union of all the sets Us, + xz, U3’ does not contain Us,. 
And this is clear for if we denote by a; the elements of the Hamel base necessary 
to express the xs and the ye (the power of the a; is clearly S m) our set U Us, + 
ae, Us¥@ can therefore be generated by the elements of As, and by at most m 
other elements of the Hamel basis; while Us, is generated by the elements of 
Az, , and the latter set contains c elements which do not belong to A,,. This 
completes our proof. 


I. A set B of real numbers is said to be of absolute measure 0 if it is finitely 
equivalent to a subset of an arbitrarily small interval. It is said to be of absolute 
measure a if for every ¢ it is finitely equivalent to a subset of an interval of 
length a + «, and a subset of it is finitely equivalent with the interval of length 

6 
= §, 

It is well known that the power of Lebesgue measurable sets mod null sets is 
of power c, but that the power of Lebesgue measurable sets is 2°. Tarski 





4 Banach and Tarski, Fund. Math. Vol. 6, p. 244-278. 

5 Oral communication. 

6 Tarski, Fund. Math. Vol. 30, p. 218-253. This paper contains the definition and all 
the properties used of absolute measure used in this proof. 
7 Oral communication. 
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posed the problem: What is the power of absolutely measurable sets mod sets of 
absolute measure 0? (It is of course clear the power of absolutely measurable 
sets is 2°.) We are going to prove that the power in question is 2°. 

First it is clear that it suffices to prove that the power of all sets in the interval 
(0, 1) mod sets of absolute measure 0 is of power 2°. For if we take any set A 
in (0, 1) and translate it by 1, take its complement in (1, 2) denote it by B, 
then A + B has absolute measure 1, hence if A; and A2 are not congruent mod 
sets of absolute measure 0, A; + B; and As + Bz» are also not congruent. This 
is a strong indication of the truth of our theorem, since it is well known that the 
power of all sets mod sets of Lebesgue measure 0 is also 7. 

To prove our theorem it clearly suffices to show that there exist in the interval 
(0, 1) ¢ disjoint sets whose absolute measure is not 0, for by taking all possible 
sums of these sets we clearly get 2° sets no two of which are congruent mod sets of 
absolute measure 0. 

Let now {a2} be a Hamel base with a; = 1. Split it into c disjoint sets of 
power c. Denote these sets by Vg. We define the sets Rg as follows: x € Rg if 
and only if O SxS 1andzr= >m Cide;, the c; rational and different from 0 
and a, < a2 < +++ ax,@a,Vs. (Fori < kag, does not have to belong to V3.) 
We are going to prove that the disjoint sets Rg are not of absolute measure 0. 
In fact we shall show that Rz; is not finitely equivalent with any subset of (0, 3). 
For suppose that Rg is finitely equivalent with a subset of (0, 3). This would 
mean that there exist sets U,, U2, ---,U, whose sum is the interval (0, 3), 
and real numbers 2, 2%, °°: 2j, Yi, Y2, °°: yt, kK +1 = 71, such that, Rz is 
contained in UU; + 2;, US", the sets U; are supposed to be mutually exclusive. 
Let a; be the a, of largest index which occurs in the representation of the x; and 
y; and denote by Rs those elements of Rg in whose representation the a. of 
largest index has an index > k. Then if wis an element of Rs and we U; + 2; 
there exists a z e U; with z = w — 2;, hence ze Rj, also if we US’ there again 
exists a ze U; with z = 27; — w hence ze R;. Similarly if ze Rj we have 
2+a;¢R; and 2y; — ze R;. Thus we see that (R3N Ui) +2; = RN(U; + x) 
and (Rs N U;)” = RN U%, hence we conclude that R3 NM (0, 4) is finitely 
equivalent to Rs = R3M (0,4) UR3N (3,1). On the other hand a translation by 
5 = } shows that R3 N (0, 3) = (Rs NO, 4)) +4 = RNG, 1). Thus 
RN (0, 3) would be finitely equivalent with R; N (0, 3) U (R3 N (0, 4)) + 3. 
A general theorem of Lindenbaum and Tarski’ shows that this is not possible, 
which completes our proof. 

Sierpinski’® constructed a set k of real numbers of power c whose complement 
has also power c, and such that if k &Y k’ then the power of k’N (R — k) [as before 
R denotes the set of all.real numbers] is <c. It is easy to see that if we define R; 
as in III but remove the restriction 0 < x S< 1. Our set Rg has the required 
property. 





* This statement follows from the fact that there exist sets of absolute measure 0 having 
power c. 


* Lindenbaum and Tarski. 
” W. Sierpinski, Fund. Math. Vol. 19, p. 22-28. 
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We are going to prove that Sierpinski’s theorem can not be improved jg. 
if mis a power <c there exists a number 2 such that k + 2 MR — khas power 
=m. Let ya be any set of real numbers of power m, and suppose that our 
theorem does not hold. Then both k + yzN R — kand (R — k) + y,Nk 
have power <m for all a. Therefore since m” = m it is easy to see that there 
exists azekandaweR — ksuchthatz+ y.ekandw+y.eR — kforalla 
But then clearly x» = w — z has the required property, which completes our 
proof, 


IV. Let f(x) be a continuous function in the closed interval (0, 1). Denote 
by E the set for which 


fm J@ t+) —-I@ - ,. 


h—+0 h 





Jarnik” proved that E is not countable. We are going to give a very simple 
proof that E is of powerc. (It is easy to see that the complement of E£ is an F, , 
thus from the fact that E is not enumerable it immediately follows that £ is of 
power c.) 


f(z +h) —f( 


Let 2 be a number <1 for which lim ate <2, Wecan of course 


assume that such a number exists. Let N > oe, and consider the 
0 


set of numbers for which fp) =f = N. Consider the greatest such y and 
—™ £0 


denote it by yy. Clearly yy < 1. Hence evidently 


fox + . — fy) <N for h<o. 

Thus yy belongs to E. Also we have f(yy) — f(x) = N(yw — 2), hence for 
Ni > Ne, yx, < Yx,. Thus the power of points yy is c, which completes the proof. 

Professor Anthony P. Morse communicated to me the following proof of 
Jarnik’s theorem which he obtained some time ago: Choose k so that if we put 
g(x) = f(x) — kx we, shall have g(0) > g(1). Now take any number c such that 
g(0) >c>g(1). There clearly exists an x such that g(z) = 0. Let x, be the 
largest such x. It is easily seen that 


s— g(te + h) — g(t) — 0 











lim * 
h—-+0 h 
and hence 
fim 2% t+) — f(z.) < k. 


h—+0 a 


Thus x, belongs to E. The power of points z, is clearly equal to that of the 
continuum, which completes the proof. 


UNIVERSITY OF PENNSYLVANIA 





11 This proof is due to Mr. P. Lax. Oral communication. 
12 Jarnik, Fund. Math. Vol. 23, p. 1-8. 
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CORRECTIONS TO TWO OF MY PAPERS 


By P. Erpdés 
(Received February 24, 1942) 


In my paper “On the divergence properties of the Lagrange interpolation poly- 
nomials,” (Annals of Math. Vol. 42, (1941), p. 309-315) I stated that, if x» = 


cos ’ x (p and q odd), and the fundamental points of the interpolation are the 


roots of the Tchebicheff polynomial 7’,,(x), then there exists a continuous function 
f(z) such that lim L,(f(a)) = ~. 

Dr. Schénberg has pointed out that the proof there given is not correct. 
There is a trivial error in lemma 1; namely, it is possible that z{” = 2x$”. 
Nevertheless it is possible to save almost everything, practically without modify- 


ing the proof. We prove the following slightly weaker. 


THEOREM. There exists a continuous function f(x) such that if x = cos : TT, 


where p and q are odd, then lim | L,(f(xo)) | = @. 
Proof. We need 


1 
Lemma l. If x§” # x{” then | x$” — 2{”|> ior man. 


Proof. As in the paper. 
Everything is now unchanged until the bottom of page 311. We have there 





— fnr(x) 
f(x) = ze En V/log n° 


where €¢, = +1 and will be determined later; the definition of f,(x) is the same 
as in the paper. 

Ln (¢2(%)) = 0 still holds (p. 313 top). It suffices to show that, for r > n, 
f(x”) = 0. And this is true, for otherwise either 


Jr) _ n(n) 
ty = Te; 


which is impossible since (27 — 1, r) = 1, or we have 
1 
af? ~2{” and | af? —2{”|< ro 


which does not hold by lemma 1. 
Define now e, = signum L,,(¢;(xo)); then clearly 


énfu(o) \ | 
| La(f(ao)) | S| Ln (see) 





and the rest of the proof is unchanged. 


At present I cannot decide whether a continuous function f(x) exists such that 
lim L,(f(xo)) = ©, or whether a continuous f(x) exists with lim L,(f(ao)) = a, 
where a ¥ f(x). 
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Added in proof. By a more careful analysis, I can now show the following 
theorem: Let E be any closed set, then there exists a continuous f(x) such that the 
limit points of Ln (f(xo)) is precisely the set E. The set E can consist of the point 
+ « alone. This of course is a generalization of the result mentioned before. 

In my paper “On some asymptotic formulas in the theory of factorisatio numero- 


rum” (Annals of Math. Vol. 42, (1941) p. 989-993) the main theorem is stated 


incorrectly. The correct statement is as follows: 





Let 1 < a; < a < --+ be asequence of integers such that for some p, F354 
a; 

log a; 
= land »> ae converges and not all the a;’s are powers of a;. Denote by 


f(n) the number of factorisations of n into the a,’s. We consider order in other 
words ad) and d-a; are different factorisations. Also f(1) = 1. Denote 
F(n) = >"Ruf(k). Then we have 


F(n) = en*(1 + 0(1)). 


The proof remains entirely unchanged: in fact this theorem is the one really 


proved in the paper. 
It might be of some interest to investigate what happens if the conditions of 


1 
our theorem are not satisfied. There are three cases: I. 024 a diverges for all 


k. Then it is easy to see that lim og = o for all k. 


1 1 
II. For all values of k for which >>? ae converges p> a < 1. Clearly, 


1 
there exists a p such that for every e, am gets converges but >> ao di- 


1 : , 
verges. We can easily see that }-2.; ae converges and is <1. For if of z 
1 ‘ 
diverged we would have, for sufficiently small e, )>2., or > 1;and since, for large 


1 1 
k, > S1 a < 1, there would exist a ko such that >>%, oe 1—which contradicts 


the hypothesis. 
Now we show that 





; — Fo 
(1) lim — = 0 
and 
(2) tim 2) = wo, 


F(u) 


1 ; 
Suppose (1) does not hold. Write >> 7 A <1 and c = lim sup a 
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We have 


ro) = Er (2) +4, 
so that 
 «« Ys + o(1) < Ac + o(1) 


uP i=1 @ ¢ 





for sufficiently large u. This is possible only if c = 0. (2) can be shown by 
similar arguments. 





III. There exists a p such that eo = 1, but rn It 
seems likely that in this case 
lim P(e) = 0. 
n? 
But I am only able to prove that 
F(n) 
(3) a oe, 
/ , F(n) 
Suppose that (3) is not satisfied. Let the greatest lower bound of (n + 1? 


bec (c > 0). Choose k so large that 





- lo a; 2 
> >=. 
i=l pc 
Denote by g(n) the number of the factorisations of n as the product of the a; 


for i < k, and let G(n) = D021 g(u). Clearly for m < a;,, G(m) = F(m). Thus 
form < a, 


G(m) ‘ 
(m+ 1)? ~ ~ 
Next we prove that for all m 
G(n) 
my = 
where ) oi. > » (p’ S p). 


Clearly (4 ) holds for all n S a;,. We prove (4) by induction. Assume it for n: 
we shall prove it form + 1. We have 





owrneBeftet]ereek( Jey a 


i=1 


ry i=1 i 














Gm+i, 1 _ 
(n + 2)" = Behe ™ 
G(n) 


. which proves (4). Thus lim _ 2c. (We know from my paper that the 
limit exists.) 

1 
Put h(s) = >ojaa = a then clearly 


” > 9%) | 


2- ie n=l n° 





Therefore a simple calculation shows that if lim A exists the limit equals 


(yr) < Pe 


i=1 aj 2p’ 





IIA 
Nisa 


? 


, . . l 
which proves (3). It is easy to construct sequences a;, with b> me ee 
a; 
log a; 
jal, = © and 
a; 


(5) > li 





m pe) rm) 


But I can not prove that (5) holds for all such sequences a; . 

Professor Hille has given the following result. (Acta Arithmetica Vol. 2, 
p. 140): Let pi: < po < --- be a sequence of primes, and let a; < a2 < --- be the 
integers composed of the p’s. Denote by f(n) the number of renee teense of n 


into the product of the a’s, and let F(n) = DoRuif(m). If }o24 3 = 1 then 





n? i=l Q; 


co) —j 
lim as = (. ; 3 = . His proof (which uses the theorem of Wiener Ike- 





te Keo «(LOE ai ’ ' 
hara) seems to apply only if a  % < o. If (5) is always true in case ili, 
lo ay 
Hille’s result would follow even if 72. - i ee 


Recently I found in the literature a few results, which I proved in my paper 
“Elementary proof of some asymptotic formulas in the theory of partitions” 
(Annals of Math. Vol. 43). On p. 447 I prove the following result: Denote 
log P.(n)_ 1 
(log n)? ~ 2logr 





by P,(n) the number of partitiors of n into powers of r then lim 


This result was proved by Mahler (London Math. Soc. Journal, ve ol. 15, p. 123.) f 


Mahlers proof is completely different from mine. He also obtains 


—kin(n—1) n 
< P,(rz) < e" me , 


pina) (zr)” 


1 —— 


where r°in<z<r(n+)). 
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On p. 448 I prove the following two results: 

I. Let a; < a < --- be a sequence of integers of positive density a, the a’s 
have common factor 1. Denote by p(n) the number of partition of n into the a’s. 
Then log p(n) ~ + an. 

II. Let a; < a < --- be a sequence of integers such that every large integer 
is the sum of different a’s. Denote by P(n) the number of partitions of n into 
different a’s. Then log P(n)~2+/ian. Similar results were proved by K. 
Knopp (Schriften der K6nigsberger Gel. Ges. Math. und Nat. Klasse, 2 Jahr. 
Heft.3 1925). His proofs are quite different from mine and are more complicated. 


UNIVERSITY OF PENNSYLVANIA 


ADDENDUM 
By Ernar HILie 


The objection raised by Dr. Erdés to formula (4.3) of my paper “A Problem 
in ‘Factorisatio Numerorum’ ”’ is well founded. However, the results on pp. 
139-140 are entirely correct if the basis P contains only a finite number of primes 
pi,. When the basis is infinite it is necessary to assume that lim,.,, ¢(s; P) > 2 
where ¢(s; P) = Sines 1 — pi.J" and o = o0(P) is the abscissa of convergence 
of the infinite product. This assumption implies that the equation ¢(s; P) = 2 
has a root p(P) which exceeds oo. If this assumption is satisfied, formulas 
(3.8), (3.9), (4.1), 1(4.3), and (5.1) remain valid. If, instead, ¢(o0; P) = 2 so that 
p(P) = oa, the Ikehara-Wiener theorem does not apply; the analysis breaks 
down completely and cannot be saved by assuming that ¢’(o; P) is finite. 
Though formula (4.3) still makes sense, it is at best unproved. If ¢(o0; P) < 2, 
the formula becomes meaningless and it is not enough to replace p(P) by oo 
since Erdés has proved [formula (1) above] that in this case F(n) = o(n’°) while 
it is not necessarily true that ¢’(oo ; P) is infinite. 


YALE UNIVERSITY 
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ANALYTIC AND MEROMORPHIC CONTINUATION BY MEANS oF 
GREEN’S FORMULA 


S. BocHNnER 
(Received April 28, 1943) 


Poincaré was the first to apply methods of potential theory to the study of 
analytic functions in several complex variables." Using his method of “balav- 
age’’ he proved for the entire space that meromorphic functional elements whose 
difference is holomorphic where they overlap can be merged into one meromorphic 
function. Later Cousin extended the result to the more general case of a poly- 
cylindrical domain, but he used the method of iterating the classical Cauchy 
integral in one complex variable. 

In the present paper we will use a greatly simplified approach to Poincaré’s 
original method, and our main purpose is to show that his theorem is closely 
connected with the theorem of Hartogs that every analytic function in several 
“omplex variables can be continued from the connected boundary of a domain 
into its whole interior. The connecting link is Green’s formula for general 
harmonic functions and a related version of Cauchy’s formula. The first appli- 
cation of this method to Hartogs’ theorem is due to Fueter. However Fueter 
has a very involved approach to the method from the standpoint of quaternions 
and other Cayley number.systems. Our starting point is the ordinary Green’s 
formula, and the specialized results will follow from the fact that an arbitrary 
differential operator with constant coefficients, being commutative with the 
Laplacean, is also commutative with Green’s integral which is the operational 
inverse to the Laplacean. This approach will yield old and new results in very 
general versions and will also permit us to extend Poincaré’s theorem to functions 
on the torus. 


CHAPTER I 
Stokes’ Theorem 


1. We will consider a Euclidean space E,,n = 3. If A is a pointset then A 
denotes its closure and A some neighborhood of A (no matter how small). 





1 For references to the theorem of Poincaré-Cousin see the article by H. Behnke and 
P. Tullen, Theorie der Funktionen mehrerer komplexen Verinderlichen, in Ergebnisse 
der Mathematik, volume III, pp. 64-67; for references to the theorem of Hartogs see the 
same article, p. 50, and two more recent papers by R. Fueter in Commentarii Mathematici 
Helvetici, volume 12 (1939), pp. 75-80, and volume 14 (1942), pp. 394-400. 

Added in proof, Sept. 1943. Formula (53) of the present paper and a proof of 
theorem 5 based on it have just been published by Enzo Martinelli, Sopra una dimon- 
strazione di R. Fueter per una teorema di Hartogs, Comm. Helvetici, 15 (1942-3), sub- 
mitted Jan. 1943. The present author may be permitted to state that these results have 
been presented by him in a Princeton graduate course in Winter 1940/41 and were sub- 
sequently incorporated, in a Princeton doctorate thesis (June 1941) by Donald C. May, 
entitled: An integral formula for analytic functions of k variables with some applications. 
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Virtually all our pointsets will be simplices or finite unions of disjoint simplices. 
Whenever a symbol like B, C, D will be introduced to denote one or several 
simplices then the same symbol will also be used to denote the corresponding 
pointset. If B (or C, D) is an m-dimensional simplex in E,,, then it will be 
always implicitly understood that B is a topological map of the closure S of 
the rectilinear fundamental simplex S in E,, and the mapping transformation is 
defined and of class one (with regard to differentiability) in S. All functions 
introduced will be likewise of class one unless more restrictive assumptions are 
explicitly stated. It will be sufficient for our purposes to express Stokes’ 
theorem as the formula 


() | dedds ++ dma = fe ditr ++ dims. 


The scalars ¢, ¥1, °°: , Wm—1 are defined in B and C is the set of the (m — 1)-di- 
mensional faces of B. The simplex B is oriented and the orientation of C is 
related to the orientation of B by the well known combinatorial rule. By 
algebraic addition the formula extends readily from a simplex to a (finite) 
simplicial manifold. In particular, if D is a simplicial domain in £, with 
boundary B, and X,, a = 1, --:, n, is a vector field in D, then 


@) [ dea = f O xe", 





ant dz, * ant 
where 
(3) du; = di, «++ d& 
(4) o* = (—1)" "dé +++ d&aadEas1 *** dén 5 


or, omitting the symbol of summation with respect to a, 


(5) [ Zan - [ xe0". 


The symbols (3), (4) are external differential forms, and the symbol (3) will 
be the ordinary Euclidean volume element if D is cooriented with E, ; this will 
be always assumed. 


2. We consider m-dimensional simplices B,, ---, B, and (m — 1)-dimensional 
simplices C, , --- , C, , each in a fixed orientation and all disjoint, and we assume 
that each C, is a face of one or several B, and that each (m — 1)-dimensional face 
of each B, occurs among the C,. We introduce the incidence number e,, which 
is 0 if C, is not a face of B, and otherwise is +1 or —1 depending on whether 
the given orientation of C, coincides with that of B, or not. 

If we put 


(6) B=Bit+---+B, C=C+-::+C,, 
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if the functions y1, «++ , Wm: are scalars in B, if g,(£) is given in B,, q=1,-++,8 
and if we put 


(7) e°(E) = DL eoavall), D=1,---7 
then (1) cia 
(8) ~ 29 8 Y Pdy- > Abn. = > a dy, dpi -++ dWm1. 


In order to assimilate relation (8) to the original relation (1) we introduce the 
— of a conglomerate function. We take any functional elements g,, 
q = 1, --- , s, each defined separately on B, (or B,) without any interrelation, 
and we call the whole set a conglomerate function on B (or B); we denote it 
either by ¢ or more explicitly by {¢,}. If {¢,} is defined on B, then the func- 
tional elements (7) give rise to a new conglomerate function, the latter defined 
on C. The new function will be called the saltus of g on C. We can now in- 
terpret (1) to mean (8) if g in dgdy, --- dpm_1is any conglomerate function and 
the other ¢ in gdy, --- dW »_; is its saltus. The concept of conglomerate func- 
tions unifies the common notions of ‘discontinuity’ and “boundary value.” 
In fact, if B is a simplicial manifold, then on any “internal” C, which separates 
simplices B,, B,, the saltus of g is +(g. — yg) and on any boundary face C, 
which borders on only one B, , the saltus is +¢ itself. 


3. We are now going to state a lemma of a special nature. If B and C are 
defined as before, and ¢ is a conglomerate function on B then for m S n — 1 
we will investigate the change of the integral 


[ ean -++ dm 


for a small deformation of B. It will suffice to consider a deformation in which 
only one vertex (and the faces containing it) are involved. We denote this 
vertex by Ao and its deformed image by Ao. Consider all those among the 


simplices B, , Bz , --- which contain the vertex A» and denote them by B,, ---, 
Bu. Similarly denote by Ci, --- , Cy all faces containing Ap. By Bi, 4 
1, --- , w, we denote the deformed image of B, , by By we denote the m-dimen- 


sional complex which is the combinatorial product of Ag and C, , in this order 
of combination, and finally we denote by S, the (m + 1)-dimensional simplex 
which is the product of Aj and B,. We now claim that the difference 


(9) > ee 
q=0 “Bo q=0 * B, 
has the value 
uN 
(10) Re 
q= ou P 


where {y”} on C is the saltus of {yg} on B. 
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The proof consists in a simple combinatorial analysis. Consider any fixed 
simplex B, with vertex A» and write it combinatorially as ApAiA2 - --Amwhere 


A,, :**, Am are other vertices. We now introduce the (m + 1)-dimensional 
simplex S,, namely the simplex 

(11) ApAoA: «++ Am. 

Its m-dimensional faces in natural orientation are the sum of 

(12) ApA1A2 «+> Am — AgAiAe ++ Am 

and 


(13) ApAvA2 ne Am inl AoAoA1As edi Am +: £ AjAoAt ii Am-1 . 


Now, (12) is simply B, — B,. As for (13), its first term is the product of Ao 
with ApA2 --- Am. The latter is the negative of «,C,, for some p, where ep 
is our previous incidence coefficient. Thus the first term in (13) is —a,»B’, for 
some p. The same holds for any other term in (13). It is always —«)B, for 
some p, the sign being always negative whether it was originally positive or 
negative in (13). The equality of (9) and (10) follows now by applying Stokes’ 
formula to S; and its boundary, and to any other S, and its boundary, and 
then adding up over those S, which correspond to all those B, which contain 
the given vertex Ao. 


CuHapter II 
Analytic Functions of Real Variables 


4. Green’s formula. The most familiar general version of Green’s formula is 


nf (x) _ f eee , 
(14) : = [ (8 - a2). — | (F-aG - Gap doe, 
and we are adding the kindred formula 
we o a of 0G 
- > [sz J, (rae + ZEEE ae 


The function G is 
2-—n 
(16) yo (Lb - 2e)*) ® + HE, 2), 


where H(é, x) is analytic in E, X E, ; the function f is a function on D, where 
D is a simplicial domain with boundary B; the symbol A denotes the Laplacean 


a 
ag,’ 


" 3? 
(17) Am eee +9 
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the lower value 0 occurs when z is a point of E, — D whereas the upper value 
Ynf(x) occurs when z is a point of D; and y, is the constant 


2 n/{2 
(3) 
2 
which constant is the (n — 1)-dimensional volume of the sphere £{ + --- + 
£, = 1. For z outside D our formulas are direct consequences of (5) if X, = 
: ic —G a or X, =f a , and for x in D they are obtained from the same 


values X, by first excising a small sphere with center at x and then letting the 
radius of the sphere tend to 0. 
If H(é, x) = 0 in (16), that is 





1 2—n 


(19) Gg, 2) = (Li(Ge — te)") 





2-— Nn 


then G is harmonic, that is a solution of AG = 0. If in addition f(€) is also 
harmonic then (14) reduces to 


(20) [0% — @ 2) = ynaf(x) or 0. 


Until further notice, the symbol G will always denote the Newtonian kernel (19). 


5. Green’s integral. We now consider a fixed set of simplices (6) and we 
specify that the dimension of B shall be n — 1. We will call a conglomerate 
function {f,} on B harmonic if each f, is harmonic on B,. With such a con- 
glomerate harmonic function f() we now set up the integral 


ee. / GG 7 %Ff\ « 
(21) F(x) = = A 3E, Car. wr. 
The complement E,, — B decomposes into a finite number of domains D, , --- D,, 


D,,. The domain D, is unbounded, the others are bounded. The bounded 
ones may be absent; this will happen if B does not decompose the space E,. 
The union D, + --- + D, + D, will be denoted by D, and we will treat D 
as if it were a union of simplices. Integral (21) defines a harmonic function 
F,(x) in each D,, 7 = 1, --- ,t, ©. In this sense, {F,(x)} is a harmonic con- 
glomerate function on D. 

TurorEeM 1. If f() is a harmonic conglomerate function on B, then each 
F(x) can be continued analytically across each B, bordering on D, , and the saltus 
of F(x) on B, is f,(x). 

For the proof it may be assumed that B is just one simplex. We deform B 
into another simplex B’ with the same boundary as B in such a way that B’ — B 
shall be part of the boundary of a simplicial domain D. The “side” of B on 
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which D is situated will be termed “positive,” the other “negative.” If z lies 
on the negative side of B it lies outside D and thus by (20) we have 


@) Pa) = 5 Lrg ose) 


Integral (22) however can be cei across B into D. Denoting this con- 
tinuation by F*(x) we obviously have for zx in D the relation 


23) rw) —Fa@y=2f (Ge -at)e. 


However, again by (20), this is f ny and thus the theorem is proven. 

TuroreM 2. If also the saltus of f(£) vanishes identically on C, then each F, 
can be continued into D. 

More generally, of a small deformation of a vertex Ao of B enlarges a component 
D, into a domain D, , and if the saltus of f(é) vanishes on all those C,, which contain 
the vertex Ay , then F,(a) can be continued from D, into x. 

If we introduce the symbols B, , B,, BY, and S, as in section 3, then by sec- 
tion 3 the — 


o 6s a (G5 OE *=) Pe al (15 Oe on) 


is the sum of 
BL 


(25) > [ (f_-AG — G-Af,) do, 


q=0 
and 


(26) 3 i . (rg "TE ox) . 


Now, (24) is y,(F(2) — F’(x)) where the integral F’(x) is what will become of 
F(x) if B is replaced by its deformation B’. The sum (25) is naturally 0, and 
(26) is 0 if f? = 0 on B), that is if the saltus of f vanisheson C,. Thus F(x) = 
F'(x), but F’(x) exists in D{, and this proves our assertion. 


6. Analytic continuation. We are now viewing the expression (21) as an 
operation 


(27) F(x) = Lf(é) 


which transform a function in B into a harmonic function in D. We claim that 
this operation is commutative with partial derivation. 
THEOREM 3. If f(£) is harmonic in B then 


of _ 9 wy 
(28) L ” as ang fs 


provided the saltus of f{(¢) and of Bs 568 2 each vanishes on C. 
1 n 
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More generally if the saltus of f(€) and its partial derivatives of order <N vanishes 
on C, then 


(29) LAf = ALf 
where 
"elite 
(30 Af = eo a 
) f tie 1 n dey! rae el 


with constant coefficients a. 

Remark. It should be noted that in Theorem 2, the saltus of f has to vanish 
identically on the open set C, whereas in Theorem 3 the saltuses have only to 
satisfy the boundary condition of vanishing on the (n — 2)-dimensional set C. 

Proor. Obviously (29) follows from (28) by induction on N. In addition 
to the symbols o* as defined by (4), we now introduce symbols co” in the fol- 
lowing way. For a < 8 we put 


a = (—1)*P de, «++ déaadéas1 +++ dts adts4i +++ dn; 


for a = B we put o” = 0; and for a > B we put o” = —o%*. The basis for 


our proof is the ere 
* , of “4 ’ ( of 20) : ( =) 
1 Batti = (f-AG Or) fe 
” pm Fe eat -F"* hea - £4 
From this we deduce that the quantity 


¥ (2% 2 - G af +f aG a4 af) 9° 


(32) Oks Ee OEsdt. | ° dtedt. ake ku 








a=l 


equals the quantity 


(33) (f-AG — G-Af)o® — Li dye-o™*, 
where 
_,0G_ ,, of 
(34) ra = f dE. G Oba 
Now, since FF a , the difference 
OXg 


af a 
n(uZ zF) 


is the integral of (32) over B. By the equality of (32) and (33) this is 


n 


and by section 2 this will vanish if the saltus of each gq vanishes on C. By 


(34), it is enough to assume that f, a + 3 has vanishing saltus each. 











Se 





for 
the 
dir 
val 


By 
an 
bei 

’ 


its 


anc 
val 
the 


Mishes 


vanish 
nly to 


dition 
ie fol- 


is for 


Y 
) P 
x 


By 
ch. 














ANALYTIC AND MEROMORPHIC CONTINUATION 659 


We note a natural consequence of Theorem 3. 

Corottary. If the conglomerate function f(€) is harmonic and the solution of 
Af = 0 and if the saltuses of f and of its partial derivatives of order <N vanish on 
(' then F(x) is likewise harmonic and a solution of AF = 0. 

We will say that a differential operator AF of type (30) has the uniqueness 
property if any analytic solution of AF = 0 which is defined in the complement 
of a bounded domain and vanishes at infinity is identically 0. Such an operator 
is for instance 


Sn vos 
(35) dx} ax", 
form <n. In fact, if a function F(a, --- , &m, Xmai, *** » Xn) is defined in 
the complement of a bounded domain in £, then there exists an (n — m)- 
dimensional neighborhood of values (24,41, --+ , *%), such that for each of those 
values, F(a, «++ , my Um4i1, °** » Ln) iS defined in 
—o7<y< ow, w=1,-+++,m. 
By our assumption it is a harmonic function in the entire (2, --- , 2m)-space 


and vanishes at infinity. Hence it is identically 0 in the latter variables; but 
being analytic in all n variables, it vanishes identically in all variables. 

TuroreM 4. If a conglomerate function f(£) is harmonic in B and the solution 
of an equation Af = 0 with uniqueness property; and if the saltuses of f(~) and of 
its partial derivatives of order <N vanish on C then the following propositions hold. 

(i) If the component D,, of E,, — B borders on a simplex B, from both sides then 
f(x) = 0. 

(ii) In particular, if B does not decompose the space then f(x) = 0. 

(iii) If a simplex B, separates D,, from D, then f,(x) can be continued into all 
of D,. 

(iv) In particular, if B is the connected boundary of a bounded domain D then 
f(x) can be continued (uniquely) into all of D. 

Proor. Ad (i) and (ii). By the hypotheses of the theorem, F’,,(x) vanishes. 
But, by Theorem 3, in crossing over from D,, into D,, via B, , F(x) jumps by 
+f,(x). Hence f,(x) = 0. 

Ad (iii) and (iv). On B,, F(x) has the saltus f,(x). Therefore F,(x) — 
F(z) = +f,(x). However, F..(z) = 0. Thus, near B,, F,(x) coincides with 
+f,(z). However, F,(x) exists in all of D,. Therefore f,(x) exists in all of D,. 


Now consider the space Ex, , k = 2, of the real variables 2, y1, +++ , Te, Ye 
and put za = ta + tye. If f(a, --- , 2%) is an analytic function of the complex 
variables z; , --- , 2; , then in particular its real and imaginary parts each satisfy 


the system of equations 


eo o2 oe a 
36 pea a eee a, —= ws 
(36) W, gaton 


dxi ' dyi ” a 
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Each of these equations has the uniqueness property. Also a simultaneous 
solution of them is harmonic in (1, y1, -*+, %, yx). Hence we obtain the 
following special case of theorem 4, (iv). 

TuHEorEM 5. If an analytic function of several complex variables is defined in 
the connected boundary of a bounded domain, then it can be continued uniquely into 
all of the domain. 


CuapTer III 


Analytic Functions of Complex Variables 


7. Complex space. We will now consider systematically the space Ex, of | 
complex variables [2 = 4 + ina. All occurring functions will be likewise 
complex-valued. In particular a harmonic function will be one whose real and 
imaginary part are each harmonic. Replacing the pair of real variables & » by 
the conjugate complex quantities ¢ = & + in, § = & — in we have 


(37) dédt = 2idédn 
and therefore 
(38) didi, +++ d&idt, = (2i)"dt&idm --+ d&dn . 


If any two of the 2k real factors on the right side of (38) are interchanged, the 
symbol changes its algebraic sign. However, if any two blocks of terms dé,d¢, , 
désdéz are interchanged the sign is not altered. It will be worth while to intro- 
duce the differential form 


(39) w = didi, + eee + de.dt, . 

It is an “algebraic” area element, and not the scalar square of a length element. 
As for its (external) powers w = w-w, w = ww, «++ , it can be easily seen that 
(40) w = kid&dg, +++ d&idts 


and that, for each a, 


k 
®. 


(41) dE af tn = 


>i 


As for the theorem of Stokes, we note that (1) remains valid for all occurring 
functions being complex-valued. In particular, if D is a domain with boundary 
B, then 





1 f Ss k =| k-1 
(42) k a Oa Ww — - Xadvaw 
and 

1 f 9Ya 
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We now put 
(44) V = 2G 
where G is the function (16). Thus in the special case (19) we have 
1 i Pare 
(45) V= eee (i (Sa — Za) (Sa — 2a))” ; 
OV fa — Za 
46) — = rk * 
: a ~ (Ste 261°) 
In the general case (16), on putting 
of 
Xe = =. nc : Y.= V ag. 


we obtain, as analogues to (14) and (15) the formulas 


hI. J (1 dat VE if.) 











0 Oe 
(47 “eV Of 
k Ja Waa IaIFa) © 
and 
(2mi)* - z) an of ALE k 
(48) =-[t5% a W “= EEG Kaa + 9, ate 
Since 
2 3 a 
4 = — 
arae = OF? * On? 
we have 


o Bo AE (Ae Ban 


a=1 Ia a a=l Ona 


Thus, since V is harmonic, if we also assume that fis harmonic, then (46) leads 
to 


(50) (0 ate dja + V 2 of fa) = (2mri)‘f(z,2) or 0, 


which is the analogue to (20). It should be observed that (50) is genuinely 
different from (20). All that can be said is that for real f, relation (50) is “the 
real part” of relation (20). The difference will be significant for general point- 
sets B, and will in fact lead to an improvement of Theorem 4. 
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8. Cauchy’s formula. Now, if in particular f is an analytic function in 
Za, °**, 2 alone, thus 


fe) 
(51) 2S =o, a=1,-:--,k, 

(which assumption in particular implies that f is harmonic) then (50) reduces 
to the very simple formula 


1 
-” fd) or 0 = one JJ 
If we write the formula in full we obtain 


TueorEM 6. [f f(z) is analytic in D then the formula 


l I(5) (Fa — Za) dfaw* 
(53 a ) dra 
I (27t)* Jp (do ($3 — ze(Fs — 2,))* 


oV 


k-1 
ae. dfaw. 





holds for z in D. 

This is a generalization of Cauchy’s formula in one variable, however with 
the peculiarity that in the cases k = 2 we are considering, the integrand contains 
2, explicitly. Thus to start with it is not at all evident that the integral will be 
independent of Z, let alone be f(z). 

Now take a point (z,, --- , z;) in D and replace in the integral (53) the con- 
jugate point (2, --- , &) by a point (z; , --+ , zz) in the vicinity of the conjugate 
point. The right side of (53) will then be a function 


F(a, oo Ze 21, oe et) 


in 2k complex variables. By Theorem 6, the function 





(54) Fler, *++ 2321, +) &) —Sla, ++, %) 
vanishes on the manifold z; = 2%, --- , 2; = 2%. This implies that (54) vanishes 
identically, that is 
fla, oo, Zp) = F(z, eae 2521, re » 2) 
Now assume that D contains the origin, and let 2; , --- , 2; be the origin. Then, 
at least for points z near the origin we have 
I S (5) Fa dtaw" * 
55 2) == / —. 
- Ite) (2ri)* Ja [(G1 — ahr tees + (Sem ee) Fel 


This formula is much closer to Cauchy’s one-variable formula than (53) is, 
however the integral (55) does not necessarily converge in all of D. The domain 
of convergence can be described geometrically, but the description would be of 
no consequence in the present context. 


9. Cauchy’s integral. As an analogue to (21) we now introduce the integral 


die aV k-1 
(56) Fe!) = gon | 10) 5 dew 
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for an analytic conglomerate function f({ , --- , ¢) in B. We first of all have 
the following analogue to Theorems 1 and 2. 

TororEM 7. The saltus of the conglomerate function (56) on B is f(z). 

Also if the saltus of f(£) vanishes identically on all C, containing a vertex Ao 
of B, then a small deformation of Ao leads to analytic continuation of F,(z, 2) from 
D, into py. 

The following theorem is an analogue to Theorem 3 with 

. oe 2 ee 
(57) Af = 83, op +t aye’ 
but it is a great improvement on Theorem 3, insofar as it does not involve a 
boundary condition on the derivatives of f. 


TueorEM 8. If the saltus of f(¢) vanishes on C, then F is analytic in 2, +++ , 2x, 
oF 
that is, — = 0,8 =1,-:-,k. 6 
028 


Also, in D,, the functional element F(z) is identically 0. 
For use jin the proof, we introduce the symbol s“ which is the differential 


form arising from 

(58) dfidg +++ AFidts 

by dropping df. and by s** we denote the symbol arising from (28) by dropping 
both dg, and dé, if a # 8, and the symbol 0 if a = 8. Now 


Ge? F_f_ 1 hav, 
(k — 1)! d%, I ( 2S sal 


(k — 1)! 2x1" 8f 40% 
but the integral is, identically in f, V, 


ce) 
(60) fav-s + Das ve — OO at 
a=1 Oa a=1 a 
In our case we have AV = 0, and we also have df. s** = 0 since f is inde- 
pendent of both ¢, and 3. Therefore, by Stokes’ theorem, (59) is 


Je 


and thus (59) vanishes if the saltus of f vanishes on C. The second half of the 
theorem has been proven in section 6. 

Finally we prove the following analogue of Theorem 4. 

TuHeorEM 9. If the conglomerate function f(é: , «++ , fx) is analytic in B and 
if its saltus vanishes on C, then the following propositions hold: 

(i) If the component D,, borders on a simplex B, from both sides then f,(¢) = 0. 

(ii) If, in particular, B does not decompose E,, , then f(¢) = 0. 

(ili) If a simplex B, separates D,, from D, then f,(¢) can be continued into all 
of D,. 


(59) 
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As a special conclusion we observe that if the set of all zeroes of an analytic 
function f(f1, --- , ¢) contains a bounding cycle of dimension 2k — 2 then the 
function vanishes identically. 

As a counterpart to this property we observe that if f(fi, ---, &) is +0 
everywhere on the boundary B of a domain D then f ¥ 0 everywhere in D. 
In fact f is analytic in a neighborhood of B and therefore it can be continued 
into all of D. 


CHAPTER IV 
Integrability Conditions 


10. We are interested in the system of equations 


zs , - 
37, — Jal, 2); ois 1,-*+,&, 
si of af 
_ B ae 
02, 02,” Re te 


in any domain D in Ex. The functions f, are given and the function f is 
a desired solution. The system is in some respects similar to the classical 
system 


0 
ZF = p00), a@=1y--yn, 
ani of of, 
= = “SB => eee 
ax, az,’ a, B 1, »N, 


in a domain D in E,. Assuming all functions f. to be analytic in x or (z, 2) 
respectively then either system has an analytic solution in a neighborhood of a 
point. For (62) this follows easily if all f.(x) are expanded in power series. 
Also if the functions f.(x) contains additional analytic parameters then so does 
the solution f. Hence we may conclude the existence of local solutions of (61) 
by viewing 2, --- , 2 as independent variables and 2, --- , 2, as parameters. 

As for solutions in the large, we will first prove a theorem which will apply 
to either system (61) or (62). The theorem will not be needed, but the proof 
will be based on an application of Green’s formula which apparently has not 
been noticed before. After that we will prove another theorem for the system 
(61). It will be the exact counterpart within the scope of the general Green’s 
integral to Cousin’s method as based on the classical Cauchy’s integral. 

TueorEM 10. If D is a simplicial domain with boundary B, if {fa} is given 
in D and if either system (61) or (62) has a solution in B, then there also exists a 
solution in D. 

We will treat only system (62) for system (61) the proof is analogous. With 
the given functions f, in D and the solution f in B we set up the integral 


Fae, ag 
wF@) =f foe — [5.3 ave. 
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By formula (15), if f exists in all of D, then F(x) = f(x). Now take a fixed 


point z° in D and a sufficiently small neighborhood D’ with boundary B’. If 
it is sufficiently small, then there exists a function g(x) with f, = se in D’ such 


that, for x in D’, 
ee 0G «4 -f dG 
moe) =| fio oy 9g, OMe 


The reader will now easily see that our theorem will follow from the following 

Lemma. If the boundary B of a domain D consists of two disjoint parts, 
B = B’ + B”, if f in B’ and g in B” are each a solution of (62), then for xin 
E,, — D, the partial derivatives of the function 


ae / OG « / 0G 
ee aaa OE ae oo 
vanish identically. 


In order to prove the lemma we note that the partial derivative of the given 
expression with respect to xg , for x outside D, is 


aG . 
~ | Same" #§.. Pa + [fe segs ave 
By (31) this is 








= 0G oP [ 
[ ns fax on? - [nc Ea + Sa ieoaes 
On applying Stokes’ theorem to the integrals over B, this turns out to be 


ofs 2) aG 
a — dV 
if (% - 0&3) Of 
and this in its turn is obviously 0. 


11. An existence theorem. We will now prove a genuine existence theorem. 

THEOREM 11. The system (61) has a solution if the domain D is a general 
polycylinder, that is the topological product of a domain in each of the variables 
21, °** , 2, separately. 

The theorem will follow from a lemma on functions in the plane of one complex 
variable z = x + ty. 

If o(z, 2) is analytic in D, then the integral 


(63) F(z, 2) = al anes pees as 


is analytic in z, Z and A = ¢(z, 2). Also if g depends analytically on additional 
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For z outside D the integral (63) is obviously analytic in z and other param- 
eters and independent of Z. Hence, in order to prove that the stated properties 
of F(z, z) hold in the neighborhood of a point z° in D we may assume that D 
is an arbitrarily small neighborhood of z’. If the neighborhood is sufficiently 
small then there exists a function ®(z, Z) of which ¢(z, Z) is the derivative with 
respect to Z, and thus we have to prove the properties of F(z, Z) only in the 
specialized case 


—1 f ob df dg 
272 poet —2° 





(64) F(z,Z) = 


If we introduce the Newtonian kernel 

V = log|¢ —2|’, 
then (64) is 
= Pon 
2mt Jp OF OF 
Now, formula (48) which we have claimed only for k = 2 also holds for k = 1, 
Thus, for z in D, we have 


; ~ 3 dg = 
(66) &(z, Zz) = a | reg + F(z, Z). 


(65) F(z,2) = dé dé. 


But the boundary integral is independent of Z, and this proves our lemma. 
We are now going to prove Theorem 11. Since we are going to apply induc- 

tion on k, we will have to prove our theorem in the sharper form that some 

solution of (61) depends analytically on any parameters occurring in fg. We 

assume the existence of a solution of 

(67) 


03, = fala, % 3 22,22, °°" » mk, Zk) 
in B = 2,---,k; with z,, Z, as parameters. Denoting the solution of (67) by h 
and introducing the new function g = f — h, then the system (61) reduces to a 
system 
og 


a2, = gi(Zi 5 21, 22, cat » 2) 
0 0 
pathy = eee = — =O, 
02 OZ, 


and this system is solvable by our lemma. 
CHAPTER V 


Meromorphic Functions in Euclidean Space 


12. A simplified problem of Mittag-Leffler type. We are now returning to 
the topic of Chapter IT, and the symbols C, , --- ,C, ; Bi, ++: ,Bs;Di,-°-:,Di; 
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D,, shall have the previous meaning. In addition to the incidence number ep, 
between C, and B, we also introduce the incidence number 7,, between B, 
and D,. Anelementary combinatorial statement (‘the boundary of a boundary 
is zero’’) implies the relation 


(68) > Epa Nar = O 
and its validity is not impaired by the fact that the domains D, are not neces- 
sarily simplices. We furthermore introduce an arbitrary pointset S having the 
following properties: it is closed and nowhere dense, and if R is any domain 
then R — S (that is R — R-S) is also a domain. The set S will be termed an 
“exceptional” set. Obviously if a harmonic function ¢g in R — S has an analytic 
continuation in all of R then the continuation is unique. If such a continuation 
exists we will say that “the singularities of g at S are removable” or that “‘¢ 
exists in (all of) R,” or that “gy is analytic in R.” 

We now assume the existence of a harmonic function ¢, in D, — S, for each 


7 = 1,---,¢#, ©, and we further assume that for each B, the saltus 
(69) Sa = > Nor Pr 


is analytic not only in B, — S but in all of B,. We therefore may introduce 
the conglomerate function 


oe 
(70) st Yn q=1 ag (1.32 * Ofa Oe 


Also, the saltus of {f,} in C, is defined as 


F’ - a Engta = +s A €pq Nar Or 
@ @ of 


and owing to relation (68) it turns out to be identically 0. Thus we may apply 
Theorems 1, 2, 3 and we obtain the following result. 

THEOREM 12. If the conglomerate function {y,} is defined and harmonic in 
{D, — S}, and if its saltus {f,} has none other than removable singularities in B, 
then the same saltus will be produced by the harmonic conglomerate function (70) 
which has no singularities whatsoever in {D,}. Also, if {g,} is a solution of a 
system of differential equations with constant coefficients, 


(71) Ag = 0, 
then {F,} ts also a solution. 
Thus, the functional elements 
Fy -g = Fr -g =>: = F, — ¢, 


define a function ® with the following properties. It is one functional element in 
E,, — S, it is harmonic and a solution of (71), and in each D, , the difference  — ¢, 
is analytic without exception. 
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A seemingly striking situation arises, if the system (71) has the uniqueness 
property, and the set S is bounded. Being analytic outside a bounded domain 
the function must be analytic in the entire space and therefore g, = @ — F. 
has only removable singularities in D, each. However, it should be noted that 
in this case, to start with, ¢,, itself has to have an analytic continuation in the 
entire space. Now, let By be one of our faces lying in the boundary of D, 
If it separates D,, from D,, then the saltus of ¢ is ¢,, — ¢,, = 0, and thus naturally 
has no singularities. If however, By separates D,, from another domain D, 
then the saltus is +(y,, — ¢-) and if it is assumed to be free from singularities 
then so is g, itself. In other words: if we introduce the closet set D; + --- + Dy, 
and if we consider its interior Dy and the frontier By ; then our assumption 
requires explicitly that in a neighborhood By the function {g,} itself shall have 
no singularities, and only for “internal” faces By’ is the explicit requirement less 
stringent. If such a face separates two domains D,, D, then the assumption 
requires only that the saltus g. — g shall have no singularities. The theorem 
then allows the conclusion that actually the singularities of each ¢, itself are 
removable everywhere in D, . 


13. A simplified problem of Weierstrass type. Everything else being as 
before, we consider a conglomerate function {y¥,(x)} with the following properties. 
Each y,(«) is analytic in D, and different from 0 in D, — S. The “multiplica- 
tive” saltus 


Il vv 


T= 


is by assumption analytic everywhere in B, , and in the neighborhood of every 

point of D, — S the function log y,(x) and its partial derivatives of first order 

both harmonic and a solution of (71), the latter having uniqueness property. 
For fixed a, we introduce the conglomerate function 


6] 1 @ 
g(x) = az. log y,(x) = ‘ az, Yr, 
and by Theorem 12 it is analytic in D,. Thus, for fixed 7 there exist analytic 
functions F,(x), --- , Fn(x) in D, such that 
7 
an, Fes a= less, e. 


On expanding y in a power series in a neighborhood of any point in D,, the 
reader will easily convince himself that every y,(x) is different from 0 in all of D, . 


14. The theorem of Cousin. Returning to the topic of section 12, we now 
set up the modified integral 


= — qth) 
F'@) +f. (1, - ” OE. 
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extended only over the “internal” faces By. Our present setup implies that 
we require the saltus function f, to be analytic throughout B, only in case of 
internal faces, with no assumption made about the other faces. 

Theorems 1 and 2 will permit the conclusion that for each D, whose closure is 
contained in Dy the corresponding functional element F% has no singularities in 
D,, and if two such simplices have a face BY in common, then again 


(72) Fi-g=Fi-w. 
Therefore if a number of such simplices D, , Dp , --- are the simplicial subdivision 
of asubdomain D” of Dy , then the functional elements (72) merge into a function 


@ in D’ — S. However it must not be assumed that © will be a solution of 
(71) because {¢g,} is. All that can be said about the function (or functions) 


h° = A® = AF — Ap = AF” 


is that it is harmonic without singularities in D° (and indeed in D’). We may 
now pose the problem of constructing a harmonic solution of the ‘unhomo- 
geneous” system 


AH = }h° 


for any harmonic h’ in any (or some specialized type of) domain D’. If such a 
solution exists then ®” — H will have in D’ the same properties as were stated 
in Theorem 12 for the function itself. 

A classical case arises if HE, is the space KH», of the variables zg = ta + ta, 
a = 1,--:,k. Each g, shall be a mereomorphic element in D,, that is a 
quotient of two analytic functions in z,, --- , 2 alone; with S being the union 
of the zero-sets of the denominators. The system (71) is 
de 4 


5. = 0. 


(73) a, yo 95, = 


Theorem 11 will now give in substance a new proof for the classical theorem of 
Cousin about merging meromorphic elements in a polycylinder into one mero- 
morphic function. 


CuHapTEerR VI 
Meromorphic Functions on Torus Space 


15. Green’s formula. We consider the locally Euclidean n-dimensional 
torus 7’, with all periods 1: 


tat ess < I, a=l1,---,n. 


Stokes’ theorem (1) for ordinary or conglomerate functions remains in force. 
The scalar ¢ has to be strictly a function on the torus; that is, as a function in 
E,, it has to be strictly periodic in each variable x, with period 1. However, 
any quantity y appearing only in a differential dy is permitted to alter by an 
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additive constant if continued along a closed path in 7,.. We now consider 
on the torus a function G(é, 2) = G(é — 2x) of the type (16). Formulas (14) 
and (15) are valid again, and if we apply them to the special domain D = 7, , 
B = 0, we obtain 


” af aG\ ,,, 
(74) wf) = -[ (fae+ £2) av, 
(75) vafe) = -[ (f-aG - G-afay, 


On putting f(é) = 1 we obtain in particular 
a a AG-dV:, 
Tn 
thus AG cannot be 0. But it might be a constant, and if so, the constant must 
of necessity be —y,. That is, 
(76) AG = —7yn. 


Furthermore a solution of (76) must of necessity be unique. The actual existence 
of such a G can be proven in many ways. Suffice it to state here, that except 
for a constant factor, it is the sum of the series 


> exp {2mi[hi(a1 — “ant + e+ thil(tn — Eu))} 
. — hi + - - hi, 





hy: 


The series is not absolutely convergent but can be “summed” by general sum- 
mation processes. From now on, G will be this solution of (76). Therefore, 
we now have 


(77) —_ = L( sco @ 2) 6 + vf fdV; 


and in particular 


anf (x) _ [ 2 a qt) 
(78) 0 3E. iE, o* + constant. 

16. Green’s integral. We again consider simplices B,, --- , B,;C1, +: ,C,- 
The complement 7,, — B decomposes into domains D,, ---, D;, with no 
“D,,” being present. We again set up the integral 

q ‘ 
sie deus at Ee on)s 


for an arbitrary harmonic conglomerate function f(é) in B, and we note that 
Theorems | and 2 carry over literally. In the proof to Theorem 1 relation (77) 
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has to be used instead of (20). In the proof to Theorem 2, the value of (25) 
is not 0, but some other constant, namely 


u 
—y 2, | fedVe 
q=0 By 
and thus, in the proof, y,(F(a) — F’(x)) is constant, and hence F(x) continuable. 

The remarkable thing about the torus is the way in which Theorems 1 and 2 
merge immediately with a part of Theorem 12. 

TuEorEM 13. If f(é) is a harmonic conglomerate function in B and if its saltus 
vanishes identically in C, then f is in its turn the saltus of the harmonic conglomerate 
function Fin D = T,. 

In particular, if S is an exceptional set, if g is a conglomerate harmonic function 
in D — S, and if its saltus f has no singularities in B, then the function F is a 
harmonic conglomerate function without singularities having the same saltus as ¢. 

Finally we will analyze Theorem 3. 


17. Meromorphic functions. Denoting again (79) by Lf we see on the 
basis of (31)—(84) that 


(80) ,*. 2 


2 Lf = -w | fo 
aes tia Ym | So 


and that in particular we have 


(81) L se _ = Lf = constant; 
of Baits 
provided again that the saltuses of f, ab? a vanish on C. Thus we will 
1 n 
have 


f= oe 
if and only if 


(82) [ 40° =0. 


It will now be easy for the reader to verify the following analogue to Theorem 3. 
TuHreoreM 14. Jf f(€) is harmonic in B and if its saltus vanishes identically 


~ 


in C, then 


(83) LAf — ALf = constant 
If A be represented in some (or any) way as 

“~ 0 
(84) A=>—A 

p> 0x8 , 


where Ay , +++ , An are any operators, then 
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(85) LAf — ALf = —yn / (> Aho’), 
B =] 
In particular we have 
LAf = ALf 
if and only if 


(86) [, (Gastro) = 


Therefore, if Af = 0 and 2f (86) holds, then AF is likewise 0. 


For 
Af = (4+ +2 )s , m<n 
ax} ** Lm 
(86) is 
[ (> of f) = 0 
onl 025 
Or, if 
Af = a +3 Zt _. 
where 
z2=%+%in, 
then we may put A; = 1, As = 7, A; = --: = A, = 0, and therefore 


2: Apf-o” = f- (dé — idé:)-o'” = f d&-o'” 


Turning now to the torus space 7'x of the complex variables zg = ta + ia, 
a = 1,---,k, we therefore obtain the following analogue to Theorem 12. 

TurorEeM 15. If ¢,(21, +++ , 2) is meromorphic in D,, r = 1, +++, t, but 
cach ga — ¢ is analytic in B, and if the k periodicity conditions 


(87) [ fake = 0, jute 
B 


are fulfilled, then there exists a meromorphic function F(z, -++ , 2.) on the torus, 
such that F — g, is analytic in D, . 
If the conditions (87) are not stipulated, then by (83) we have at any rate 


oF 
OZ 





= Ca; a=1,-::,k 
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where Ca is a constant. In this case the function 


Fla,e++, ja, tts, mh) — ah — *% — Cre 


in the plane will be strictly meromorphic, however if continued along a closed 
path on the torus it alters by an additive constant which need not be 0. 

The additive constants do not alter the algebraic singularities, and in this 
sense we have 

TureorEM 16. Jf an exceptional set S on Tx is locally the singular set of a 
meromorphic function, then it has the same property in the large. 


PRINCETON UNIVERSITY 











ANNALS OF MATHEMATICS 
Vol. 44, No. 4, October, 1943 


DISCONTINUOUS GROUPS 


By Cari Lupwic SIEGEL 
(Received May 5, 1943) 
I. INTRODUCTION 


1. Let G be a topological group, and let H be a discrete subgroup of G; this 
means that there exists in G a neighborhood U of the unit element e such that no 
other element of H is contained in U. If M is a subset of G and a ¢ H, then the 
set Ma is an image of M. A fundamental set F relative to H is defined by the 
following three properties: 1) FH = G; 2) Fa f F = 0, whenever e ¥ a eH; 
3) F is a Borel set in G. The first two properties establish that every point 
x of G is covered by one and only one image of F. We obtain an arbitrary set M 
with these two properties, if we select a representative x from every left coset 
xH of H relative to G; however, in general, such a set M is not a Borel set. In 
Lemma 2, we shall prove that a fundamental set exists, if G satisfies the second 
axiom of countability. 

We say that a fundamental set Fis normal, if every point of G has a neighbor- 
hood contained in the union of a finite number of images of F. An image Fa of F 
is called a neighbor of F, if Fa F #0. Let Hy be the group generated by all 
elements a eH satisfying Fa N F ¥ 0. In section 9 we shall prove, for any 
connected group G satisfying the second axiom of countability, that Hy = H, 
whenever the fundamental set / is normal; in particular, if F has only a finite 
number of neighbors, then H possesses a finite system of generators. 


2. Let T be a topological space of points 7, and let r — f(r, x), x €G, be an 
open continuous representation of G as a transitive group of homeomorphic 
mappings of 7’ on itself. The representation +r — f(r, a), ae H, of H in T is 
called discontinuous, if no sequence f(7, a,) (n = 1, 2, ---) converges to a point 
in 7', as a, runs over distinct elements of H. Let 7; be a given point of 7’, and 
consider the set C of elements x eG satisfying f(r1, x) = 71 ; obviously C isa 
closed subgroup of G. It is known that then 7’ and C\G are homeomorphic, 
where the topological space C’\G consists of the right cosets Cy of C relative to G; 
on the other hand, for any closed subgroup C of G and any homeomorphic 
mapping of C\G on a topological space 7’, the transformations Cy — Cyz, x ¢G, 
define an open continuous representation of G as a transitive group of homeomor- 
phic mappings of 7’ on itself. Therefore, in order to find all discontinuous 
representations of H, we can restrict ourselves to the investigation of the case 
T = C\G, where C is any closed subgroup of G._ In Lemma 6 we shall prove that 
the representation of H in C\G is discontinuous in the case of a compact group C. 

Let G be a locally compact group satisfying the second axiom of countability. 
For all Borel sets B in G, the Haar measure defines a completely additive and 
right-invariant volume v(B), which is positive for all open sets. It will be 
proved that the volume of a fundamental set / does not depend upon the parti- 
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cular choice of F and only upon the discrete subgroup H. The main result of 
the second chapter is the following theorem. 

TureoreM 1: Let v(F) be finite; then the representation of H in C\G is discon- 
tinuous, if and only if the closed subgroup C is compact. 

The interest of Theorem 1 lies in the necessity of the condition concerning C. 
The proof uses an idea similar to that in the proof of Poincaré’s theorem in 
ergodic theory. 


3. Let the subgroup C be compact, and assume that the representation of H 
in C\G has no fixed points; this means that Cya # Cy for all y eG and alla ¥ e 
in H. It can readily be seen that this assumption is fulfilled, in particular, if 
H does not contain any element of finite order except e. We shall prove, in 
Lemma 7, that there exists a fundamental set F relative to H such that F = CF, 
whenever G satisfies the second axiom of countability; then F may be considered 
as a fundamental set in the space C\G. 

Let G be a locally compact group satisfying the second axiom of countability. 
We say that H is a subgroup of the first kind in G, if there exists a normal funda- 
mental set relative to H, of finite volume, having only a finite number of neigh- 
bors. We have no general constructive method of deciding whether a given 
subgroup H is of the first kind; however, in the known particular cases where 
we are able to answer this question, the problem is simplified by considering it 
for the space C\G instead of G, with suitably chosen compact C. In the case 
of the unimodular group, e.g., G = G» is the multiplicative group of all real 
m-rowed matrices « with determinant +1, and H = H,, is the subgroup con- 
sisting of all « = u with integral elements; if C denotes the orthogonal group 
in m dimensions, then the space C\G is homeomorphic to the space 7 of the 
positive symmetric matrices t = x’x with determinant 1, and H,,, is represented 
by the transformations t — u’tu of T into itself. In this way, Minkowski re- 
placed the problem of constructing a fundamental set for H,, in Gn by the cor- 
responding problem concerning the reduction of positive quadratic forms in 
m variables, and he proved that H,, is a subgroup of the first kind in G,, . 

The problem of finding all subgroups H of the first kind in G seems to be far 
beyond our power, even if we consider only the particular case G = G,,(m 2 2). 
The solution is known only for m = 2: 


G, is the group of all two-rowed matrices ( A with real elements and the 
\ 


determinant 1. A subgroup H of G, is of the first kind, if and only if the repre- 
sentation of H by the linear mappings z — (az + b)(cz + d)~* possesses in the 
upper z half-plane a fundamental polygon with a finite number of vertices. 
However, even in this comparatively simple case, we have no method of deciding 
whether two arbitrarily given subgroups H and H, of G2 are isomorphic. 


4. In the third chapter, we investigate the properties of a special type of 
discrete groups; these groups include the unimodular group H,, , and they are 
found by the following considerations: 
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We assume that the topological group G may be imbedded in a connected topo. 
logical ring A which is locally compact and satisfies the second axiom of counta- 
bility. It follows from a theorem of Jacobson and Taussky’ that A is isomorphic 
to an algebra of finite rank in R, the field of real numbers. Consequently, we 
can introduce the norm N(z) of an arbitrary element xin A. Let G be the group 
of all x with N(w) = +1. 

On the other hand, let Ao be a simple algebra of finite rank in Ry , the field 
of rational numbers. Under extension of Ry into R, the simple algebra Ay in 
Ry is replaced by a semi-simple algebra in R, and we assume now that this js 
the algebra A. Let an order J in Ao be given; a quantity a is called a unit in 
J, if both a and a“ belong to J. It is obvious that the units in J constitute 
a discrete subgroup H in G. 

THEOREM 2: The group of units in a simple order is of the first kind. 

The proof of this theorem depends upon the theory of reduction of positive 
quadratic forms; it is a generalization of Minkowski’s proof concerning the 
unimodular group H». 


5. By a well-known theorem of Wedderburn, the simple algebra Ap is iso- 
morphic to an algebra of matrices whose elements are arbitrary quantities in 
a division algebra Dy. Let Z be the center of Dy). In two important special 
cases the theory of the group of units in J had been investigated a long time 
since, namely in the case Ap = Z by Dirichlet, and in the case Do) = Ry by 
Minkowski. Recently, Humbert? studied the more general case Dy = Z, 
and Weyl’ proved Humbert’s results as simple consequences of a geometric 
theory of reduction of lattices, which he applied also in the case of a totally 
definite quaternion algebra Dy over a totally real center Z. 

Concerning the general case of the group H of units in an arbitrary simple 
order, Eichler* stated that H has a finite system of generators; however, his 
proof is correct only for Ag = Do. Moreover, Eichler’s paper contains an 
interesting theorem about continuous mappings of G/H on manifolds with the 
Poincaré group H, also without complete proof; it is related to Theorem 1, 
and it was the starting-point of the researches in the second chapter. 


6. Let an involution in Ao be given, i.e., a mapping x — 2* of Apo onto itself 
such that (7*)* = x, («& + y)* = x* + y*, (ry)* = y* x*; under extension of Ry 
into R, we obtain an involution in A. Let s¢Ao, N(s) # 0 and s* = s, and 
consider the set G(s) of all z ¢€ A such that 2*sx = s; obviously G(s) is a subgroup 


1N. Jacobson and O. Taussky, Locally compact rings, Proc. Nat. Acad. Sci. 21, pp. 
106-108 (1935). 

2P. Humbert, T'héorie de la réduction des formes quadratiques définies positives dans un 
corps algébrique K fini, Comment. Math. Helv. 12, pp. 263-306 (1940). 

3H. Weyl, Theory of reduction for arithmetical equivalence. II, Trans. Amer. Math. Soc. 
51, pp. 203-231 (1942). 

4M. Eichler, Zur Einheitentheorie der einfachen Algebren, Comment. Math. Helv. 1, 
pp. 253-272 (1939). 
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of G. For any given order J in Ao, the intersection H M G(s) defines a discrete 
subgroup H(s) of G(s). 

Assume now that the involution x — 2* leaves invariant all elements of the 
center Z. By the results of Albert,’ the division algebra Dp is then either Z 
itself or a quaternion algebra over Z. 

In the first case, Ao is the ring of all m-rowed matrices x with elements in Z, 
and x* is the transpose of x; then H(s) is the group of units of the symmetric 
matrix s. In particular, let Z = Rp ; then it is known’ that H(s) is a subgroup 
of the first kind in G(s), except in the trivial case m = 2, N(s) = —r’, ra rational 
number. This result was proved by an application of Hermite’s method of 
continuous reduction of indefinite quadratic forms: We consider the space 7’ 
of all positive symmetric matrices ¢, with real elements, satisfying s = ts ‘t; 
the transformations t — x*tx, x e G(s), are transitive in 7’, and the group C of 
all x satisfying t = x*tx is compact, for any fixed ¢; from the theory of reduction 
of positive quadratic forms it follows that the representation t — a*ta, a e H(s), 
is of the first kind in 7’, except in the above mentioned trivial case. If n,m — n 
is the signature of s, then 7’ has n(m — n) dimensions; it can easily be shown, 
by Theorem 1, that any discontinuous representation of H(s) is at least n(m — n)- 
dimensional. 

In the second case, Ao is the ring of all m-rowed matrices x with elements in 
the quaternion algebra Do over Z, and 2* is the conjugate transpose of x. In 
particular, let Z be totally real, of degree h over Ro , and let the norm, relative 
to Z, of every element #0 in Dy be positive at h — 1 infinite prime spots of Z. 
It is known’ that then H(e) is of the first kind in G(e); it can easily be proved, 
by Theorem 1, that any discontinuous representation of H(e) is at least m(m + 1)- 
dimensional. 

These examples indicate that a systematic investigation of all unit groups of 
fixed points in an involution might be of some interest. 


II. GENERAL THEORY 


7. Throughout the present chapter, G is a topological group and H is a dis- 
crete subgroup of G. 

Lemma 1: For every x €G there exists a neighborhood V, of x such that Val 
V,=0, for all elements a4 e in H. 

Proor: Let U be a neighborhood of e containing no other element a of H. 
Since e’e = e, there exists a neighborhood V of x such that V'V CU. Define 
V, = 2V, and let y, z be two arbitrary points in V, ; then yz ¢€ U, hence yz ¥ a, 
ya ~ z, and V, has the required property. 

Lemma 1 establishes that the neighborhood V, of x contains at most one 
element from every left coset yH of H relative to G. 


5A. A. Albert, Structure of algebras, New York (1939); Chap. X. 
°C. L. Siegel, Hinheiten quadratischer Formen, Abh. Math. Sem. Hansischen Univ. 13, 
pp. 209-239 (1940). 
7™C. L. Siegel, Symplectic geometry, Amer. Jour. Math. 55, pp. 1-86 (1943). 
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Lemma 2: Let G satisfy the second axiom of countability; then there exists q 
fundamental set relative to H. 

Proor: Let A, A2, --- constitute a basis of G. We consider all A; contained 
in at least one of the neighborhoods V, defined in Lemma 1, and we denote 
these A, by Bi, Bo, +--+. Let 


F, = B,, F, = B, — (Bi U--- UB) (k = 2,3, ---), 
F=F,UF,U..--, 


Since any V, is the union of a certain number of sets B;, , every element x of G 
is contained in some 8B, ; in particular, this is true for every element a of H. 
On the other hand, by Lemma 1, B; does not contain two elements of H. Con- 
sequently, H is finite or countably infinite, and F is a Borel set. 

We have F, C B,(k = 1, 2, ---); therefore, by Lemma 1, 


Fan F, =0 (e ¥ ae Hi); 
moreover 
Fa C(B,U---UBiy)H, FanF, =0 (isk <laeH); 


hence Fya M F, = 0, for arbitrary positive integers k, 1 and e ¥ aeH. 1 
follows that Fa N F = 0, fore ¥XaeH. 

Let x be any element of G. Since x lies in some B, , there exists also an index 
k such that x lies in B,H, but not in (B, U --- U By4)H; then « ¢ B.H - 
(B, U--- U B.4)H = F,.H, xe FH. It follows that FH = G. 

We have verified that F has the three characteristic properties of a funda- 
mental set relative to H, and the lemma is proved. 

If S,, S:, «++ is a finite or countably infinite number of disjoint sets, we 
denote their union by the sign >°. 

LemMa 3: Let G satisfy the second axiom of countability, and let E, F be two 
fundamental sets relative to H; then there exist two decompositions 

E=)) BK, F=)Q Fa, 
aeH aeH 

where FE, and F, = E,a are Borel sets. 

Proor: Define FaN F = F,, EN Fa" = HE, ; then E, and F, = E,a are 
Borel sets; furthermore 

F.NF, = EaN EON F =0 (aeH;beH;a #¥ b), 


E,NEK =ENFa'fN Fo' =0 


and 


> Fa = (> Ea) NF = (EH) NF =GNF =P, 


aeH aeH 


> Ea = EN (> Fa") = EN (FH) = ENG=E; 


aeH aeH 
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8. Let us assume that there exists a fundamental set F, relative to H, such 
that / is compact, and consider any infinite set of cosets xH, x ¢ S. We choose 
a, ¢H such that xa, « F; then the set xa, , x € S, has a limit point y in F, hence 
the set of points xH, x e S, in G/H has the limit point yH; i.e., G/H is compact. 
Conversely, we shall prove that the existence of a fundamental set with compact 
closure follows again from the compactness of G/H, provided G satisfies the 
second axiom of countability. However, in the following lemma, we do not 
need the latter assumption. 

Lemma 4: Let the topological space G/H be compact; then G is locally compact. 

Proor: Let U be a neighborhood of e in G containing no other element of 
H. Since the topological space G is regular, we can choose a neighborhood W 
of e such that W'WW"W CU. Let S be an infinite subset of W. Since 
G/H is compact, there exists a point z in G such that, for any neighborhood 
V of z in G, the set VH contains infinitely many points of S. Let V C Wa, 
and let x, y be two points of VH M S; then za and yb are points of Wz, for suit- 
ably selected elements a and 6 of H, and 


ab ex 'WW'y CW 'WW'W CU; 


hence a = b. It follows that there exists a fixed a e H such that Va contains 
infinitely many points of S, for any neighborhood V of z; then S has the limit 
point za, and W is compact. Hence G is locally compact; q.e.d. 

Assume now that G satisfies the second axiom of countability, and consider 
again the construction of F in the proof of Lemma 2. In view of Lemma 4, 
we can suppose that the sets V, are compact; then also the sets B, and F, are 
compact. We shall prove that F; is empty for all sufficiently large values of k. 
Otherwise there would exist a sequence of points 2, 2, --: in G such that 
a, €F;,,, where k; , k2, «++ is an increasing sequence of indices, and a sequence 
of points a; , d@2, --: in H such that the sequence z,a,(n = 1, 2, ---) converges 
to a point a in G. The point 2x lies in some B,. If xa ¢ By, and k > l, then 


B,NF,.H = BN (BH — (B, U --- U Bea)H) = 0; 


consequently, no 2,@,(k, > 1) lies in B;, and this is a contradiction. It fol- 
lows that F = F, U F, U --- is the union of a finite number of F; ; hence F 
is also compact. 

Let F be compact, and let C be an arbitrary compact subset in G. Consider 
alla eH such that Fa NC #0. All these a are contained in the compact set 
FC; since H is discrete, they belong to a finite set. On the other hand, the 
images Fa cover the whole space G. It follows that C is completely covered 
by a finite number of images Fa. Since G is locally compact, every point in 
G has a neighborhood contained in a finite number of images of F. Further- 
more, for C = F, we see that F has only a finite number of neighbors Fa. 


9. In this section we assume that there exists a normal fundamental set F; 
this means that a suitably chosen neighborhood of every point is contained 
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in the union of a finite number of images of F. It is obvious that then every 
compact set in G is covered by a finite number of images of F. Let A be the 
set of all elements a of H which are contained in F'F; it is clear that a A, 
if and only if Fa is a neighbor of F. Let Ho be the smallest group containing 
A; ie., Ho is the group generated by all ae A. We are going to prove that 
H, = H, provided G is connected. 

If Hy) ¥ H, let G@ = >> Fa;thenG, ~ OandG—G = >> Fb #0. Since 


aeHy beH—H 
G is connected, the two sets G and G — G) have a common point x. On the 
other hand, only a finite number of images of F enter into a suitably chosen 
neighborhood of x. It follows that there exist a point a in Hy and a point 5 
in H — Ho such that x ¢ Fa and x « Fb; then ba ¢ F'F, ba ¢ A CH, be My, 
and this is a contradiction. 


10. In this section we assume that G is locally compact and satisfies the second 
axiom of countability. The volume v(B) of a Borel set B inG has the follow- 
ing properties: v(> By) = >> o(B,); v(Bx) = v(B), for all «eG; v(xB) = 

k k 


A(x)v(B), where A(x) is a positive continuous function of x and A(zy) = 
A(x)A(y), for all x, y eG; v(B) > 0, for all open sets B; v(B) is finite for all com- 
pact sets B. Moreover, by these properties, v(B) is uniquely determined up 
to a positive constant factor. 

Let EL, F be two fundamental sets relative to H. Any Borel set in G/H can be 
expressed in the form BH, where B is a Borel set in G; let BH N E = C, BHN 
F = DPD. In view of Lemma 3, 

C=) (BHNE.), D=)(BHNF.), Fa= Ea 


aeH aeH 


v(C)= > >x(BHNE.), v(D)=>50(BHNF.), »(BHNE.) =»(BHNF,); 
aeH aeH 

hence v(C) = v(D), and we can define, for all Borel sets BH in G/H, a volume 
in the space G/H by the formula v,(B) = 0(BH 1 F). Then vy(B) < (FP), 
and vz(G) = v(F) = v(£). 

Lemma 5: Let v(F) be finite; then v(B) and vx(B) are left-invariant. 

Proor: It follows from the definition of a fundamental set / that also E = x«F 
is a fundamental set, for any given x in G. Hence 


v(F) = v(F) = A(x)v(F). 


We infer from the construction of the particular fundamental set F in the proof 
of Lemma 2 that it contains the open set B; ; hence v(f) > 0. On the other 
hand, we assumed v(F’) to be finite. Therefore A(x) = 1, for all x eG, and 


vn(aB) = o(aBH 1 FE) = A(x)o(BH 1 F) = va (B). 


8 J. von Neumann, The uniqueness of Haar’s measure, Rec. Math. N. 8S. (Mat. Sbornik) 
1 (43), pp. 721-734 (1936). [English. Russian summary.]| 
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11. Lemma 6: Let C be a compact subgroup of G; then the representation of H 
in C\G is discontinuous. 

Proor: Let a, a2, --+ be a sequence of distinct elements in H, let zx €G, 
and assume that the set of right cosets Cra, (n = 1, 2, ---) has the limit point 
Cy in C\G. We choose a neighborhood P of y and a neighborhood Q of e such 
that P"QQP contains no element ~e of H. Then xa, = npn, C, €C, and 
p,¢€P for all sufficiently large n. Since C is compact, there exists a point 
ceC such that c, ¢cQ for infinitely many n. Let c,€cQ, cmecQ, m ¥ Nn, 
then Gz 'Gn = Dn Cn CnPn €P'Q'QP; hence a, = a, , and this is a contradiction. 
It follows that the representation of H in C\G is discontinuous. 

Proor oF THEOREM 1: In view of Lemma 6 we have only to prove the neces- 
sity of the compactness of C. We assume that the representation of H in C\G 
is discontinuous, where C is a given closed subgroup of G. Consider the par- 
ticular fundamental set / constructed in the proof of Lemma 2; it contains the 
open set B,, hence it contains also an open set By, whose closure By) = B is 
compact. Then v”(B) = o(BHNF) = o(BHNF) = v(Bo) > 0. Conse- 
quently there exists a compact set B such that the volume v,(B) is positive. 

Let c,(n = 1, 2, ---) be a sequence of distinct points in C, and define 


6.BH NF = P,, P, U Paw U --- = Q, @ = 1, 3, ---), 
aN Q@N -:- = Q. 
Then P, , Q,, Q are Borel sets, Q, C F, and by Lemma 5 
v(F) = (Qn) = (Px) = vu(cn B) = va(B); 


moreover 
> (Qe — Quis) = 0(Q) — 0(Q) S oP) (n= 1,2, +++) 
D v(@s — Qua) = (0) — 0); 
hence 


v(Q) = lim 0(Q,) = vux(B) > 0. 
It follows that Q is non-empty. 

Let « €Q; then xP, for an infinite number of indices n, hence x ¢ c,'BH 
for the same set of indices. Consequently, there exists a sequence a, ¢e H(n = 
1, 2, ---) such that c,va, ¢B for infinitely many n. But B is compact and 
the representation of H in C\G is discontinuous. Therefore it follows from 
Cza, «CB that a, belongs to a finite set of elements in H. This implies that 
c,va eB, for a fixed ae H and infinitely many n, and hence the set ¢,(n = 
1,2, +--+) has a limit point c). Since C is closed, c is a point of C. This proves 
the compactness of C. 
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12. Let C be a compact subgroup of G. The representation of H in C\G 
has no fixed point, if and only if none of the conjugate subgroups x ‘Cx, x eG, 
contains an element a ~ e of H. This assumption is satisfied, in particular, 
if H does not contain any element of finite order except e: Let aex ‘Cz, ae H, 
then a* ex ‘Cx (n = 1, 2, ---); since « ‘Cz is compact and H is discrete, it 
follows that a is an shines of finite order, hence a = e. 

If a fundamental set F has the property F = CF, we may consider it also 
as a set in C\G. 

Lemma 7: Lei G satisfy the second axiom of countability; then a fundamental 
set in C\G relative to H exists, if and only if the representation of H in C\G has 
no fixed point. 

Proor: The necessity of the condition is easily proved: Let F = CF bea 
fundamental set in C\G relative to H, and let aex ‘Cz, aeH. Choose beH 
such that xb ¢ F; then b ‘ab « (xb) 'C(xb) CF "CF = F'F, F(b 'ab) NF # 0; 
hence b ‘ab = e, a = e. In this part of the proof, we did not use the assump- 
tion that G satisfies the second axiom of countability. 

Conversely, assume that the representation of H in C\G has no fixed point. 
Let xeGand yeC. Since « ‘yx ¥ a, for all elements a + e of H, there exist 
a neighborhood P,,, of « and a neighborhood Q,,, of y such that Pz; C.J ie 
does not contain any element ~e of H. For any given 2, the compact set C 
can be covered by a finite number of the neighborhoods Q,,,, and the cor- 
responding P,,, have a non-empty open intersection V,. Consequently every 
point x in G has a neighborhood V, such that CV,a N CV, = 0, for alla #e 
in H. 


Now we generalize the proof of Lemma 2 in the following way. We define 
F, = CB,, F, = CB, — (CB, U --- UCB,1)H (k = 2, 3, -->), 
F => PF, U F, U iia 


Since C(CA U CB) = CA UCB and C(CA — CB) = CA — CB, for arbitrary 
sets A and B, it is readily proved that F is a fundamental set and that F = CP. 


13. In this section we assume that G is a locally compact group satisfying the 
second axiom of countability. Let C be a compact subgroup of G. Any Borel 
set in C\G can be expressed in the form CB, where B is a Borel set in G. The 
formula v.(B) = v(CB) defines in C\G a right-invariant completely additive 
volume, which is positive for open sets and finite for compact sets; it is uniquely 
determined by these properties, up to an arbitrary positive constant factor.’ 
In order to establish that H is a subgroup of the first kind in G, it is sufficient 
to prove the existence of a normal fundamental set F = CF in C\G, of finite 
volume v,(F), having only a finite number of neighbors. 


9A. Weil, L’intégration dans les groupes topologiques et ses applications, Paris (1940); 
pp. 42-45. 
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By the result of section 8, the group H is certainly of the first kind, whenever 
G/H is cormapact. 

In the next chapter we shall apply the foliowing lemma: 

Lemma 8: The group H is of the first kind, if and only tf there exists, for some 
compact subgroup C of G, an open set M = CM in C\G of finite volume v.(M) 
such that MH = G and that Ma M ¥ 0 holds only for a finite number of a ¢ H. 

Proor: Let H be of the first kind; this means that there exists a normal 
fundamental set F of finite volume v(F), having only a finite number of neigh- 
bors. Let Q be the union of all open sets contained in Ps Fa, where A denotes 


aeA 
the finite set of all elements of H contained in F'F; the set Q is open. If x 
is an arbitrary point of F, then a certain neighborhood W of z is covered by the 
union of a finite number of images Fa, a e H; on the other hand, if Fa enters 
into every neighborhood of x then Fa is a neighbor of F and a e A; consequently 
there exists also a neighborhood W CQ. It follows that x eQ, F CQ, QH = G. 
Furthermore, 
QaNng cU (Fboa MN Fc); 
ceA 

hence Qa N Q = O for any element a eH not lying in the finite set A~’AA. 
Therefore M = Q and C = e have the required properties. 

Conversely, let C be a compact subgroup of G, and let 11 = CM be open, 
v.(M) finite, MH = G, Ma f\ M # 0 for only a finite set S of ae H. In view 
of MH = G, we can determine, by the construction in the proof of Lemma 2, 
the fundamental set F as a subset of M; then v(F) S v(M) = v,.(M), hence 
v(F) is finite. Let x be an arbitrary point in G, and let x e Mb, be H; then b 
belongs to a finite set S,. The intersection of all 1b, b € S. , is a neighborhood 
W.ofz. IfFaNW, + 0,aeH, then MaN W, +0, MafN Mb ~ 0, forbeS, ; 
hence a belongs to the finite set SS,. It follows that F is normal. Moreover, 
let c eH, and let Mc, M have a common point x. We choose a eH such that 
ze Ma; then Ma N Mc ¥ 0 and Ma NM = O, hence ac « S and ae S; this 
proves that c belongs to the finite set SS. Since * C M, the fundamental 
set F has only a finite number of neighbors. Consequently the group H is 
of the first kind in G. 


III. GROUPS OF UNITS IN SIMPLE ORDERS 


14. Let Ao be a simple algebra of finite rank in Rp , the field of rational num- 
bers; then Ao is isomorphic to an algebra of n-rowed matrices £ = (&1), whose 
elements &; (k, 1 = 1, --- , n) are arbitrary quantities in a division algebra Dp . 
The center Z of Do is an algebraic number field; let h denote the degree of Z 
over Ry , and let g be the rank of Do in Ro ; then g/h = s° is the square of a positive 
rational integer s. We choose a basis 6, --- , 6, of Do in Ro and extend Ro 
into R, the field of real numbers; then Dy is extended into a semi-simple algebra 
Din R. Every element of D is uniquely expressed by the linear form 6 = 
62, + --- + 6,2, with arbitrary real x, --- , 7, ; we say that 2, --- , 2, are 
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resented by a g-rowed matrix 6. The g-rowed unit matrix will be denoted by ¢ 

Let rz be the number of imaginary infinite prime spots of Z, and let Dy be 
ramified at 73 real infinite prime spots of Z; define 7, = h — 2r2 — rs. There 
exists a non-singular g-rowed matrix c with constant complex elements such that 
cbc? decomposes into s equal matrices \ of degree hs, and \ itself breaks up into 
h matrices \;, --- , A, of degree s; the g elements of these matrices are homo- 
geneous linear functions of 21, --- , 2,, whose matrix is the inverse of c’; the 
r, matrices \,, ++: , A,, are real; the 72 pairs of matrices \,,,. and A,,4,.4% (k = 
1, ---+ , 72) are conjugate complex; the r3 matrices \;, (k = 71 + 272 + 1, --- ,h) 


have the form + : , where a and 8 denote complex matrices of degree s/2: 


moreover, the matrix c’é is real. In order to simplify the notation we write 
cic = 6. 

The general quantity of the algebra Ao in R, or A, is the n-rowed matrix 
é = (& ) with arbitrary elements &;., from D; we define (&;) = £ and consider 
£ as the n-rowed matrix with the g-rowed matrix elements c&:¢' = gx: (k, | = 
1, ---, 7). The gn’ coordinates of the &: form the coordinates of & Let ¢ 
be the set of all lying on the surface |&| = +1. If we introduce the natural 
topology of R for all coordinates of & the set G becomes a locally compact 
topological group satisfying the second axiom of countability. Let C be a 
maximal compact subgroup of G. Since the elements of C are matrices, there 
exists a positive hermitian matrix u such that &ué = yu for all & € C; it follows 
from the proof of existence of u that » can be chosen as an element of G. Then 
there exists 7 «G such that » = 9’n, and néy" is unitary. Let (Cy denote the 
group of all unitary elements of G; then Co is a compact subgroup of G, and 
any maximal compact subgroup of G is a conjugate subgroup C = 9 Cyr, 
neG. Two points &, & of G lie in the same right coset C& of C, if and only if 
Eiut: = fuk; consequently the topological space T of all positive hermitian 
matrices ¢ = £u& in G is homeomorphic to the space C\G. It is easily proved 
that the number of dimensions of 7’ is w, — 1, where w, = (Ans + 7: — 13)ns/2. 
In T the group G is represented by the transformations ¢ — &¢¢, & eG. Let H 
be any discrete subgroup of the first kind in G; then the representation ¢ > 
o’¢cd, 0 € H, of H in T is discontinuous, and it follows from Theorem 1 that this 
representation is uniquely determined by the condition that the dimension of 
T be as small as possible. 


15. Let an order J; in Dy be given, and denote by J, the order in Apo con- 
sisting of all n-rowed matrices a = (ax1), an: € Ji (k,l = 1, ---,n). We assume 
now that the basis 6;, --- , 6, of Do is a minimal basis of J; ; then an element of 
D lies in J,, if and only if its coordinates are rational integers. We say that 
a column of n quantities &, ---, & in Do is a vector x; if the components &, 
-++, & lie in J;, then r is called integral. 

Let ¢ « 7, and define f’¢r = ¢[r], b(t) = o(f[r]), where o denotes the trace. 





the coordinates of 6. In the regular representation of D, the element 6 js rep- : 
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Obviously ®(r) is a positive quadratic form of gn variables, namely the co- 
ordinates of the components of the vector r. Let V be the volume of the el- 
lipsoid &(r) < 1, and determine 7 eG such that 4’ = ¢; since the linear trans- 
formation nr — xr has the determinant +1, it follows that V is independent 
of the point ¢in 7. For our further purposes we do not need the exact value of 
V; a simple calculation, which we omit, leads to the formula 


on 8 
V=r'd i/r(1 +2), 


where d denotes the absolute value of the discriminant of the basis 6, --- , 6, . 

If m1, °°, te are vectors, then we denote by L(n, ---, rz) the set of all 
vectors iti + ++: + Yite with arbitrary rational 4, ---,t%. We determine 
gn integral vectors yx(k = 1, ---, gn) by the condition that the minimum 
of @(r), in the set of all integral r outside L(y, --- , )x-1), be attained for r = 
y. ;if k = 1, the set L(y , --- , )x-1) is defined as the null-vector. Put &(y,.) = 
N,, then Ni S Ne S --- and, by Minkowski’s theorem, 


qn 
I] ™ < 4"V™. 


k=1 
16. If x1, --- , r, are vectors, then we denote by L*(1, --- , xx) the set of 
all vectors 1171 + +++ + X47 with arbitrary 71, ---,7:in Do. We determine 
n integral vectors x, (k = 1, --:, n) by the condition that the minimum of 


#(r), in the set of all integral r outside L*(t , --- , Y,-1), be attained forr = x; ; 
if k = 1, the set L*(r,, --+ , Yx-1) is defined as the null-vector. We call 1, 


+++, x, an extremal set. Put ®(r,) = M,, then 3, S --- S M,. 
In order to find a relation between these rx; and the y,, of the preceding section, 
we use an idea of Weyl. Let 31, --- , 3, be any vectors in the set L*(t, --- , 


fyi), and let g > g(k — 1); then there exist q rational numbers 4, --- , ¢,, 
not all 0, such that jit; + --- + jf, = 0. Consequently, for any given positive 
index k < n, there exists a uniquely determined positive index 1 = |, S g(k — 1) 
+1 <n, such that y, lies in L*(t1, +--+, te) for ¢ < 1 and outside for ¢ = 1. 
By the definition of x, , we obtain the inequality $(y,) = ®(z;,). On the other 
hand, the vector zr; lies outside L*(r1, -- + , tx-1) and, a fortiori, outside L(y, ---, 
N-1); hence ®(r,) = (y,). Consequently, &(r,) = &(y), 


gk n _2 
ms II UN,, I] 4” <4'°V °. 
r=g(k-—1)+1 k=l 
17. Let x1, --+ , x, be an extremal set, and let (m1, --- rn) = v = vy ; we have 


to bear in mind that »; is not necessarily uniquely determined by ¢. It follows 
from the construction of x, , --+ , fn that t171 + «+: + 2:7, ¥ 0, for any system 
of quantities 7;, --- , 7, in Do, not all 0; consequently | v | # 0, and|» |’ = N 
is a positive rational integer, N = 1. 

Put r = vy , then ¢[r] = ply], where p = 7’fv = f[»] is the n-rowed matrix 
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with the elements py; = F¢r, (k, 1 = 1, --- , n) in D. Generalizing the Jacobj 

transformation, we have p = w[6], where 6 is a triangular matrix with the ele. 

ments 6; (k, 1 = 1, --- , n) in D, ie., db = 0 (k > I) and by, = «, and w is 

a diagonal matrix whose diagonal elements a, ---, w, lie in D. Let y = (m, 
-, mm)’, 9 = 5 = (61 «++ Gn)’, then 


n 


f= m+ DO bam (k& = 1, -++,n), 
l=k+1 
Obviously the matrix w,.(k = 1, ---, ) is positive hermitian. Since 
k—1 
Pik = OK + > wil di] (k = 1,---,n), 
the hermitian matrix px — w, is non-negative; hence 
(1) M;, = ®(t.) = o(pre) 2 o(wx) > 0. 


On the other hand, 


N = |>|’ = [sh]| =|e| = |e] = I] lox], 





k=1 
and consequently 
(2) Na I im I a - II Ms 4°V76. 
Wk 
Let 71, ++, T, be the characteristic roots of the matrix ow; ; then 
(3) ar oe eee oo ee ee 9 


1 
It follows from (1), (2), (3) that the numbers N, o(w:)/ | we |@, Mx/o(cx) are 
bounded in 7; then also the quotients r, /r, (p, gq = 1, --:, g) and, by the 
inequality M; < Mis, the quotients o(w:)/o(weu) (k = 1, --+, m — 1) are 


bounded in T. 
Let k and I be given indices, 1 < k <1 S n, and choose 7; = ¢€, np = O(K< 


p ~ l), hence fp = bn (k < p <1), &: = €, fp = 0 (p > 1); furthermore, deter- | 


mine np (p S k) in J; by the condition that the coordinates of 
t= m+ DO bam (P= kk—1 yl) 
q=ptl 
lie in the real interval —i <2 < }. Since 
r=wW=umtess timer 
is an integral vector outside L*(r,, --- , Y1-1), it follows that (xr) = H(t), 


k k 


= o(asltsl) & 2 olepldyl); 


p= p=1 
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but ¢> (p = 1, -:: , k) is bounded, and consequently the quotients o(w:[6,.])/ 
o(w.) (1 S k <1 Sn) are bounded. Moreover there exists a unitary matrix 
u such that w, = aru, where r is the g-rowed diagonal matrix with the diagonal 
elements 71, °°: ,7)- It follows that 6: (1 <= k <1 S n) is bounded in T. 


18. Let { be an m-rowed positive symmetric matrix with real elements. 
By the Jacobi transformation we have a uniquely determined representation 


ZB = Q[D] = D'OQD, where D = (dix) (k, 1 = 1, ---, m) is a real triangular 
matrix, i.e., di: = 0 (k > 1) and dy, = 1, and © is a diagonal matrix with posi- 
tive diagonal elements q:, ---, gm. For any positive ¢, the = a 
inequalities 

Qi/Mn <t, —-t<du<t (l1<k<l<m) 


define an open set II, in the space of all §. 
Consider now the positive hermitian matrix 


Bo = (pec) = ol (Sne)] = of (cdxs)]; 
since @’w,c = G’ca,; is real, the matrices @’w,.c and §, are real positive symmetric: 
It follows from the results of the preceding section that 8, « Il;, where the posi- 
tive number f does not depend upon the point ¢ = p[v] in T. 

Let Ho be the group of all units # in the order J, ; obviously Ho is a discrete 
subgroup of G. The matrix v = » depends upon the point ¢ in 7. Since 
v lies in J, and | v| is a bounded rational integer ~ 0, it follows that all v lie 
in a finite number of right cosets of Ho relative to the group xG, where zx is any 
positive real number. Let S = », --- , vy» be a complete set of representatives 
of these cosets; then v = dH, mH € S, de Hy. 

The point ¢ of T is called reduced, whenever pv; € S; let Q be the set of all re- 
duced ¢. The images Q[8] = 8’Qd, 3 « Hy), cover the whole space T. 

Let ¢ be a reduced point, and let » = ve S. Since II; is open, there exists 
a neighborhood W; of ¢ in T such that , e I];, for p = fo{v] and all {0 « Wr. 
Let Wo be the union of all these W; ,¢¢«Q. Then Wo is open, Q C Wo ; moreover, 
for any point {> of Wy, there exists an element v e S such that §, eI; , for p = 
flv]. Assume now that also ¢[#"] = ¢* «Wo, for some #¢ Hy, and deter- 
mine v* eS such that $+ e¢Il;, for p* = ¢*[y*]. Choose a positive rational 
integer a such that av, «J, (k = 1, ---, p) and define av ‘3 'y* = £B, then 
BeJn, |B| = +l|av'r*|, B[8] = @B,. But also a’, lies in My, and 8 
is a gn-rowed matrix with integral rational elements and bounded determinant. 
By a known theorem concerning the reduction of positive quadratic forms, it 
follows that B belongs to a finite set, independent of ¢; hence also 3 belongs to 
a finite set. Consequently we see that W.[e] M Wo ~ 0 only for a finite num- 
ber of de Hy. 


19. In this section we shall prove that Q is contained in an open set of finite 
volume. 
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Let P be any open set in 7, and let z be a positive number. We denote by 


P(z) the set of all products p = 2f, where 0 < x < zand¢eP. Let v.(P) 


be the euclidean volume of P(z), computed in terms of the coordinates of the 
points p e P(z); obviously v.(P) = v(P)z” with a, = w,/gn, where w, is the 
number of dimensions of P(z). For any &€G, the linear transformation p > 
plé] of the coordinates has the determinant 1; consequently v;(P) defines the 
invariant volume in 7’, up to a positive constant factor. 

By the results of section 17, it is sufficient to prove the finiteness of v;(P,), 
where P,, consists of all p = o[é] in T satisfying 

1 


(4) (wx) <t| wx |2 (k = 1, laid ,), (wr) /o(wr41) <t (k =1, aes cs 1), 
o(b.dn) <t (15k <1 <n), 


and ¢ denotes an arbitrarily given positive number. The points of P,(1) are 
defined by (4) and the condition |p| <1. Obviously the coordinates of w; = 


pu are bounded. We apply induction with respect to n. The assertion is 
trivial for n = 1, since then all coordinates of p are bounded. Let n = 2, 
and let the assertion be proved for n — 1 instead of n. 

We have 


n 


ply] — wifi] = > wil fel, 


with ({1 --+ ¢,)’ = 6y. For any fixed values of the coordinates of py = wdy. 
(k = 1, ---, n), let Vi be the euclidean volume of the corresponding wy_;- 
dimensional surface of section in P,(1). Since 


TI | wx | = Jor] 0| < Jef, 
k=2 
we have . 
Vi< 01(Pn_1) | 1 —s, 


Instead of the coordinates of py (k = 1, --- , n) we introduce the coordinates 
of w, and 6% = w1 pu (k = 2, ---, n), as variables of integration; these co- 
ordinates are bounded. Since the functional determinant of the transforma- 
tion is |w |", the integrand becomes 

Vi | on za < 11(Pr-1) | or per. 
but (P,-1) is finite and 


1 
N— Ora =n— 5 (h(n- Dstn—n) = 


CFs B= Ort. § « 


1 
2 2hs 2 _. US 





hence the integrand is bounded, and (P,) is finite. 
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20. By the results of the two preceding sections, there exists in T' an open set 
W of finite volume, such that the images W[8], 3 « Hy , cover T and that W[3] N 
W + 0 holds only for a finite number of #« Hy). Let M be the set of all &€G 
such that u[t] = ¢ « W; then M fulfills the conditions of Lemma 8. It follows 
that Hy is a group of the first kind in G. 

Let J be an arbitrary order in Ao , and let H be the group of unitsin J. Then 
J* = J 1 J, is again an order, and the group H* of units in J* is a subgroup 
of finite indices 7 and jp in H and Hy. Let 


70 7 
Ho = > a, H*, H = >> H*h, M, = UMa,; 
k 


k=1 l=1 
then 
M,H = U Ma, H*b; a U MAHob, = MA, => G, 
&,t 


l 

and v(Mo) S jov(M) is finite. If £ is a common point of Mp and Mod, 3 « H, 
then ul[~é] = ¢ is a common point of W{[a;] and W[a,], for some k,l S jo. Ex- 
actly as in section 18, it can be proved that # belongs to a finite set independent 
of &, if W is suitably chosen. Consequently Mp, satisfies the conditions of 
Lemma 8. It follows that H is a group of the first kind in G, and Theorem 2 
is proved. 

The explicit construction of a normal fundamental set in G relative to Hy, 
and more generally relative to H, is perhaps of minor interest; therefore we give 
only the following sketch: Let {> be a frontier point of Q; then it is easily seen, 
from the definition of Q, that there exist for {) two extremal sets m1, --- , In 
and }1, --- , YJ, , and an index / < n, such that the differences L;(¢) = ®(r.) — 
$(y,) vanish identically in ¢ fork = 1, --- ,l — 1, but not fork = 1, and that 
Li(fo) = 0; moreover, r, and », belong to a finite set independent of {> ; hence 
the frontier of Q lies on a finite number of planes. Let S be the set of all & eG 
such that pl~] = ¢ is reduced; then the frontier of S lies on a finite number of 
surfaces of the second order; furthermore, if S# NM S # 0, 3 ¢ Hy , then # belongs 
to a finite set. Let Fo be the set of all & e S such that o(é3) = o(€), whenever 
é? « S and @ e Hy; then the frontier of Fo lies on a finite number of surfaces of 
the second order, and Fp is a fundamental domain relative to Ho ;i.e., the images 
Fd, 3 « Hy , cover G completely without overlappings, common frontier points 
excepted. Omitting a suitably selected set of frontier points of Fy , we obtain 
a normal fundamental set F relative to Ho, having only a finite number of 
neighbors. Finally, the passage from F to a fundamental set relative to H may 
easily be performed. 

The group G is not connected; it consists of the two sets G, and G: defined 
by |€| = 1 and|¢| = —1, each of them being connected. The group G:N H 
is either H itself or an invariant subgroup of index 2. It follows from the re- 
sult of section 9 that H has a finite system of generators. 
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ON THE THEORY OF LOCAL RINGS 


By CLauDE CHEVALLEY 
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The present paper contains a certain number of purely algebraic results to 
be used in a local theory of algebraic varieties, which will be developed in a 
later paper. 

The most important part of this paper is contained in §IV, where is defined 
a notion of ‘“‘multiplicity”’ (which might also have been called degree of rami- 
fication) in a complete local ring. This notion of multiplicity will appear 
eventually as the main tool in the definition of the multiplicity of intersection 
of two algebraic or algebroid varieties. 


Conventions of terminology 


By a ring we mean always a comutative ring with unit element. When a 
ring 0 is said to be a sub-ring of a ring 0’, it is understood tacitly that the unit 
element of 0 is also the unit element of 0’ (except when the contrary is explicitly 
specified). If 0 is a sub-ring of o’ and if a is an ideal in 0, we denote by ao’ 
the ideal generated in 0’ by the elements of a. 

A ring 0 is said to be Noetherian if the maximal condition holds for the ideals 
in 0, i.e. if every ideal has a finite set of generators. 

If a is an ideal in a Noetherian ring 0, we call ‘‘prime divisors” of a the prime 
ideals which occur as associated prime ideals of the primary ideals in a shortest 
representation of a as intersection of primary ideals. 

We call ‘‘adherence’”’ of a set E in a topological space the set which is usually 
called the closure of E. Any point of this set is said to be adherent to E. 

The symbol @ denotes the empty set. 


$I. Rings of Quotients’ 


It is well known that any ring o can be imbedded in a “ring of quotients” 
whose elements are the fractions of the form a/b, aeo, b not being a zero- 
divisor in op. 

Let now S be any set of non-zero divisors in 9 which is multiplicatively closed 
(i.e. the product of two elements of S is in S). Those elements of the ring of 
quotients which may be written in the form a/b, with a ¢ 0, b « S form a sub-ring 
os of the field of quotients, which we shall call the ring of quotients of the set S. 

Lemma 1. If a is an ideal in os , we have a = (af) 0)-0s. 

The inclusion (a M 9)os C a is obvious. Conversely, let a/b be any element 
of a, with aeo, be S; we have a = b. (a/b) eaflo, whence a/be (af ojos, 
which proves Lemma 1. 





° The notion of ring of quotients of a set S is due to H. Grell (cf. Beziehungen zwi- 
schen d. Idealen verschiedener Ringe, Math. Ann. 97, 1926). The results contained in §I 
are not new (ef. Krull, Jdealtheorie, Erg. d. Math.). 
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It follows immediately from Lemma 1 that os is Noetherian when 0 is itself 
Noetherian. 

Lemma 2. Let » be a prime ideal in 0, and let q be a primary ideal for p. If 
pS # @, we have pos = qos = os. If pS = @, the ideal pos is prime in ds ; 
the ideal qos is primary for pos ; we have qos M 0 = q, and the primary ideals qos , 
q have the same length. 

If pM S # @, we have also gM S ¥ 0 (because any power of an element of S 
isin S), whence pos = qos = os. Assume now that pM S = @; then 1 cannot 
belong to pos, whence pos ¥ 0s and,a fortiori, qos ~ 0s. Let a/b, a’/b’ be two 
elements of os such that a/b-a’/b’ € qos, a’/b’ € qos (with a, a’ € 0, b’, be S, 
a’ ¢q). We have aa’/bb’ = c/c’, c € q, c’ « S, whence c’aa’ = cbb’ ¢€ q; since 
pf S = ©, c’ does not belong to p, whence aa’ ¢ q, and therefore a’ ¢ q for some 7; 
it follows that (a/b)" € qos , which proves that qos is primary. If q = p, we can 
furthermore take r = 1, which proves that pos is prime. 

We have qos C pods ; conversely, if a/b € pos (a € p, be S), we have a’ €q for 
some r, whence (a/b)’ € qos, which proves that qos is primary for poz. 

Let a be an element of gos M 0; we may write a in the form b/c, b eq, ce S. 
Since c ¢ p, the relation ac € q implies a € q, whence qos M0 = q. It follows that 
there exists a one-to-one inclusion preserving correspondence between the 
primary ideals for p in o and the primary ideals for pos in 0s , which proves that 
q and qos have the same length. 

Lemma 3. Assume that 0 is Noetherian; let a = (Niai) N (Njv;) be an irre- 
dundant’ representation of a as an intersection of primary ideals, where we have 
separated the primary ideals q; with prime associated ideals »; such that pp S = @ 
from those »; whose associated prime ideals meet the set S. Then aos = Niaids , 
and this is an trredundant representation of ads as intersection of primary ideals 
an Os . 

We have obviously aos C Nqi0s ; let conversely a be an element of Nagios ; 
for each 7 we may write a = b;/c;, b; €q;, ¢: ¢ S. For each index j correspond- 
ing to av; , we can find an element c; inv; S; we set c = ILc:-I Lc; ; we have 
ce Sanda = b/c, with b e (Niq;) N (Nw,;) whence b € aand ae aos. In order 
to prove that the representation aos = f/),q,0s is irredundant, we observe first 
that it follows from Lemma 2 that the prime divisors associated with the pri- 
mary ideals q; are distinct from each other; moreover an inclusion q;0s C Nizidi0s 
would imply by Lemma 1 that q; C Ny-ziqi : this is impossible. 

Let us now consider the case where 0 does not contain any zero-divisor ~ 0 
and where S is the set of the elements of 9 which do not belong to some given 
prime ideal p. This set is clearly multiplicatively closed; the corresponding 
ring os takes then the name of ‘“‘quotient ring” of the ideal p with respect to 
the ring 0; we shall denote this ring by 0,. It is clear that the factor ring 
0,/po, is the field of quotients of 0/p. 





1 Observe that, if a is any ideal in r, the elements of ao, are of the form az,aea, rer. 
* This means that none of the ideals a; , a; is contained in the intersection of the others. 
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Let us return to the general case, where S is any multiplicatively closed set 
of regular elements of a ring 0. If p is a prime ideal in o which does not meet S, 
it follows from Lemma 2 that 0/p may be identified with a sub-ring of 0s/pog ; 
it is clear that 0s/pos has the same field of quotients as o/p; but, in general, 
0s/p0s will not be itself a field. 


§II. Semi-local Rings 


DEFINITION 1. A Noetherian ring 0 is called a semi-local ring if there exist 
only a finite number of maximal prime ideals in 0. 

Let p:, --* , ~, be all the distinct maximal prime ideals in a semi-local ring op. 
We set a = pi --- »,. We shall define a topology in the ring 0; a subset U 
of o will be called an open set in this topology if it satisfies the following con- 
dition: if u « U, there exists an exponent n (depending upon u) such that u + 
a” C U. It is obvious that any union or finite intersection of open sets in the 
sense of this definition are open; the empty set and 0 itself are open. The usual 
requirements for the definition of a topology are therefore satisfied. If w is 
any element of 0, the sets u + a” form a fundamental system of neighbourhoods 
of u; if we observe that (u + a”) —(v+a")=u-—v+a",(uta’)\v+a"c 
uv + a”, we see that the operations of addition, subtraction, multiplication in 0 
are continuous. Whenever we shall apply topological notions to a semi-local 
ring, it will be tacitly understood that these notions apply to the topology 
we have just defined. 

We shall now prove that the Hausdorf separation axiom holds in our topology. 
It will be sufficient to prove that Nia" = {0}. 

Lemma 1. If 0 is a semi-local ring, an element of 9 which does not belong to 
any one of the maximal prime ideals in 0 ts a unit in o. 

In fact, if we had ow ¥ 0, ow would be contained in some prime ideal of 0, 
and therefore also in some maximal prime ideal, which is not the case. 

Taking Lemma 1 into account, the formula N%_1a" = {0} follows immediately 
from 

Lemma 2. Leta be an ideal in a Noetherian ring 0. The following statements 
are equivalent: 1) no element which is = 1 (mod. a) is a zero divisor in 0; 2) we 
have N%_1a" = {0}.° 

Let n be the ideal N%_,a". We shall prove that n = na. Let na = Nagi 
be a representation of na as an intersection of primary ideals, and let p; be the 
prime divisor of q;. Ifa € p;, we have q::a = q; ; in fact, Ict a be an element 
of a not contained in 9; , and let g be an element of q;:a; we have aq € q: , @ € Yi, 
whence gq ¢q:. Since na C q;, we have n C q; if a € y;. This last conclusion 
holds also if a Cp; ; in fact, we have p; C q; for some k, whence n Ca* C pi Cqi. 
It follows that n C Miq; = na, whence n = na. Let us now take a set of gen- 
erators 1, ++, v, of n; we have »; = >.j-1 a;;v; with a;; € a; the determinant 
6 of the matrix (6;; — a;;) is = 1 (mod. a) and we have 6v; = 0 (1 S$ 7 S r); there- 





3 Cf. Krull, Dimensionstheorie in Stellenringen, J.f.d.r.u.M. 179, 1938, pp. 204-226. 
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fore, if 1) holds, we have v; = 0 (1 S 7 S r), whence n = {0}. Conversely, 
let us assume that there exist two elements a, b such that a ea, b ¥ 0, (1 + a)b = 
0; we have b = —ab = (—1)"a"b ea” for every n, whence ben, n ¥ {0}. 

Since the topology of o is a Hausdorf topology, we may use the notion of limit. 
Since the first countability axiom obviously holds in 0, it will be sufficient to 
consider limits of sequences. We shall say that a sequence (w,) is ‘‘convergent”’ 
if lim,+(Un41 — Un) = 0, ie. if, given any k > 0, we have uns: — Une a’ as 
soon as ” is sufficiently large. 

DEFINITION 2. The semi-local ring 0 is said to be complete if every convergent 
sequence of elements of 0 has a limit in o. 

LemMA 3. Let pi, -:+, pn be the maximal prime ideals in a semi-local ring 0. 
Let a, , «++, & be h given elements of 0, and let n be a given exponent. The system 
of congruences x = a; (mod. p;) has always a solution x, which is uniquely deter- 
mined modulo (p, +--+ y)”. 

It is clear that p; € p;forj #7. Let a; be the ideal IL «:»; :we have a; € p;, 
whence a; + )i = 0, since p; is a maximal prime ideal. It follows that there 
exists an element e; of a; which is = 1 (mod. p;). Set e;, = 1 — (1 — ej)"; 
we have €;,n €@?, in = 1 (mod. p?). The element x = )°j-1 aie;,, is a solu- 
tion of our system of congruences. If x’ is any other solution, we have (x2’ — x) 
i-1 Cin = O (mod. (p: «++ »,)"); by Lemma 1, >>4-; e:,n is a unit in 0, whence 
xz’ — x = O (mod. (p; --- p,)”). 

Proposition 1. Let 0 be a semi-local ring. If 6 is an ideal ¥ 0 in 0, 0/6 


is a semi-local ring. If 0 is complete, 0/6 is complete. 


Let pi, --:, Pa, be the maximal prime ideals of 0 which contain 6, and let 
Di,i1, ***, Px be the other maximal prime ideals of 0. The maximal prime 
ideals of 0/6 are clearly the ideals p;/6 (1 S$ 7 S fy), which proves that 0/6 
is semi-local. Assume that 0 is complete, and let (ux) be a convergent sequence 
of elements of 0/6. The element v= Snes — ux is the residue class of an 
element v, of o which belongs to (pi --+ pa,)™”, with lim,..m(n) = ». If 
j > hk, we have 6 + p; = 09; it follows that p; contains an element @; which is 
= 1 (mod. b). We set vx = vn. (IL j51,0)”"”; let uw, be an element whose 
residue class modulo 6 is u;_; we set U, = w+ » ary ; Un IS a representative 
of the residue class uy , and the sequence (u,) is convergent in 0. Let u be its 
limit; it is clear that the sequence (u%) converges in 0/6 to the residue class 
u* of u. 

Proposition 2. Let 0 be a complete local ring, and let-p; , --- , tn be the dis- 
tinct maximal prime ideals of 0. To every p; (1 S i S h) there is associated an 
idempotent €; in 0, with the following properties: if v¢; is considered as a ring with 
the unit element ¢; , it is a complete semi-local ring whose only maximal prime ideal 
ideal is pie; ; we have ¢; € p; for 7 * 1; the idempotents €;, --+ , €, are mutually 
orthogonal and their sum is 1. 

We make use of the elements e;,, which were constructed in the proof of 
Lemma3._ It follows immediately from Lemma 3 that €;,.41 — @i.n € (Pi --* De)"; 
it follows that each one of the h sequences (e;,,) is convergent, and has therefore 
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a limit ¢;in o. We have é;,n€j,n € (pi -*+ pa)” (fori Xj), 1 — Dojnr ein € (Pi ees 
p,)”, whence ese; = O for? # j andl = ae e;. Since e; = limpn€in, & — 
€:n 18 contained in p; --- p,, and, a fortiori, in p; if n is large enough; if j ¥ 7, 
we have also e;,, € p;, whence e;¢p;. Th ring de; is isomorphic to 0/o(1 — «;); 
Proposition 2 follows therefore from Proposition 1. 

Lemma 4.* Let 0 be a Noetherian ring which does not contain any zero divisor 
~ 0 and let 0’ be a ring which contains 0 as a sub-ring and is a finite o-module. 
If a is an ideal ¥ 0 in 0, we have ao’ ¥ 0’. 

Let us say that m elements 2, --: , Xm of o’ are linearly independent over 
o if the conditions }\7., a2; = 0, a;eo imply a; = 0 (1S ism). If o’ 
= >>*% oy;, with y, = 1, we may extract from the set {y1, --+, yar} a set of 
linearly independent elements {21, --- , Xm} containing x; = y; = 1 and which 
is not properly contained in any other larger sub-set of {y: , --- , yw} composed 
of linearly independent elements. It follows that there exists an element c ¥ 0 
in 9 such that co’ C >°%, ox;, whence ca"o’ C > >7,0"2;. Assume for a 
moment that ao’ = 0’, whence 1 ¢ a”o’ for every n. It follows that c = )°7y 
Cint; With c;,,€a”" (1 S i S m); since 2%, --- , Xm are linearly independent over 
9 and x; = 1, we have c = q%,,€ a” for all n, in contradiction with Lemma 1. 

Remark. The same argument proves that a“o’ Mo Ca”:oc; we shall use 
this remark later. 

Lemma 5. The result of Lemma 4 still holds 2f 0 contains zero divisors. 

It is sufficient to consider the case where a is a prime ideal p. The ideal p 
contains some minimal prime divisor n of the zero ideal. Let {0} = Ni; be 
an irredundant representation of the zero ideal as an intersection of primary 
ideals, v, being the component of n; we have »,:n ¥ »; , whence (v::n) N (Nis1,) 
~ {0}. If cis an element = 0 in the latter ideal, we have cn = {0}, cen. 
Let n’ be the ideal no’ NM 0: we have cn’ = {0}; if n’ were to contain an element »’ 
not contained in n, the equality cv’ = 0 would imply ce», , which is not the 
case. We have therefore n’ = n. Since 0’ is a finite o-module, o’/no’ is a finite 
module over 0/n. By Lemma 4, the ideal generated by p/n in 0’/no’ is ¥ o’/no’, 
whence po’ ~ 0’. 

Proposition 3. Let o be a semi-local ring, and let 0’ be a ring which contains 
9 as a sub-ring and is a finite o-module. Then 0’ is a semi-local ring. If 0 ts 
complete o’ is also complete. 

Let p’ be a maximal prime ideal in 0’; if p = p’ / o, the ring o’/p’ contains 
o/p over which it is a finite module. But 0’/p’ is a field; it follows immediately 
from Lemma 4 that 0/p cannot contain any ideal besides {0} and 0/p itself; 
this means that 0/p is a field, i.e. that p is a maximal prime ideal in 0. More- 
over, 0’/po’ is a finite module over 0/), i.e. is a hypercomplex system over 0/9; 
it follows that there are only a finite number of prime ideals in 0’ which contain 
p. We have therefore proved that 0’ is a semi-local ring. Let a be the product 





4 Lemma 4 is a generalization of a theorem of Krull (cf. Beitrage zur Arithmetik kom- 
mutativer Integritatsberiche, M. Z. 42, 1937, Satz 1, p. 749). 
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of the maximal prime ideals of 0; every prime ideal in o’ which contains a is 
maximal in 0’, which proves that ao’ contains some power of the product a’ 
of all maximal prime ideals of o’. Assume now that 0 is complete, and let (wn) 
be a convergent sequence of elements of 0’; it follows from what we have said 
that vn = Ungar — un ea” ’, with lim,..m(n) = ©. Let y, --- ,» Yn be ele- 
ments of o’ such that 0’ = yy i) we may write v, = > int Un, iyi With vp,; € 
a™”. We set also uy = > » UW,Yi, Uni = Uy + rr Vz,i. Each one of 
the sequences (u,,;) is convergent in 0; if we set u; = lim,..Un,;, the element 
Diet uiyi — U, belongs to a power of ao’ whose exponent increases indefinitely 
with n, which proves that the sequence (u,) converges in 0’ to the limit 
Yi- UY: - 

Lemma 6.°. Let 0 be a semi-local ring, and let 6 be an ideal ino. If a is the 
product of the maximal prime ideals of 0, we have Nr-1(6 + a") = b. 

We know that 0/6 is a semi-local ring and that a + 6/6 is contained in the 
product of the maximal prime ideals of 0/6 (cf. the proof of Proposition 1). 
It follows that N%_1(a + 6/6)” = NFu(a" + 6/6 = {0}, which proves Lemma 6. 

Lemma 7. Let 0 be a complete semi-local ring, and let (6,) be a sequence of 
ideals in 9 such that bn4, Cb, (1 Sn < ©) andNF_, 6, = {0}. If ti, ---, dn 
are the maximal prime ideals of 0, we have 6, € (p, --+ »,)””, where m(n) is an 
exponent which increases indefinitely with n. 

We set a = i --- },; it follows immediately from Lemma 3 that 0/a” is 
isomorphic to the direct product of the rings 0/p; (1 S 7 S h); since p; is the 
only prime ideal to contain p;, p? is a primary ideal. It is well known that the 
descending chain condition for ideals holds in 0/p;; therefore it holds also in 
o/a”. This being said, let h be any fixed integer; we set 6, = N%1(a, + bp). 
It follows from what we have just said that there exists an integer N(h) such 
that a” + 6, = b, for every n = N(h); therefore we have b, = a+ fies : Let 
b, be any given element of 6, ; we define by induction an element bain € Dhin 
in the following way: if b,., is already defined, we represent it in the form 
Grin + Dagnga, With dyin a"*”, Dring € Diingi, and this defines brjngi. Our 
construction shows that the sequence (b,,,) is convergent; let b be its limit. 
We have b,., = 0, (mod. a“) for every n, whence b = b, (mod. a”); on the other 
hand, we have also b = b,4, (mod. a**”), and Dyin € M%_; (a"*" + 6,,), whence 
bea’*" + b,, for every m and n. By Lemma 6, we have b eb, for every m, 
whence b = 0, b, € a", 6, = a”, 6b, Ca’ for n = N(h), which proves Lemma 7. 

Proposition 4. Let 9 be a complete semi-local ring; we denote by ti, +++ , Da 
the maximal prime ideals of 0 and by a the ideal p; --- »,. Let 0’ be a ring which 
contains oasasub-ring. IfN%_1a"o’ = {0}, we have ao’ No = a,a"0’No Ca™”, 
where m(n) is an exponent which increases indefinitely with n. If we assume 
furthermore that 9’/ao’ is a finite module over o/a, 0’ is a complete semi-local ring 
and is a finite 0-module. Moreover, 0 is a sub-space of 0’. 

It follows immediately from Lemma 7 that a”o’ N o C a”™”, with lim... 





5 This Lemma is due to Krull, Satz 2, l.c. note 3), p. 692. 
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m(n) = ». Therefore each p; contains ao’ /M 0, and, a fortiori, (ao’ N o)" 
when n is sufficiently large; since p,; is prime, we have ao’ NM » C G.2%. 2 
follows immediately from Lemma 3 that M1 p; = a, whence ao’ No = 
Assuming that 09’/ao’ is a finite module over 0/a, let 1, --- , va be elements of 9’ 
such that 0’/ao’ = >>4_, 0/a. v? , where v; is the residue class of v; (mod. ao’), 
Every element of o’ is congruent (mod. ao’) to an element of Zant ov;. Let 
also {a,, +--+ ,@m} be a set of generators of the ideal a, and let x be any element 
of o’; we construct by induction d sequences (2;,n)n-0,1,... Of elements of o such 
that x = > 741 2:,,0; (mod. a"o’). We set x;,0 = 0; assume that the elements ,, 
have already been constructed; let &, ---, & be all elements of 0 which may be 


expressed as monomials of degree n in a;, ---, @m; they form a set of generators | 


of a"o’, whence x — Do 421 indi = Doher Yes With yz € 0’; we have yx = D—f21 yuan; 
(mod. ao’) with yg: € 0: we may take ajn41 = Vin + > hea1 Yeite. At the same 
time, we see that each of the sequences (7;,,) is convergent in 0, and has there- 
fore a limit z;. We set 2’ = > > xv; ; Since x; = 2i,n (mod. a”), we have 
x’ — x€a’o’ for every n, whence x’ = x. We have proved that o’ is a finite o- 
module. Proposition 4 follows therefore from Proposition 3 above. 

Let 0 be a complete semi-local ring. Let A be any (finite or infinite) set of 
indices, and assume that we have assigned to every ae A an element wg €0, 
in such a way that, given any k > 0, we have we € a’ for almost all a (i.e. for all 
but a finite number), where a is the product of the maximal ideals of o. Let 
v, be the sum of those élements uz which are not in a‘; the sequence (v,) has a 
limit v in 0, and we shall set v = Doiaes Ue. Such sums are associative; ie,, 
if A is represented as the union of a family of mutually disjoint sub-sets B;, 
we have ) vaca Ua = > 8 (D aezs Ua). 

Let r be a sub-ring of 0; we shall denote by r[[Xi, --- , Xm|] the ring of the 
formal power series in m letters X,,---,X,» with coefficients in r. If F is 
any such power series, we may write F = >>? F,., where F’; is a form of degree k. 
Let a, +--+: ,@m be any m elements of a; the infinite sum wy F(a, , -+* , On) 
has a meaning in 0; we shall set F(a, ---,@n) = Dey Fi.(a,,-++,@m). Itis 
clear that the mapping F — F(a,, +--+ ,@m) is a homomorphism of r{[X1, --:, 
X,,|| into o. If this homomorphism turns out to be an isomorphism, we shall 
say that a, --- ,@» are analytically independent over t. 

We shall now prove that any semi-local ring can be imbedded in a certain 
complete semi-local ring. First, we prove 

Lemma 8. Let 0 be a Noetherian ring. The ring o[[Xi, --- , X,]] of the formal 
power series in r letters X,,--- , X, with coefficients in 0 is a Noetherian ring. 

Let x be the ideal generated by X,,---,X,. The elements of rx” are the 
power series which do not contain any term of total degree < n._ It follows 
immediately that NZ, r" = {0}. If F is any power-series ~ 0, and if Fe f, 
F ¢ x**’ (with the convention that r° is the whole ring), we can find a homo- 
geneous form F* of degree d such that F — F* ¢ r**’, and F* is uniquely deter- 
mined by this condition: F* is called the beginning form of F. Let % be an 
ideal ¥ {0} in o[[X,, --- , X,]]; the beginning forms of the elements ¥ 0 in % 
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generate a homogeneous ideal Y{* in the ring o[Xi, --- , X,]._ The latter ring 
being Noetherian, 9{* has a finite set of generators As y «+, des ; we may assume 
that each A? is the beginning form of an element A; ¢%. Let d;be the degree 
of the form Aj ;if A*isa form ¥ 0 of degree din %*, we may write A* in the form 
> B;Az , where each B; is a form of degree d — d,(B; = Oif d < d,); it follows 
immediately that A* is the beginning form of the element >>; B;A; € Y. 

Let C be any element of Y%; we shall define by induction m sequences 
(Ci.n)n=o,1,... Of forms in the following way: we set C;o = 0 (1 S 7 S m); if the 
elements C;,, have already been defined for k < n, we construct the element 
C — EN dot CinA; ; if this element is 0, we set Ci, = 0 forl Si < m; 
if not, it has a beginning form of degree say e, , and we may write this beginning 
form in the form )°7, C;,,A; , where each C;,, is a form of degree e, — d; 
(Cin = Oif d; > e,). If it happens for some n that all C;,, are 0, A clearly 
belongs to the ideal generated by Ai, ---,Am in o[[Xi,--- , X,]]; if not, we 
have €nai > én for all n, whence lim e, = ~. It follows that to Cin 18 & 
power series C; and we have clearly C = >>; A.C; , which proves that 2% is the 
ideal generated by A,,---,Am. This shows that o[[X,,--- , X,]] is a Noe- 
therian ring. 

Let (F,,) be any convergent sequence of elements of our ring such that F,4, —F, 
belongs to a power of r whose exponent increases indefinitely with n. If M 
is any monomial in X,, --- X,, the coefficient a(M; F,) of M in F, remains 
constant when n is sufficiently large; let a(M/) be this constant value. The 
sum >> a@(M)M, extended over all monomials, represents a power series F; 
we shall set F = >°? F,. 

Let now 0 be any semi-local ring; we denote by a the product of the maximal 
prime ideals of » and by {a, --- ,@m} a set of generators of a. We construct 
with m letters X,,--- , Xm the ring o[[Xi, --- , Xml] of the power series with 
coefficients ino. If F = > *F; is an element of this ring (with F;, homogeneous 
of degree k), we set u,(F) = pee F(a; , +++ ,@m), and we denote by n the 
set of the power-series F for which we have lim,4. Un(F) = 0. We see at once 
that n is an ideal in of[X,, --- , Xml]. We set 5 = of[X1,---,X-»]]/n. The 
ring 0 is a sub-ring of o[[X, , --- , X»]] and has obviously only 0 in common with 
i; we may therefore identify o with the sub-ring of 5 upon which it is mapped 
isomorphically in the natural mapping of o[[X1, --- , X]] onto 5. Let rx be 
the ideal generated by X,, --- , Xm in of[X,, --- , Xn], and let @ be the ideal 
r+n/nind. We have clearly X; = a; (mod. n) (1 S 7 S m), whence a = ad. 
We shall prove that a” M » = a”. Let y be any element of 4" / 0; y is the 
residue class modulo n of a power series F such that F er", F — yen; since 
limy0 (u.(F) — y) = 0, there exists an index N > n such that y = uy(F) 
(mod. a”); since F er", we have uxy(F) = > ten Fi(ai, ++ ,@m) € a", whence 
yea", which proves our assertion. 

It is clear that, if wed and n is given > 0, there always exists an element 
wu’ eo such that wu — u’ ea". Since af o = a, it follows that 5/a is isomorphic 
with o/a. If » is any maximal prime ideal in 0, we have 4 C pi, and 5/pd is 
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isomorphic with o/p; it follows that pd is a maximal prime ideal in 5. Any 
element u of 5 which is = 1 (mod. @) is a unit; in fact, w is the residue class 
(mod. n) of a power series of the form 1 + X, with X er; such a series has an 
inverse in o[[X,, --- , X»|], which can be represented by the series 1 — X + 
X* — --- +(—1)"X" + ---; it follows that wu has an inverse in o. If jis any 
maximal prime ideal in 0, we have therefore 1 ¢ p + a, whence a C §, and it 
follows that $ is of the form pd, p being some maximal prime ideal in 9. We 
know that 5 is Noetherian by Lemma 8; it follows that 5 is a semi-local ring. 
If (wn) is a sequence of elements of 5 which is convergent in 5, we have uns — 
u, ea”, with lim,...m(n) = ©. It follows that un41 — Un is the residue class 
modulo n of a power series V,¢ x". The sum > f V, represents a power 
series V; if v is the residue class of V, we have clearly uw + v = lim, Un , Which 
proves that 5 is complete. 

Let now o* be a complete semi-local ring which contains 9 as a sub-ring and is 
such that a is contained in the product a* of the maximal prime ideals of o*. 
Let F be any element of o[[X1, --- , Xml]; the sequence (u,(F)) is convergent 
in 0, and therefore also in 9*; as such it has a limit 6,(F) in 0*; 6, is clearly a 
homomorphism of o[[X,, --- , Xm]] into o* and maps n onto {0}. It follows 
that 6, defines in a natural way a homomorphism @ of 5 into 0* which maps every 
element of o upon itself. The ring @(5) is contained in the adherence of 0, 
considered as a sub-set of 9*; on the other hand, @(6) is a complete semi-local ring; 
it follows immediately from Lemma 7 that 6(6) is a sub-space of o*. Since 
6(5) is complete, it must be a closed sub-space of o*- @(5) is therefore the ad- 
herence of 0 in o*. 

If » is everywhere dense in 9*, we have 6(5) = o*. We may observe also 
that, in this case, the condition a C a* is automatically verified. In fact, 
o*/a* is isomorphic to 0/a* M o, which proves that every prime ideal of 0 con- 
taining a* / 0 is maximal in 0, and that a* M 0 is the product of these prime ideals, 
whence a C a*¥f 0. 

If 0 is a sub-space of o*, it is clear that the elements of n are the only ones to be 
mapped on 0 under 6; in this case, 6 is therefore an isomorphism. We have 
proved 

TueorEM 1.° Let 0 be a semi-local ring. There exists a complete ‘semi-local 
ring 0 containing 5 as a sub-ring and a sub-space in which 5 is everywhere dense. 
If 0; is another ring with the same properties, there exists an isomorphism of ~ with 
0, which maps every element of 0 upon itself. If o* is any complete local ring 
containing 0 as a sub-ring, and if the product of the maximal prime ideals of 0 18 
contained in the product of the maximal prime ideals of o*, the adherence of 0 in o* 
is a complete local ring which is a homomorphic image of 5. If 0 is a sub-space of 0*, 
the adherence of 0 in 0* is isomorphic with 5. 

DEFINITION 3. The ring d which is described in Theorem 1 is called the comple- 
tion of the semi-local ring 0. 





6 Theorem 1 is a precision of Satz 14 of Krull, l.c. note 3), p. 692. 
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Proposition 5. If 6 is an ideal in a semi-local ring 0, and if 5 is the completion 
of 0, we have b5 0 = b. The ring 5/65 is the completion of 0/6. 

Let {b1,---+,0m)} be a set of generators of 6; if we bifMo, we have 
u = > 241 bi; , ui €5; if n is any given exponent, we can find elements uj,» € 0 
such that wu; = Ui,n (mod. a"5), where a is the product of the maximal prime 
ideals of 0. We have b — >>; biuin € a5 M0 = a” (cf. the proof of Theorem 1), 
and >; biuin€b, whence web + a”; by Lemma 6, we have ub, whence 
66M o = b. It follows that 5/65 contains 0/6 as a sub-ring; this sub-ring is 
clearly everywhere dense. The product of the maximal prime ideals of 0/6 is 
a + 6/b; the product of the maximal prime ideals of 5/65 is a + 65/65. Let u* 
be any element of (a + 65/65)" M 0/6; u* is the residue class modulo 65 of an 
element uea’d and is also the residue class modulo 6 of an element w’ € 0. 
Since b5 C b + ab, there exists an element b ¢ 6 such that u’ — be a"i No = a” 
whence u* e (a + b/b)”. We have proved that (a + 6d/65)"N o/b + (a + 6/6)”, 
which shows that 0/5 is a sub-space of 5/65: Proposition 5 is proved. 

Proposition 6. Let 0 be the completion of a semi-local ring 0. If an element 
u €o is not a zero divisor in 0, it is not a zero divisor in 5. 

Assume that w = 0,v ei. If ais the product of the maximal prime ideals 
in 0, we can find for every n > 0 an element v, € 0 such that v — v, €a"5. We 
have wv, €ua"d Mo = ua”. Since wu is not a zero divisor in 0, it follows that 
v, € a", whence v = 0, which proves Proposition 6. 

Lemma 9. Let a be the product of the maximal prime ideals in a semi-local ring 
o, and let c be an element of 0 which is not a zero divisor. Then a”:oc is contained 
in a power of a whose exponent increases indefinitely with n. 

Let 5 be the completion of o. If wea’d:icfor very n > 0, we have 
cu eM, a"3 = {0}, whence u = 0 by Proposition 6. By Lemma 7, we have 
a"d:3e C a””5, with lim,... m(n) = «©. Lemma 9 follows if we observe that 
a":oc C a"d:dcN o. 

Proposition 7. Let 0, 0’ be two semi-local rings on which we make the following 
assumptions: 0’ contains 0 as a sub-ring and is a finite o-module; no element ¥ 0 
in 0 is a zero divisor in 0’. Let 5, 5’ be the completions of 0, 0’ respectively. Then 


5 is a sub-ring of 3’ (up to an isomorphism); if o' = > .710y:, we have 
v= ori dy:. If m elements 21, +--+ , Xm of 0’ are linearly independent over 0, 


they are also linearly independent over 3. If an elemeni of 5 is a zero divisor in 0’, 
it 7s already a zero divisor in 5. 

It follows from Lemma 9 and from the remark which follows the proof of 
Lemma 4 that 0 is a sub-space of 0’, and therefore also of 5’. By Theorem 1, 
we may assume that 5 C5’. ‘Set 5; = 507; oy; ; 51 is a finite 5-module, and is 
therefore a complete semi-local ring. If a is the product of the maximal prime 
ideals of 0, ad’ is contained in every maximal prime ideal of 0’, and therefore 
ad’ is contained in every maximal prime ideal of 5’ whence N%.; a"d’ = {0}. 
It follows from Lemma 7 that 5; is a sub-space of 5’; since 5; is complete, it is a 
closed sub-set of 5’; since o’ C 5; , we have 3’ = 31. 

If the elements 2, --- , Xm are linearly independent over 0, we may extend 
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the set {a1, +--+ ,2%m} to a maximai set of linearly independent elements (for 
instance by adjoining some of the elements y;). We may therefore assume 
without loss of generality that the set {x , --- 2m} is already a maximal set of 
linearly independent elements. It follows that there exists an element c ¥ 0 
in o such that co’ C }o%, oz;. This being said, assume that }°7, wax; = 0 
(u;¢5). Forevery n > 0,we can find elements w;,, € 0 such that u; — Win € a"5, 
whence >> fi Uinti € Do 0"0'%; N 0’ Ca"o’. It follows that }°74 cuinxe 

yer "2X; , Drea CUinti = > 1Qinti, A,€a". The elements 2; being 
linearly independent over 0, we have cujn = Gin €Q", Uine asc Ca” with 
lim,.. m(n) = «© (by Lemma 9). It follows that u; = limn.. Uin = 0, which 
proves that 2, --- , 2m are linearly independent over 5. 

Let u be an element of 5, and assume that wy = 0, ved’. Using the same 
notations as above, we may write cv = ye Ui; , U; €5, Whence A UU; = 
0,uu;=0(1 Sis™m). If wis nota zero divisor ini, we have u; = O07 Sis 
m), whence cv = 0 and v = 0 by Proposition 6. 

PRoposiTIoN 8. Let 0 be a semi-local ring which does not contain any zero 
divisor ~ 0, and let p, , --- , p, be the maximal prime ideals of 0. Let 0; be the 
quotient ring of »; with respect too. The completion of 0 is isomorphic to the direct 
product of the completions of the rings 0; . 

We use, for the ring 5, the notations of Proposition 2. It follows from Proposi- 
tion 6 that oe; is a ring which is isomorphic with 9. Let a be an element of 09 
which does not belong to.p; ; since p; is maximal in 0, there exists an element 
b eo such that ab = 1 (mod. p,;); it follows that abe; has an inverse in be; ; this 
means that de; contains the quotient ring o,€; of p;e; with respect to oe;. This 
quotient ring is clearly everywhere dense in 5e;. Let a be an element of o such 
that ae; € pjde; ;we have a = ae; + a(1 — e;) € p75, since 1 — e; € p7d for everyn; 
it follows that ae; ep7e;. The ideal p75 /N o;€; is an ideal of 0;¢; whose intersection 
with oe; is pje; ; by Lemma 2, §I, p. 691, this ideal is p/o;e; , which proves that 
0;€; is a sub-space of be; ; de; is therefore the completion of o;€e; , which proves 
Proposition 8. 


§III. Local Rings 


The notion of local ring has been introduced by Krull.’ He has defined a 
local ring as being a Noetherian ring in which the non-units form an ideal. 
The local rings which we shall consider in this paper are however of a more 
restricted type. Before defining them, we make the following observation: 
if a ring o contains a field K as a sub-field, and if m is an ideal in 0, the field K 
is mapped isomorphically under the natural mapping of 9 onto o/m, and there- 
fore K may be identified with a sub-field of the ring 0/m. This being said, we 
set up the following definition: 

DEFINITION 1. A local ring is a Noetherian ring 0 which satisfies the following 
conditions: a) the non-units in 0 form an ideal m; b) the ring 0 contains a sub- 





7 Cf. Krull, l.c. note 3), p. 692. 
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field K with infinitely many elements’ such that 0/m is a finite K-module. The 
ring 0/m, which is necessarily a field, is called the field of residues of 0. Any 
sub-field K of 0 which satisfies condition 2) is called a basic field of 0. 

DEFINITION 2. Let 0 be a local ring, and let m be the ideal of non-units in 0. 
We shall say that 0 ts of dimension r if it is possible to find a set of r elements of 
0 which generates an ideal which is primary for m, but if it is impossible to find a 
set of less than r elements with the same property. Any set of r elements which 
generates an ideal which is primary for m is then called a system of parameters in 0.” 

We include in this definition the case r = 0 by making the convention that the 
ideal generated by the empty set is the zero-ideal. 

Since m is a maximal prime ideal, the condition for an ideal of being primary 
for m is clearly equivalent to the condition of containing some power of m. 
Therefore, a local ring of dimension 0 is a local ring in which every non-unit is 
nilpotent. 

Proposition 1. If a ring 0’ is a homomorphic image of a local ring 0, it is a 
local ring and we have dim 0’ S dim 0. In the case where dim 0’ = dim 0, the 
images in 0’ of the elements of a system of parameters in 0 form a system of param- 
eters in 0’. 

By Proposition 1, §II, p. 693, we know that 0’ is a semi-local ring; the only 
maximal prime ideal of 0’ is clearly the image of the ideal of non unitsino. The 
image of a basic field of 0 is a basic field of 0’, which proves that 0’ is a local ring. 
If x1, °-+ , 2, are elements of 9 which generate a primary ideal for the ideal m 
of non units, their images in o’ generate an ideal which is primary for the ideal of 
non units of 9’, which proves Proposition 1. 

Since a local ring is also semi-local, we may use the notions of ‘‘complete’’, 
or of ‘completion’, (and more generally all the topological notions), in con- 
nection with a local ring. 

Proposition 2. The completion 5 of local ring 0 of dimension r is a local ring 
of dimension r. Any system of parameters in 0 is also a system of parameters in 5. 

If m is the ideal of non units in 0, we know that 5 is a semi-local ring in which 
every maximal prime ideal contains md; since 0 is everywhere dense in 5, 5/md is 
isomorphic with 0/m, i.e. is a field. It follows that md is prime and that a basic 
field of o is also a basic field of 5:5 is a local ring. The elements of a system of 
parameters in 0 generate in 5 an ideal which is primary for md. Let conversely 
{%1,---,%} be a system of parameters in 5, and assume that J = iat oF; 
contains m’d. We can find s elements 2,, --- , 2, in 0 such that 2; = Z; (mod. 
m5) (1 si <s). If we set q = > j-1 5x;, we have § Cq + m°"S, and, 
by induction, ms C q + m‘*"5 for every n. By Lemma 6, §II, p. 695, it 
follows that m*s C q, m’ CqNo = >- 3-1 oz; , which proves that 0 is of dimension 
< s. Proposition 2 is proved. 

ProposiTIon 3. Let 0 be a complete local ring and let m be the ideal of non units 





§ This restriction is not really necessary, but makes some of the arguments simpler. 
* This definition of the dimension is equivalent to the one given by Krull, l.c. note 3), 
p. 692. (Cf. The appendix at the end of this paper.) 
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in 0; of there exists a basic field K of 0 such that o/m is separable over K, K is 
contained in a sub-field K’ of 0 which is a complete system of representatives for the 
residue classes of 0 modulo m.” 

Let ¢ be an element of 0 whose residue class modulo m generates o0/m over K, 
There exists an irreducible polynomial F(Z) with coefficients in K such that 
F(¢) = 0 (mod. m), dF/dZ(¢) # 0 (mod. m). It follows that dF'/dZ(¢) has an 
inverse a in 9. We shall construct by induction a sequence of elements ¢; € 9 
such that F(¢,) = 0 (mod. m’). We set ¢; = ¢; if ¢ is already constructed, we 
set f:11 = £% — aF(&); it follows immediately from the Taylor expansion 
theorem that F(¢.4:1) = 0 (mod. m™”). Moreover our construction shows that 
the sequence (f;) is convergent; if ¢,, is its limit, we have F(¢,.) = 0. Since 
¢.. is algebraic over K, we have K(f.) = K[f,,] C 0, and K(¢,,) is clearly a com- 
plete system of representatives for the classes modulo m. 

ProposiTIon 4. Let o be a complete local ring, and let {x,,---,x,} bea 
system of parameters ino. If K is a basic field of 0, the elements x, --- , x, are 
analytically independeni over K. 

Proposition 3 will follow immediately from 

Lemma 1. Let o be a local ring; let {a,,---,2x,} be a system of parameters 
in 0; let F be a form of degree d in r letters with coefficients in 0; if one at least of the 
coefficients of F does not belong to the ideal of non units m of 0, we have F(x, , --- , 2,) 
ex°"', where ¢ = Doin 02; .” 

Assume for a moment that F(x, --- ,2,) € x°*’; let F* be the form with 
coefficients in 9/m which is deduced from F by reduction of the coefficients 
modulo m; since 0/1 m contains infinitely many elements, | we can find r — 1 
elements a; , --- , a-_; of this field such that Pte, , «-* 4, 1) - 0; we select 
for eachi(l1Sisr-—l)a representative ai € 0 of the class a; , and we set 
a; = %; — aw,. Let x’ be the ideal p ee: 1or;. We have F(1,---,2,) = 
F(a,, +--+ ,@,-1, 1)x? (mod. xr’) and F(a, --- , a,-1, 1) is a unit; it tolienes that 
ater’ + x“; since r* C x’ + ox? , we have x? C x’ + x**, whence, by induc- 
tion, x? C x’ + r**” for every n; by Lemma 6, §II, p. 695, it follows that 
r° C x’, whence m™ C 2’ for some h, which would imply dim 0 < r. 


Proposition 5. Let o be a complete local ring, and let x; , --+ , Xm be elements 
of 0 which generate an ideal which is primary for the ideal m of non-units in 0. 
Then 0 is a finite module over K{[x,, «++ , Xml]. 


This follows immediately from Proposition 4, §II, p. 695. 

Proposition 6. Let 0 be a local ring, and let a be an ideal in o. If a contains 
an element which is not a zero divisor in 0, we have dim 0/a < dim 0. 

Let 5 be the completion of 9; we know that 5/ad is isomorphic with the com- 
pletion of o/a (Proposition 5, §II, p. 699). Moreover ad contains an element 
which is not a zero divisor in 5 (Proposition 6, §II, p. 699). It follows that it 





10 Mr. Cohen has proved that every complete local ring (in the sense of the definition 
of Krull) which contains a field contains a field which is a complete system of represen- 
tatives for the residue classes modulo the maximal ideal. 

11 It can be proved that Lemma 1 still holds for any local ring in the sense of Krull. 
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js sufficient to prove our assertion in the case where 0 is complete. Let K be 
a basic field of 0, and let {2,, --- , 2} be a system of parameters in o. If y 
is an element of a which is not a zero divisor, y is integral over K[[x,, --- , 2,]] 
by Proposition 5: there exists a relationship of the form y” + by” + «> 
+b, = 0, with b; e K[[a, --- , z,]] (1 S ¢ S m); since y is not a zero-divisor, 


we may assume that b,, = F(x, ---,2;) #0. We have b,, € a, whence F(z}, 
/ . / 7 ° 

.-»,2@,) = 0, if m1 , ---, 2, are the residue classes of 2, --- , 2, modulo a. 

By Proposition 4 above, it follows that ti, °*:, a, do not form a system of 


parameters in o/a, whence dim o/a < r by Proposition 1. 

Proposition 7. Let x1, «++, Lm be elements of a local ring 0 of dimension r 
which generate an ideal which is primary for the ideal m of non-units in 0. Let 
K be a basic field of 0; it is possible to find r linear combinations of x1, +--+ , Xm 
with coefficients in 9 which form a system of parameters in 0. 

We proceed by induction on r._ The result is trivial for r = 0. Assume that 
r > 0 and that our result holds in local rings of dimension r — 1. Let r be the 
ideal >0%, ox; , and let c be the set of the elements c ¢ such that crx* = {0} 
holds for some a. It is clear that c is an ideal; since it has a finite set of gener- 
ators, we have cr*® = {0} for some ay ; if m” C x, we have mc = {0}, whence 
cot? — {0}, since c C m. We set o’ = o/c, and we denote by Ti, °°? En 
the residue classes of x1, --- , Xm moduloc. If c’ €o’, the conditions cx; = 0 
(1 <i m) imply c’ = 0. Let m, ---, n, be the prime divisors of the zero 
ideal in o’: none of these ideals can contain all the elements x; at the same time. 
Let I be the vector space over K spanned by tM, yam EM: = MN, 
we have M@; ~ Mt (1 S 7 S g); since K contains infinitely many elements, we 
can find a linear combination y} of 21, °°, z, With coefficients in K which 
does not belong to any one of the sets Mt;: yi is not a zero-divisor in o’. We 
denote by r’ the dimension of 0’, whence 7’ S r. Let 0” be the ring o’/o’y; : 
we have dim 0” < 1’ by Proposition 5. If y2, --- , y, are elements of 0’ whose 
residue classes modulo 0’y; form a system of parameters in 9”, it is clear that 
the ideal }~_; o’y; is primary for the ideal of non-units in 0’, whence s + 1 S 1’. 
It follows that s = 7’ — 1. In virtue of our induction assumption, we may 
take for yz, --- , Ym, linear combinations of 21, °** , Lm With coefficients in K; 
the elements y; , --- , y form a system of parameters in 0’ which is composed 
of linear combinations of 2;, --- , 2» With coefficients in K. Let y1, --+, yr 
be linear combinations of x1, --- , 2m With coefficients in A belonging respec- 
tively to the residue classes yi, °°: , y-- modulo ¢, and let mo be any prime 
ideal containing yi, --- , y. The ideal of non-units in o’ being m/c, we see 
that m’ C m + cforsome k. It follows that m*“"*” C my, whence my = m, 
which proves that r’ = r and that y:, --- , y, form a system of parameters in 0. 

Coro.tuary. Let o be a complete local ring, and let K be a basic field of 0. If 
1, +++, 2, are elements of » which are analytically independent over K and such 
that 0 is a finite module over K[[x1 , «++ , x;]], these elements form a system of param- 
elers in 0. 

Let m be any prime ideal in 0 containing 2, --- , x, ; the ring o/m is a finite 
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module over A[[z:, ---, x,]]/K[{[ai, ---, J] N m = K; since 0/m is a ring 
without zero divisors ~ 0, 0/m is a field, which proves that m is the ideal of 
non-units ino. By Proposition 7, we can form s linear combinations y , ---, y, 
of 41, --:, 2, with coefficients in K which constitute a system of parameters 
in 0; since A[[x,, ---, 2,]] is a finite module over K[[y:, ---, ys], we must 
obviously have s = r, which proves the corollary. 

Proposition 8. Let 0’ be a ring which contains a complete local ring 0 asa 
sub-ring and is a finite o-module. If 0’ has no zero divisor # 0, 0’ is a complete 
local ring. If m is the ideal of non-units in 0, mo’ is primary for the ideal of 
non-units in 0’. 

By Proposition 3, §II, p. 694 we know that 0’ is a complete semi-local ring 
and that mo’ contains a power of the product of all maximal prime ideals 
nv’ of o’. By Proposition 2, §II, p. 693, we see that, o’ having no zero-divisor 
~ 0, there can exist only one prime ideal m’. Proposition 8 then follows im- 
mediately. 

DEFINITION 3. A local ring 0 is said to be regular” if the ideal m of non-units 
in 0 can be generated by a system of parameters; such a system of parameters is 
then said to be regular. 


From now on, we shall denote by 0 a regular local ring and by {x, --- , 2, 
a regular system of parameters in 0. 
It is clear that the completion of o is again regular; if {w, --- , wa} is a set 


of elements of o whose, residue classes modulo m form a linear base of o/m 
with respect to a basic field of 0, we have 5 = > i-1 K{lai, °°, t-]Ju:."* Every 
element a ¢ m* may be written in the form F(x, ---, 2,), where F is a form 
of degree k with coefficients in 0; by Lemma 1, the form F* deduced from F 
by reduction of the coefficients modulo m is uniquely determined when a is 
given; this form is null if and only if a e m‘**. It follows that, if a e m’, a ¢m'™, 
bem’, bem’, we have abe m'*'™. In particular, a regular local ring has no 
zero divisor ~ 0. 

Let now a be the ideal generated in 0 by 11, --- , %,-s, Where s < r. The 
residue classes x7, -+- , @) Of 2-541, °** , @ modulo a generate the ideal of 
non units in 0/a; conversely, if y,;, ---, ye are elements of o whose residue 
classes modulo a form a system of parameters in 0/a, the ideal generated by 
1, °'', Ure, Yr, °**, Ye is primary for m, whence dim 0/a = t 2r—s. It 
follows that o/a is regular and that #7441, ---, x; form a regular system of 
parameters in 0/a. Since o/a has no zero divisor # 0, a is prime. 

Conversely, let p be a prime ideal in 0 such that 0/p is regular, and let yi, 

- , ys be elements of » whose residue elasses modulo p form a regular system 
of parameters in 0/p. We can express y; in the form >>); a;;x;(ai; € 0); let 
ai; be the residue class of a;; modulo p. Since the residue classes x1 , --- 2 a 
of x1, --+, 2, clearly form a system of generators of 0/p, we have also x; = 





12 This notion corresponds to the notion of “‘p. Stellenring” of Krull, l.c. note 3), p. 692. 
We use the word “‘regular’”’ because these rings occur in the theory of the regular points of 
an algebraic variety. 

13 Cf. the proof of Proposition 4, §II, p. 695. 
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Lit bixye; let A*, B* be the rectangular matrices (aii), (b},), and let C* = 
(cis) be the matrix A*B*. We have yi = Vinci Cix Yi; ; by Lemma 1, we have 
cx = 5% (mod. m/p). It follows that the determinant of C* is a unit, which 
proves that one at least of the determinants of order s extracted from A* 
is a unit; we may assume without loss of generality that this happens for the 
determinant of the s last columns. We may then express 2.41, °**, 2r 
as linear combinations of y., «++ , Ys, %1, *** , Xs With coefficients in 0, whence 
m= Di 104; + Donat Op Let bj, be a representative in o of the residue 
class Dit modulo p; we set x, = a, — doin bane ye It is clear that Ae a RH 
Ye Ti,°°° . anol is a regular system of parameters in o and that zy, € pds 
hesr- ‘a. The ideal p’ = oii ox, is contained in p; we know already that 
it is a prime ideal and that dim 0/p’ = s = dim 0/p. By Proposition 6, it fol- 
lows that p = p’. We have therefore proved the following results: 

Proposition 9. Let 0 be a regular local ring. Then 0 does not contain any 
zero divisor # 0. If {xa1, --+, 2,} is a regular system of parameters in 0, and if 
s < r, the ideal generated in 0 by 21, «++ , 2s is prime and the factor ring of 0 
by this ideal is regular of dimension s. Conversely, let » be a prime ideal in 0 
such that 0/p is regular, and let y,, --- , ys be elements of » whose residue classes 
modulo » form a regular system of parameters in 0/p. Then we can find r — s 
elements in 0 which form a set of generators of » and which, together with y:, ---, 
ys, form a regular system of parameters in 0. 


§IV. Definition of the Multiplicity 


Lemma 1. Let S bea hypercomplex system over a a field K, and let {0} = Niu a: 
be an irredundant representation of the zero-ideal in S as an intersection of primary 
ideals. If u; is the prime divisor of qi, we have [(S:K] = 503.1 [S/ui:K)-L;, 
where l; is the length of 4: . 

It is well known that © is the direct sum of g ideals ©; = Ge; , where each ¢; 
is an idempotent and ©; is isomorphic (as a ring) with © S/ai ; S; may be con- 
sidered as a “primary” hypercomplex system over Ke; , in which the only prime 
ideal is u; /q;. It follows that it will be sufficient to prove the lemma in the 
case where g = 1. We then set u: = u, 4 = I, and we have to prove that [S:K] 
= [S/u:R]-1. Let us form a chain of 1 + 1 ideals t,t, --- , v:, beginning 
with ¥) = {0}, ending with »; = S, such that v;. Cv;, via ¥ v; and that no 
further ideal can be inserted between vj. andv;(1 Sj SJ). Letv;(1 <7 SI) 
be an element of »; not contained in v1; we have clearly vp; = Su; + --- + Su;. 
We shall prove that uv; C v;; ; in fact, the ideal vj: + uv; is either equal to 
»;-1 (in which case our assertion is proved) or to »; ; in the latter case, we would 
have v,;(1 + u) € »;-1 for some u € u, which is impossible because 1 + uw is clearly 
aunit in S. It follows that v,v/;1 may be considered as an (G/u)-module. 
Every (G/u)-sub-module of »,/v;-1 is of the form v/v;. where » is an ideal 
in S such that vj. C » C »;; therefore v/jp;1 is an (G/u)-module of dimen- 
sion 1, whence [vj/v;1:K] = [G/u:K]. Since [S:K] = 04.1 [vj/v;1:K], 
Lemma 1 is proved. 

Lemma 2, Let x be a local ring of dimension 1 in which the ideal of non units 
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ts principal, and let x be a generator of this ideal. Let 0 be a ring containing r 
and which is a finite r-module. Assume that no element ¥ 0 if r is a zero divisor 
ino. Let xo = Mui 4; be an irredundant representation of xo as an intersection 
of primary ideals in 9. We have [o:t] = ) 4-1 [o/ui:t/xr]-l; , where u; is the as- 
sociated prime ideal of q; and where l; is the length of q; .”* 

It is clear that every ideal in r is principal and is generated by some power 
of x. It follows that o has a linear base {w,, ---, wa} over r (the elements 
@1, *** , wa being linearly independent over r). Since u; + o and since zr 
is a maximal prime ideal in r, we have u;M r = xr (1 Si S g). The ring 
o/xo is a finite module over the field r/xr; this means that 0/z0 is a hypercomplex 
system over r/xr. It is clear that the residue classes of w;, --- , w¢ modulo zo 
form a linear base of 0/xo over r/xr, whence [o/xo:r/xr| = [o:t]. 

It is clear that {0} = M%_1 q;/xo is an irredundant representation of the zero 
ideai in 0/ro as an intersection of primary ideals and that the associated prime 
ideal of 4;/r0 is u;/xo. The length of q;/xo is equal to 1; , because there exists 
a one-to-one inclusion preserving correspondence between the ideals containing 
qi in o and the ideals containing q;/x0 in 0/xo. The field (0/x0)/(u;/x0) is iso- 
morphic to 0/u; ; therefore Lemma 2 follows immediately from Lemma 1. 

THEOREM 2. Let 0 be a complete local ring which does not contain any zero 


divisor ~ 0, and let {2,, --- , 2} be a system of parameters in 0. There exists 
an integer e = e(0; 21, --- , X,) which has the following property; if K is any basic 
field of 0, we have [o:K[[x1, --- , x,]]] = e. [o/m:K], where m is the ideal of non 
units in 0. ° 


The proof proceeds by induction on the dimension r of 9. If r = 1, the result 
follows immediately from Lemma 2. Assume that r > 1 and that the result 
holds for the dimension r — 1. If K is a basic field of 0, anelement of the form 
a; F (a1, +++, ri) (where F is a power series with coefficients in K) is not 
integral over K[[x,, --- , 2,]] (because this ring is integrally closed) and there- 
fore does not belong to 0; it follows that 2,0 K[[a, ---, 2,-]] = 2-K[lai, +--+, a,]j. 
The ideal x,0 contains some power product of prime ideals in 0; if every one of 
these prime ideals were to contain an element ~ 0 of K[[x, ---, 2-:]] the same 
would hold for x,0 (because K[[x1, ---, 2--1]] has no zero-divisor ~ 0); this is 
not being the case, there exists at least one prime ideal u in 0 containing 2, 
and such that ufM K[[zi, --- , 2-1]] = {0}. If wis any such ideal, the residue 
classes 21, °+* , 2-1 Of 4, -++ , 2,1 modulo u are analytically independent over 
K and 0/w is a finite module over the ring K (fz, -** , t-—a]], whence dim 0/u = 
r — 1, by the corollary to Proposition 7, §III, p. 703. Conversely, if u is a 
prime ideal . ~ntaining x, and such that dim 0/u = r — 1, the residue classes 
of 21, --+ , 2,1 modulo u obviously form a system of parameters in 0/u, whence 
uf K[[zi, ---, tal] = {0}. We see that the prime ideals u containing 2, 
and which satisfy the latter condition are characterized independently of the 
basic field K; it follows immediately from Proposition 6, §III, p. 702 that any 





14 We denote by [9:r] the maximum number of elements of 0 linearly independent over t. 
This is also the dimension of the ring of quotients of 0, considered as a vector space over 
the field of quotients of r. 
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one of these ideals is a minimal prime divisor of x,0, which proves that there are 
only a finite number of them, say 1, --- , Uy ; moreover there corresponds to 
every u; a uniquely defined primary component »v; of z,0; we denote by J; the 
length of v;. Since o/u; is of dimension r — 1, our induction assumption 
guarantees the existence of a number e; = e(0/u; ; %1,;, *** , tr1,;) (where 2j,; 
is the residue class of x; modulo u,;) such that [o0/u;:A[[a,;, «++ , %—-1,,]]] = e;- 
[(o/u,)/(m/u,):AK]. We shall see that the number e = >. ; el; has the required 
property. 

We denote by S the set of the elements ~ 0 in K[[a,, --- , x,1]]; S is multi- 
plicatively closed and no element of S is a zero divisor in 0; it follows that we 
can construct the rings of quotients os of 9 and r of K[[z,, --- , 2,]] with respect 
to S. The ideals u; are all the prime divisors of xo which do not meet S; by 
Lemma 3, §I, p. 691, z,0s = M%_10;0s is an irredundant representation of 2,0 
as intersection of primary ideals in os, and vj0s is of length 1;. The ring r 
is clearly a local ring of dimension | in which the ideal of non units is generated 
by 2, ; since 0 is finite over K[[x , --- , 2]], 0s is finite over r. The field os/uj0s 
is the field of quotients of o/u;, whence [os/uj0s:r/ujos NM r] = e; -[(0/u,) / 
(m/u,;):K] = e,fo/m:K]. By Lemma 2, we have [os:r] = e[e/m:K], which 
proves Theorem 2 for the dimension r, since [os:r] = [o:K[[a, ---, 2;]]]. 

DEFINITION 1. Jf 0 is a complete local ring without any zero divisor ¥ 0, 
and if {a,, --+ , t,} is a system of parameters in 0, the number e(0; %1, -++ , 2) 
whose existence is asserted in Theorem 2 is called the multiplicity of 0 with respect 
to the system {a1, +++, Zr}. 

It is clear that this multiplicity is an invariant of the ring K[[z, --- , 2,]], 
where K is any basic field of ». We shall prove that it is also an invariant of 
the ideal >°7_1 oz; . 

Proposition 1. Let o be a complete local ring which does not contain any zero 
divisor ~ 0. If {a1, +--+, 2} and fai, «++, 2,} are two systems of parameters 
in 0, the equality I or; = 5 ox; implies e(0; 41, -+- , t,) = e(0; ti, °°*, Zr) 

We set x; = ).%-1 4:40; (a;; € 0), and we denote by m the ideal of non-units 
ino. One at least of the elements a;; does not belong to m, because otherwise 
we would have >7j ox; © m(>.j ox,), which is clearly impossible if }0i or; = 
p ox;. We may assume without loss of generality that a,, ¢ m; it follows that 
a,, is a unit, whence a, € >.j-1%;0 + 2,0 and Doior; = Doici ox; + ox,. It 
follows that, if r > 1, it is sufficient to prove Proposition 1 under the supple- 
mentary assumption that {2,, ---, x} and {21, ---, 2,} have an element in 
common. 

This being said, we prove Proposition 1 by induction on r. If r = 1, Lemma 
2 shows that e(0; 2:) is the length of the primary ideal ox; , which proves Propo- 
sition 1 in this case. Assume now that r > 1 and that x, = z,. Making use 
of the notations of the proof of Theorem 2, we see that it is sufficient to prove 
that e(0/u; 3 215, *** , Lra1,j) = e(o/u; ; T1,j, °** 5 tr-1.j), Where 2;,;, a;,; are 
the residue classes of z;, 2; modulo u;. But we have dir (0/udai,; = (uy + 
Dia1 o«;)/u; = (uj; + > far 00;)/uz; = Dini (o/u,)x;,;, which proves the 
formula in question, since dim 0/u; = r — 1. 
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APPENDIX 


On the dimension of local rings 


We shall prove that the definition of the dimension of a local ring which is 
given in the text (Definition 2, §III, p. 701) is equivalent to the definition 
given by Krull (loc. cit., note 3, p. 692). In this appendix, we shall take the 
notion of local ring in the sense of Krull (i.e., we drop from our definition the 
requirement of existence of a basic field). 

Let o be a local ring; we denote by r the dimension of 0 in the sense of our 
definition and by 7’ its dimension in the sense of Krull’s definition. The in- 
equality 7’ < r follows immediately from Theorem 7* in Krull’s paper; we have 
therefore to prove that r < 7’; it will be sufficient to prove that there exists 
a chain of r + 1 prime ideals po , pi, --- , p; in o such that p;_; is properly con- 
tained in p; (1 S 7 S r). There is nothing to prove if r = 0. Assume that 
r > O and that our assertion holds for local rings of dimension r — 1. We 
denote by » the ideal of non units in o and by m, --- , n, the distinct minimal 
prime divisors of the zero idealino. We haven; ¥ p (1 $7 S g) because r ¥ 0; 
it follows that none of the ideals n; can contain simultaneously all elements of 
a system of parameters {x,, ---, 2-} in o. Assume for instance that 2 ¢ 1m. 
It may happen that 2; belongs to some n, with k > 1; if this is the case, we select 
an index i(k) such that a,j ¢€m and an element a, which belongs to [J jn; 
but not to nm (this is possible because 1, does not contain n; for 7 + k); we set 
m= at x a2 ;x) , the sum being extended to all indices k such that x € n,. 
The element 2; does not belong to any of the ideals n; (1 S i < g) and the ideal 
ox, + > ox; is equal to i or; , which proves that Tr, La, °** form 
a system of parameters in 0. Let o* be the local ring o/oxi; if #1, -°+, Y 
are elements of 0 whose residue classes modulo ox; form a system of parameters 
in o*, there exists an exponent h such that p" + ox, ox; + +o @ oy;, and 
therefore the ideal ox; + > 5-1 oy; is primary for p, whence s 2 r — 1. Since 
the residue classes of x2, --- , x, clearly generate an ideal in 9* which is primary 
for p + ox1/or1 , we conclude that o* is of dimension r — 1. It follows from our 
inductive assumption (applied to o*) that there exists a chain of r distinct prime 
ideals pi, --:, ~, in 0, containing ox; and such that p;-1 C p; (2 < i S 1). 
Since p; contains x;, it cannot be a minimal prime divisor of the zero ideal. 
Since »,; is prime and contains 0, it contains some minimal prime divisor of the 
zero ideal, say ~ , and our assertion is proved for local rings of dimension r. 
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ON SOME ALGEBRAICAL PROPERTIES OF OPERATOR RINGS 
By JOHN von NEUMANN 
(Received February 24, 1943) 


§1. The notations to be used in this paper agree with those of the papers 
quoted below, especially [2]. The results which we obtain will be used in [5], 
but they seem to have a certain interest of their own as well. 
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§2. We consider an operator ring M in a Hilbert space which contains 1. 
We say that a notion defined in M is purely algebraical if it can be expressed in 
terms of the entity 1 (the unit operator) and the operations aA (a any complex 
number), A*, A + B, AB alone and referring only to operators belonging to M. 
Thus if a mapping of M onto another ring is isomorphic, that is if the notions 
of 1, aA, A*, A + B, AB are invariant, then every “purely algebraic’’ notion is 
invariant. 

Notions which refer explicitly to elements of will not in general be purely 
algebraical. 

Now the notions which follow do refer to elements of . 

(a) Definiteness of an A e M. 

(8) The numerical value of the bound ||| A ||| of an A eM. 

(y) The fact that lim,.,, strong A, = A when A, A;, Ao, -:: «M. 

(6) The fact that lim,.,, weak A, = A when A, Ai, Ao, -+: €M. 

(For the strong and weak notions of convergence, used above, and for the cor- 
responding topologies, to be referred to below, ef. [I], pp. 381-388.) The object 
of this paper is to show that the notions (a)—(6) are nevertheless purely alge- 
braical. 

We shall not prove the same thing concerning the strong and weak topology 
(for operators). It is probably not generally true. For an important special 
case where it is true, cf. [5], Theorem I. 

(a) and (8) are easy to dispose of, cf. §3. (6) follows from (y) by a known 
argument which will be given in §6. So the main difficulty lies in establishing 
the character of (vy), which will be done in §5. The discussion of (y) and (6) 
709 
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would be much easier if the notion of being purely algebraic did not exclude the 
use of operators not in M, cf. §4. 


§3. We begin by considering (a) and (8). 

Lemma 1. A €M is definite if and only if A = B*B for some B eM. 

Proor. Sufficiency: Suppose A = B*B for BeM. Since B* eM, A eM. 
Furthermore (Af, f) = (B*Bf, f) = (Bf, Bf) = || Bf ||’ = 0 and hence A is 
definite. 

Necessity: If A ¢ M is definite, then there exists a definite B « M with B’ = A. 
(For the existence of B ef. [2], p. 307, Theorem 7, or [4], p. 142, §4.4.  B is 
bounded along with A.’ That A eM implies B eM is shown in [4], p. 143, 
Lemma 4.4.1. There exist also simple direct proofs, using functions of func- 
tional operators.) Now B = B* so A = B*B. 

Lemma 2. ||| A ||| is the smallest (real) number a = 0 such that a°-1 — A*A 
as definite. 

||| A ||| is the smallest a = 0 such that for every f, || Af ||? S a+ ||f ||’. The 
inequality may be rewritten 0 S a’: || f |/? — || Af |’ = a (ff, f) — (4f, Af) = 
a (f, f) — (A*Af, f) = ({a°-1 — A*A}f, f). Thus the statement, “for every 
f, || Af < eo”: || f |?” is equivalent to “a’-1 — A*A is definite.” Substituting 
in the first sentence yields the lemma. 

Thus we have shown 

THeorEM I. The notions (a) and (8) (definiteness and bound) are purely al- 
gebraical. ; 








§4. Let us now interrupt our discussion in order to analyze (y) and (6) with- 
out the necessity of avoiding the use of operators not in M. This is much easier 
than the discussion with the original observance, to be given in the two next 
sections. 

lim,.,, strong A, = O means lim, || A,f|| = O for all fed; 
lim,.,, weak A, = 0 means lim,..,, | (A,f,g) | = Oforeveryfandgin§. Clearly 
we may restrict ourselves in both cases to the f and g with || f || = || g|| = 1. 

Denote the closed linear set of all af as usual by [f], and its projection by 

P17. Then one sees immediately that (for || f || = |! g || = 1) 


APijh = (Ff, A)Af, Pig APinh = (f, h)- (Af, 99. 
Hence 
WAP lll =lAfll, — Ill PAP Ill = | AS, 9) | - 


Now the P;,; are obviously the minimal projections of the ring B of all bounded 
operators in §, i.e. those projections E for which the only projections F < EF 





1 We have || Bf ||? = (B*BS, f) = (4f,f) S ASI - USI SMA Se © Thus 
Bll s VilAlll- if ||. Hence B is bounded along with A. 
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areF =06,E. (Cf. [4], pp. 143, 144, Definition 5.1.2. The assertion concerning 
minimal projections is obvious.) So we see 


lim,.,, Strong A, = 0 means that always  lim,..,, ||| AnH ||| = 0 
lim,,, weak A, = 0 means that always lim,.,, ||| GA,Z ||| = 0. 


Here £, G run over all minimal projections of the ring B of all bounded operators 


in . 
The drawback in all this is that we had to refer to the ring B instead of M. 


§5. We now proceed to the more difficult analysis of (7) in the original sense. 


DEFINITION. A sequence A;, A2,--: €M is a = sequence if it possesses the 
properties 
(i) The (numerical) sequence ||| Ai |||, ||| Ae |||, --- ¢s bownded. 


(ii) There exists an operator X eM such that 1.) for all C eM CX = 0 implies 
C = 0, and 2.) all the operators, 


1 — Sonu (Am X)*(AmX), (n = 1,2, -+-) are definite. 


LemMMA 3. For every = sequence, A; ,A2,-°+: ¢«M wehave lim,.,, strong A, = 0° 
Proor. For every fe we have 


({1 — Donat (Am X)*(Am X)}f, f) 2 0, 
i.e. 
b ((Am X)*(AmX)f, f) S (f, f), 
i.e. 
Lema || An Xf II’ = |IF IP. , 


Consequently >>*_, || A»Xf ||’? < || f ||? and therefore lim,.,, || AmXf || = 0. 

Thus we have shown: The set S of all g e H with limm..,, || Ang || = 0 contains 
the range of X. 

S is clearly a linear set, and since the A;, Az, --- are uniformly bounded (by 
(i)), S is closed. Let EZ be the projection on S. Wenext show GM. (For 
this notation, cf. [4], p. 141, Def. 4.2.1.) For suppose U’ « M’ is unitary and 
feS. Then limn., || AnU’f || = limn.,, || U’Anf || = limm.. || Anf || = 9. 
Thus f eS implies U’f ¢«S and © is invariant under every U’ eM’ or G@ 7 M. 
This implies E eM. 

Since the range of X is contained in S, HX = X or (1 — E)X = 0. Hence 


by Gi), 1 — EF = Oand1 = EZ. Thus S = § that is limn.,, strong A, = 0. 


Lemma 4. For every sequence, Ai, A2, ++: €M with lim», strong A, = 0 
there exists a subsequence Ay, Ax , --- which is a = sequence. 

Proor. ||| Ai|||, ||| Ae |||, --- is bounded by [1], p. 382, footnote 35), hence 
{| Aa |||, ||| Ae: |||, +++ is a fortiort bounded for every subsequence. 

Consider now an everywhere dense sequence fi , f2, --- in §. 


For every i = 1, 2, ---, lim,.,, || Anfi || = 0. Choose accordingly k(¢) such 
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that for n = k(i), || Anf; || S 1/2‘ for allj = 1, --- , 7. Choose a subsequence 
1’, 2’, --- of 1, 2,--+ with 1! <2’ <--- andi’ = k(i). Then || A,-f; || < 1/2" 
ifn = j. Consequently >>%_, || An/f ||’ is finite for j = 1, 2, ---. 

Thus: The set § of all g ¢ S for which >°%_, || A,/g ||’ is finite, contains all 
fi, f2, +++ and therefore it is everywhere dense in ©. 

Form the space ~ @ § of all sequences <fi, fo, ---> of elements of § 
with S24 || fi |? < ©. © @ Hisa Hilbert space. (Cf. [4], pp. 136-137, §2.4.) 
Consider the following operator T from § to ~ @ ©. 


Tf = f; Ay, ’ Agf, nine a 


(Cf. [3], Def. 1.2, p. 303.) The domain of this T is obviously the above defined 
set §. T is linear and it is also easy to verify that T is closed.” Therefore we 
may apply an argument for operators between Hilbert spaces similar to that of 
[2], p. 309, Satz 10, according to which there exists one and only one self-adjoint 
(i.e. hypermaximal) definite operator B in § which is metrically equivalent to 7, 
i.e. such that it has the same domain as 7 and always || Bf || = || Tf ||. (Ct. 
[3], §4, pp. 311, 312.) 
Thus the domain of B is § and always 


(1) | Bel? = WFP + Qe | aed IP 
Consider a unitary U’ eM’. Then U’A; = A,-U’ and hence (1) implies 
|| BU’S || = || Bf || and |] U’"BU’f || = || Bf ||. Thus U’"BU’ possesses the 


above properties which characterize B uniquely. So U’"BU’ = B, i.e. U’B = 
BU’. Thus BynM. (Cf. again [4], p. 141, Def. 4.2.1.) 

By (1), Bf = O implies f = 0. This and the self-adjointness of B imply that 
‘B™ is also self-adjoint. By (1), || Bf || = || f|!, hence || B'’g || S || g|| and so 
B™ is bounded. Now B 7M yields B™ 7 M and since B” is bounded, B™ eM. 
(Cf. [4], p. 141, Lemma 4.2.1.) Put X = B’. Thus X eM. Since X = B”, 
CX = O implies Cf = CXBf = (CX)-Bf = 0 for f in the domain of B which is 
dense. For C bounded, this implies C = 0 and thus we have (ii) 1 of the defini- 
tion of this section. 





2 We must prove limz_,,, || fn — f || = 0, lima. || Tf. — f* || = 0 imply the existence of 
Tf and Tf = f*. 
Put f* = <f, f, f, --->. Then lim,.,, || Tf, — f* ||? = 0 means that 


limn—e (|| fn — fl? + Sofa ll Av fn — $ ||?) = 0. 
Hence, a fortiori 
limn+e || fn —f || = 0, limns. || Avrfn — f™ || = 0. 
Thus f = f and Aw f = f. Consequently 
WS 2 + SoZa Avs? = WP? + Doha SO IF = USIP 
i.e. SoZ, Il Air? is finite. 


i=1 


So Tf is defined and Tf = <f, Av f, Auf, ---> = <{M, f{, f, ---> = f* as desired. 
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By equation (1), Dimi ||Amf |’ S || Bf’, hence Dinar ||Am-Xg ||? 
|g ||’. This may be written 
Dima ((Am* X)*(Am* X)g, 9) = (9, 9) 
or 
({1 — Donan (Am: X)*(Am’ X)}g, 9) 


Thus the operator 1 — } (A m:X)*(Am/X) is definite, i.e. we have (ii)2. 
This completes the proof. 


LemMa 5. For a sequence Ay, Az,-::,¢€M we have lim,.,, strong A, = 0 
if and only of every subsequence Aj , Ax, +--+ of Ai, Ao, +++ possesses a subsequence 
which is a X-sequence. 

Proor: Necessity: lim,.,, strong A, = 0 implies for every subsequence 
Aj, As, -°-+-+ that lim,.,, strong A; = 0. Hence Lemma 4 applies to Aj , As, --- 
and so it has a subsequence A; , Az , --- which is a 2-sequence. 


Sufficiency: Assume that we do not have lim,., "e A, = 0. Then there 
= 0. Consequently 





there exists a subsequence Aj , As, --- of Ay, Ao, +++ W ith | lim,..,, || Aaf || = @ 
for an a ~ 0 (but possibly a = 2). Thus for every subsequence, A; , Ao: , 
of Aj, Az, --- equally lim,_.,, || Af || = a thus excluding lim,_,, strong A, = 0. 
Hence Lemma 3 excludes that Aj , As, --- be a 2 sequence. 

Therefore, if the condition of our lemma is satisfied, we must have 
lim,., strong A, = 0. 

Replacing A;, Az2,-:: by Ai — A, Az — A,-+++ we can conclude 


from Lemma 5, 

THEOREM II. The notion (y) (strong convergence) is purely algebraical. 

§6. (6) can be deduced from (y) by a known argument, which, nevertheless, 
we will give in full for the sake of completeness. 

Lemma 6. Jf lim,.,, weak A, = A there exists a subsequence Ay, Az, °°: 


of Ai, Ao, ++: such that lim,.,, strong — Sorat Aw = A. 


Proor. Since we may replace A, A;, A2,--- by 0, Ai — A, As — A,-- 
there is no loss of generality if we assume that A = 0, ie. lim,.,, weak A, = 0. 
By [1], p. 382, footnote 35, ||| Ai |||, ||| Ae |||, --- is bounded. Let a be a 


bound, i.e. ||| An||| S a < @. 


Consider now an everywhere dense sequence fi , f2, --- in ©. 
We shall define a subsequence 1’, 2’, --- of 1, 2, --- by induction. Assume 
therefore that 1’, 2’, --- , (m — 1)’ are already defined. We shall now define m’. 
Since lim,.,, weak A, = 0, lim,..,, (A»f,g) = 0 for any two j andge. Hence, 
in eee Batis, £ (Agf’ , Arf?) = O for alll = 1’, 2’, ---, (m — 1)’ and all 
,m. Consequently there ge a k(m) such that n= ay implies 
ag A f)| < 1/2” for all l’ = 1’, --- , (m — 1)’ and alli = 1,---,m. 
Now choose m’ = k(m) and >(m — Ly. 
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Thus 1’ < 2’ < --- and| (Ani, Avft) | S$ 1/2" form >landm =z. _Inter- 
changing m, l* gives | (Ami, Avfi) | < 1/2', form <landl =i. Summing up: 


@) {| (Ami Arf?) | < cing 
if m # l and Max (m, l) = i 


Now n = 7 yields 


I (Qaim Am Mf ||? = (Demet Ame Si » Dinar Am fi) 
= Donia (Am fi, Av fi) 
= Domiat (Am fi, Av fi) + Dinni (Am St , Am Si) 
+ ei a10m4t Maxim) 20 (Am Se , Av-fi) 
G — 1’a" |IFi|P + — ¢+ Yo’ | FIP 
| + Don lnl(m del. Max(m, -_ eis 


ose +--+ Ee = 


iP + @ — 1)@ — 2)) + 3° 
lifters. 4 Vel 
| (; Din Aw) | 


This implies lim,.. ( pe Aw) fi | = 0, 


Thus we have shown: The set © of all ge 5 with 


IIA 


IA 





and so 








si VifiPan + @- DE- 2) +3 


| 


limn+e | (2 ) He ‘a | = 0 contains all fi, f2,---. 
| 


no or ' ‘| || 
Hence © is everywhere dense in §. Since all ||| A. ||| S @ cs hay | Ja 
Hl || 
1 , 
for n = 1, 2,---. Thus the — >)7_1 A, are uniformly bounded and conse- 
n 


quently S is a closed set. So S = § and lim,.... strong . > a1 Am = 0. 


This completes the proof. 
Lemma 7. lim,.. An = A tf and only if every subsequence Aj, Az, --- of 
A,, Ao,-+* possesses a subsequence Ay, Az ,--- such that 


lim,4. Strong : ae Am = A. 





3 Remember that (Amf{, Arf) = (Arf, Amf{). 
4 We introduce a new summation variable, k = Max (i, 7). Given k the number of paris 
i, j which belong to it is clearly 2k — 2. 


5 We have pe oom - i ¢ se = a 
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Inter- Proor. Necessity: Assume Tim weak A, = A. For every subsequence 

1g up: Aj, Az, °°* Of Ar, Ae, ae. lim,.. weak A; = A. Hence Lemma 6 applies 

to Aj, Az,°°: and so it has a subsequence A;, A» ,--- such that 

7 lim,. Strong - don-1 Am = A. Thus the necessity of the hypothesis is 
established. 

Sufficiency: Assume that the hypothesis is true but lim,.., weak A, = A 

is not true. Then there exists an f and ge for which we do not have 

lim,.. (Asf, g) = (Af, g). Consequently there exists a subsequence 

Ay, Aoe,*** Of Ai, Ao, +--+: with lim,.. (Anf, g) = a for an a ¥ (Af, g) 

(but possibly a = «). Hence if Ay, As ,--- is any subsequence of 


1, fi) Ay, Ao ta 


, 1 . 
liMn-+20 (Aw, g) — and a= LiMn reo n ) (Am, g) 


F 1 ‘ 
= CC — ( p Am f, ‘) . 
On the other hand, by hypothesis there is a subsequence A, , Ay, --- of 
Ay, Aw, +++ such that lim, strong = So Am = A and consequently 


ities (2 7d urd, 1) = (Af, g) ¥ a. This contradicts the last result of 


the preceding paragraph, which states that for every such sequence, the limit is a. 
This contradiction proves the sufficiency of the hypothesis. 
With Lemma 7, we have shown 
THeorEM III. The notion (6) (weak convergence) is purely algebraical. 
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INTRODUCTION 


§1. The object of this paper is the investigation of the isomorphism properties 
of those operator rings which are factors and which are the substratum of several 
earlier publications of the authors. (Cf. [5], [6] and [8]. For the detailed def- 
nitions and also for the cases of factors—of which there will be more to say 
below—ef. [5], p. 188, Definition 3.1.2, p. 172, Theorem VIII.) The discrete 
cases—i.e. the cases (I)—have been exhaustively dealt with before. (Cf. [5], 
p. 173, Lemma 8.6.1, p. 139, Definitions 3.2.1 and 3.2.2 and Lemmas 3.2.1- 
3.2.3.) The purely infinite case—i.e. the case (III)—is the most refractory of 
all and we have, at least for the time being, scarcely any tools to investigate it. 
({8] deals mainly with these factors.) Thus we are left with the continuous 
cases—i.e. the cases (I1)—and they are our main objective in this paper. 

An added justification of this program may be found in the fact that among 
all factors those of the finite continuous case—case (II,)—have the strongest 
immediate interest. (Cf. [5], part V, [6] Chapter IV and Appendix.) 

It will be seen however that the discrete cases can be included in our discus- 
sion with scarcely any extra effort. So we shall deal with them, i.e. with all 
cases but the purely infinite one. 

For the discrete and continuous cases, the finite ones—i.e. the cases (I,) 
(n = 1, 2, --- ) and (II) respectively—are basic because the infinite ones—.e. 
the cases (I,,) and (II,,) respectively—can be subsequently described with their 
help. (Cf. Theorem IX and Lemma 3.1.6) Therefore we shall direct our main 
effort on the finite cases. And since the discrete ones—(the cases (In), (n = 
1, 2, --- ))—are just the finite order matrix rings, this means essentially the 
above-mentioned continuous finite case (II)). 


§2. Let us now state the main problems of isomorphism more precisely. 

Consider an operator ring M in a Hilbert space which contains 1. (We do 
not restrict M in any other way yet. For the significant definitions, ef. [2], pp. 
388-389, Definitions 1-3). Then there exist two kinds of notions in M: First, 
those which can be expressed in terms of the entity 1 (the unit operator) and the 
operations aA (a any complex number), A*, A + B, A-B alone and referring 
only to the operators belonging to M; Second those which need other things as 
well, e.g. operators outside of M, elements of , etc. The former notions are 
purely algebraical, the latter ones are not; we shall also call them spatial. 

These notions were already investigated by the second author in [9]. 

It seems worth while to formulate this distinction in terms of isomorphisms. 

Let, for each 7 = 1, 2a Hilbert space ; and an operator ring M; in §, be given. 
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We now define 

A) Spatial isomorphism of M; and M,. This is a one-to-one isomorphic 
mapping of $; on He (i.e. one which is linear and isometric—unitary) which carries 
M; into M2. 

B) Algebraical ring isomorphism of M;and M,. This is a one-to-one mapping 
of M; onto M2 which leaves the entity 1 and the operations aA (a any complex 
number) A*, A + B, AB (when passing from M, to Me) invariant. 

(Cf. also [5], p. 145, $5.2, in particular Definition 5.2.1. We have added the 
requirement that 1 be invariant.) 

Any spatial property is invariant under the spatial isomorphisms of A), while 
the purely algebraical properties are characterized by their invariance under the 
algebraical isomorphisms of B). 

Clearly A) implies B) while the converse need not be true. 

An important ring theoretical notion which is only spatial is M’. (Cf. [2], 
p. 388, Def. 3. For the spatial character, cf. the detailed discussion of §3.3.) 
Nevertheless the factor property, i.e. M-M’ = (a-1) (cf. §3.3, loc. cit., and also 
the beginning of §1) is purely algebraical since it states that the operators a-1 
exhaust the center of M (Cf. [5], p. 1388, Def. 3.1.2.) 

Now our program is subdivided as follows. 

Question I: When does B) hold? 

Question II: Under what additional conditions does B) imply A)? 

Question II was already investigated in a special case in [6]. It was shown 
there that under certain conditions A) and B) are equivalent. (Cf. [6], p. 244, 
Theorem XI.) We shall obtain a complete answer to Question II in Theorem X. 

Question I is more difficult. It coincides with Problem 6 in [5], p. 172, and 
the present paper contains what progress the authors have been able to make in 
that direction. The main results are these: An extensive class of factors of 
case (II,) which are all isomorphic to each other in the sense B) will be deter- 
mined. These factors are called “approximately finite’. (Cf. Theorems XII, 
XIV, which are based on Defs. 4.1.1, 4.3.1, 4.5.2 and 4.6.1 below.) The iso- 
morphisms announced in [5], p. 229, (v) are contained in this class. On the 
other hand, certain factors of case (II,) which are not isomorphic to the ap- 
proximately finite ones will be constructed. (Cf. Theorems XVI, XVI’.) 


§3. There are indications to the effect that the approximately finite factors 
are the simplest among those of case (II;) but the evidence is not quite conclu- 
sive. It is true that every factor in case (II,) has an approximately finite sub- 
ring. (Cf. Theorem XIII). However, this “imbedding theorem” does not 
settle the matter, since the analogue of the Cantor-Bernstein “equivalence 
theorem’”’ is not true: Two factors in the case (II,) might be such that each is 
isomorphic to a sub-ring of the other, but the factors themselves may not be 
isomorphic. (An example of this is given in the appendix.) Hence the possi- 
bility exists that any factor in the case (II,) is isomorphic to a sub-ring of any 
other such factor. 
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§4. The best we can do at present concerning the isomorphism problem in the 
case (II,) is this: The limits of the approximate finite case are extended rather 
far in §5.2 and §5.6. The existence of non-approximately-finite factors in this 
case is established in Theorems XVI, XVI’. Certain algebraical invariants of 
factors in the case (II,) are formed. ((1), (2), in §4.6, and the property TI in 
Def. 6.1.1) of which the first two are probably of greater general significance, but 
the last one has so far been put to greater practical use. (Cf. the remark at the 
beginning of §6.1.) 


The isomorphism questions of the case (II,,) are reduced to those of the case : 


(II,). (This follows from Theorem IX.) Those of the discrete cases—the 
cases (I1)—have been settled before (cf. above at the beginning of §1; also qa) 
in Theorem IX). 


This enumeration exhausts our present program. It answers Problems 6,7 [| 


in [5], p. 172, and [v] eod., p. 229, as far as possible at this moment. 


§5. We add that §5.3 contains a new technique of constructing factors in the 
case (II,). This seems to be considerably simpler than our previous procedures, 
but it is closely related to them. (Cf. $5.4, §5.5.) It also throws some light on 
the meaning of this work from the point of view of the unitary representation 
theory of groups (cf. the remarks after Lemma 5.3.4). Further generalizations 
are probably possible and important. (Cf. the remark at the end of §5.6.) 

The result that not all factors in the case (II,) are isomorphic to each other, 
expressed in Theorem XVI’ deserves some further comment. From the point 
of view of the systematic build-up of the paper, it seemed best to put it at the 
end. It is, however, intelligible and of interest.in itself, and it can be derived 
independently of most of the paper. The reader who is primarily interested in 
this particular result need only read $5.3, Def. 6.11, Lemma 6.1.1, Lemma 6.2.1, 
Lemma 6.2.2. The entire remainder of this paper is unnecessary for this pur- 
pose, in particular the extensive theories of algebraical and spatial types, of 
genera, and of approximate finiteness and its various equivalent forms. But we 
think, nevertheless, that knowledge of the whole paper will help to see this result 
too in the proper perspective. 


§6. The notations are the same as in the papers referred to in the bibliography, 
particularly [5] and [6]. 
We use the Kronecker-Weierstrass symbol in the general sense: 


_ fifora = b 
2 “~ \0 otherwise. 
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for any objects a, b. 
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ter of certain notions in M is neither obvious nor certain. 
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A ¢«M; convergence in the sense of the strong and of the weak operator topolo- 
gies. (Convergence in the sense of the strongest topology is the same as in the 
strong one. Cf. [4], p. 112, end of §2.) 

We did not establish the same thing for the operator topologies themselves, 
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i.e. for the strongest, the strong and the weak. (For the definitions, ef. [4], p. 
111, §2, and [2], pp. 381-382.) The uniform topology, (cf. [2], pp. 384-386) 
causes no difficulty, since ||| A ||| is purely algebraical, but it will play no role in 
our discussions. This is very unsatisfactory since the notion of a subring of M 
must be based on one of these topologies. (Cf. [4], p. 112, beginning of §3; 
[2], p. 396, end of §3; p. 388, Definition 1. Best consulted in the reverse order.) 
They cannot be replaced by convergence notions, nor by the uniform topology. 
(Cf. in particular [2], p. 382-3 and p. 384.) And yet the notion of a subring 
ought to be purely algebraical. 

For our present purposes it will be adequate to settle these questions for a 
restricted class of rings M and this we now do. 


§1.2 Observe first that the following notions are purely algebraical. 

The factor character of M and the case to which M belongs, the numerical 
value of the relative dimension function Dy(E#) (EF any projection ¢ M) apart 
from its normalization and even the standard normalization in the cases where 
one is defined; the numerical value of the relative trace Try(A), (A ¢ M) in the 
finite cases. 

These assertions were established in [5], p. 145, Lemma 5.2.1; p. 173, Theorem 
IX; [6], p. 219, Property IV (since that characterization is purely algebraical). 

We assume now that M is a factor in a finite case.’ We shall use the relative 
dimension function Dy(£) and it will be advantageous not to normalize it. We 
shall also use the relative trace Try(A) with its usual properties. We define for 
every A eM 


(1.2.c) ([A]] = V Try(A*A) = V Try(AA®*). 


(Cf. [6], p. 241, Lemma 4.3.2. The considerations of [8], p. 102, Def. 1.3.1 and 
Theorem II, are somewhat more general but of the same type.) Owing to our 
above remarks, the numerical value of [[A]] is purely algebraical too. 

By [6], p. 235, Theorem III, there exists a fixed finite system 1, --- , gmeD 
(depending on M only), such that for all A eM 











(1.2.8) Try(A) = DiRa(Ag: , gi): 

Combining (1.2.@) with (1.2.8), and remembering that (A*Ag, g) = || Ag I, 
(AA*g, g) = || A*g ||’ we obtain 

(1.2.7) [Al] = V ORs || Agel? = VP || A*9i | 





- This formula is useful for many purposes, although it obscures the purely alge- 


braical character of [[A]]. 

[[A]] has all the properties of a norm in a linear space, and accordingly [[A — B]] 
has all those of a distance. (Cf. for these and for some further properties 
((6]], p. 242, Property II°. We need these for M only, and not, as loc. cit., for 





1A finite case is either a (I,), n = 1, 2, --- or a (II,). The inclusion of the former is 
unnecessary, since our real interest is in case (II,). But these considerations have the 
totality of all finite cases as their natural scope. 
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its extension Q(M). All these properties can be read off the representation 
(1.2.y)—the decisive fact being, of course, that we have them both.) 

Thus M has become a topological space in a new way, with a purely alge- 
braical metric.’ 

We now define 


DEFINITION 1.2.1. A sequence A,, Az, -:: €M is metrically convergent to 
A «€M @f lim,... [[A, — A]] = 0. It is restrictedly metrically convergent to A «eM 
of limys« [[A, — A]] = 0 and the (numerical) sequence ||| A1 |||, ||| Ae |||, -++ ds 
bounded. 


The notions of closure for subsets S of M which are induced by these two 
notions of convergence, are the ‘metrical closure’ and the “restricted metrical 
closure” of S.° 

We shall also need: 

DEFINITION 1.2.2. A subset S of M is linear if A, Be S imply aA, A + 
BeS. Itisan algebra if A, Be Simply aA, A*,A + B, AB eS. 

Clearly both these definitions define purely algebraical notions. 

Now a subring S of M is a closed algebra, where closure may be understood in 
any one of the three operator topologies: the strongest, the strong, or the weak 
(ef. the end of §1.1). We shall establish the purely algebraical character of 
the notion of a subring by proving the equivalence of the notion of closure in all 
these topologies to the purely algebraical closures of Def. 1.2.1 for a set S which 
is an algebra." ue 

§1.3 Observe first: 

LemMA 1.3.1. For the gi, +++, gm of (1.2.8) and (1.2.7) the A’g;, (A’ «M’, 
t= 1, ---,m) span the closed linear set . 

Proor. For a fixed 7 (= 1, --- , m) the A’g; , A’ « M’ span the closed linear 
set MM’ (Cf. [5], p. 143, Def. 5.1.1.) Put NR = [MU’, i =1,---, m]. We 
must prove 2% = §. Now mm’ nM (ef. loc. cit., Lemma 5.1.1). Hence 
Nn Mand E = PyeM. Also g; eM" CNso 


(1.3.a) E9: = Ji. 


Now (1.2.7) shows that if A «eM and Ag; = 0 for7 = 1,---,m,then A = 0. 
Apply this to A = 1 — E. Then (1.3.a) yields 1 — E = 0, Py = E = 1as 
desired. 





2 The uniform topology, already mentioned in §1.1, is actually of the same character: 
\|| A |I|, ||| A — B ||| are a norm and a metric, just as [[A}], [[A — B]]. But only the latter 
is useful in the theory of operator rings. This is due to its connection with the strong 
topology, which will appear in §1.4 and §1.5. 

’The metrical closure is the conventional topological notion, based on the specified 
metric. The restricted metrical closure is not of that nature. Thus it is not evident that 
the set of all limits of all restrictedly metrically convergent sequences from a given set Sis 
necessarily closed in that sense. Actually this is not true for all sets S although when S 
is an algebra it does follow from the results of §1.5 (cf. there). 

4 Observe that restrictions on both the ring M and its subset S are necessary in order to 
secure this result. M must be a factor in a finite case, S, an algebra. 
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We now are able to prove: 

LemMA 1.3.2. The sequence A,, Az, +++ €M is strongly convergent to A eM 
if and only if it ts restrictedly metrically convergent to this A. 

Proor. Necessity: Assume that A,, Ao, --+ is strongly convergent to A. 
Then the (numerical) sequence ||| A; ||| , ||| As |||, «>: is bounded by [2], p. 382, 
footnote 35, and lim,.,, [[A, — A]] = 0 by (1.2.7). Hence we have restricted 
metric convergence. 

Sufficiency: Assume that Ai, Ao, --- are restrictedly metrically convergent 
to A. We must show that they converge strongly too, i.e. that the set M of all 
jf with lim,.,, || (A, — A)f || = 0is S. Mis obviously a linear set. Since the 
(numerical) sequence ||| A; |||, ||| Ae ||!,--- is bounded, M is also closed. 
Hence it suffices to show that )t spans the closed linear set 5. 

Now by (1.2.7), || (A, — A)gi || S [[A, — A]]. Hence lim,.., || (A, — A)g; || = 0. 
Therefore for every A’ eM’, lim,... || A’(A, — A)gi || = 0. But A’(A,— A) = 
(A,— A)A’since A’e M’and A,, Ae M. Consequently lim,..,, || (A,—A)A’g: || 
= 0 and all A’g; eI. Hence M spans the closed linear set H by Lemma 1.3.1, 
and the proof is completed. 

Thus closure with respect to strong convergence is equivalent to restricted 
metric closure for every subset Sof M. This however is not enough to establish 
the purely algebraical character of the notion of a subring, since that involves 
topological closure which cannot be replaced by convergence closure (cf. the end 
of §1.1). In fact, from that point of view we have made no progress at all, since 
we knew all along from [9] that strong convergence is a purely algebraical notion 
for all rings M. Besides our present restrictions on M, we shall also have to 
restrict S to algebras before we can get any further (cf. the end of §1.2). 











§1.4 Consider first the following two simple results, valid for all subsets 
S of M. 

LemMa 1.4.1. Strong closure of S implies the restricted metric closure. 

Proor. Strong closure of S implies closure with respect to strong conver- 
gence, and by Lemma 1.3.2 the latter is equivalent to restricted metric closure. 

Lemma 1.4.2. Metric closure of S implies its strong closure. 

Proor. Let S be metrically closed and consider a strong condensation 
point A of S. Since S C M and M is strongly closed, this implies A e M, 

For every v = 1, 2,--- choose an A,eS with || (A, — A)gi|| S 1/v for 
7 = 1,---,m. This can be done since, by the definition of a limit point, we 


_ must have at least one A, «M in the strong neighborhood U3(A, gi, -*+ 9m; 


1/v) of A (ef. [2], §2, p. 381). Then (1.2.y) gives [[A, — A]] S VWm/v and 
hence lim,.,, [[A, — A]] = 0. Thus A;, Az, --- converves metrically to A and 
since S is metrically closed, A eS. This completes the proof. 

Now if we can show that the restricted metric closure implies metric closure, 
the above lemmas will yield the equivalence of the strong, the metric and the 
restricted metric notions of closure. As pointed out at the end of §1.3, this is 
what we need. The assumption that S is an algebra will be needed to secure the 
above implication.‘ 
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§1.5 In what follows we shall make repeated use of the notion and properties 
of the functions of bounded Hermitian and of unitary operators,” and it will be 
convenient to omit specific references to that theory. 

Lemma 1.5.1. (i) If A is bounded Hermitian, then (A — i1)™ can be formed 
and 


ATT = (AGA +a) = (4 + (4 - 11) 


as unitary. 
A+il B+i1 
A+’ B-il 
A+ Btiay]— ~ 
lE —-il B- “|| S 2{[4 — BI]. 
Proor. Ad. (i). Consider the two functions 
| _A+t 


Since they are continuous for all real \ we can form f(A) and g(A). We also 
have 


e M too, and 





(77) If A, Be M and Hermitian, then 








A — ofA) =fAA— i) =1 

A + DFA) = JAA + 1) = gQ). , 
Therefore f(A) = (A — il)” and g(A) = (A + i1)f(A) = f(A)(A + 11). 
Thus g(A) = (A + i1)(A — i1)7 = (A — i1)7(A + 11) or g(A) = (A + i1)/ 
(A — i1) in the sense indicated above. 

Since g(d)g(A) = 1 = g(A)g(A) for all real A, g(A)*g(A) = 1 = g(A)g(A)* 

and hence g(A) is unitary. Thus the proof of (i) is completed. We note also 
that inasmuch as | f(A) | S 1 for all real X, ||| f(A) ||| < lor 


(1.5.a) ||] (A — a1)7 |]| <1. 

Ad (ii), A, B eM imply g(A), g(B) « M or (A + il)/(A — 11), (B + i1)/ 
(B — il) eM. 

We have 





Ati B+il_ ‘ices ;, , — 
pcm tet pr te (A — 11) (A + 21) — (B + 71)(B — 11) 
= (A — i-1)"{(A + i1)(B — 1) 
| — (A —i-1)(B+2-)}(B—- al)” 


= —2i(A — il) "(A — B)( B — i-1)”. 





5 Cf., e.g., [3], pp. 205 and 220. The real function-theory methods of [3] are actually 
much more than what is needed for the limited objectives of §1.5, as only continuous func- 
tions (sometimes even polynomials) of operators occur. ((i) in Lemma 1.5.1 can even be 
proven by elementary evaluations.) But it would take up too much space to go into such 
methodological questions systematically. 
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Consequently 


[Aa - FS] sot a - carina — anil @ - ey 


and by (1.5.a) 








A+il_ B+il 
lk —il B all a a4 ~ 5D. 


Lema 1.5.2. Let a function g(&) be given, defined and continuous for all 
with |&| = 1. Then there exists a function w;(€) (given y, w, is determined) defined 
and >0 for all « > 0, with the following property: If U, V are unitary and eM 
then e(U), o(V) €M and [[U — V]] < wi(e) implies [[o(U) — o(V)]] < «. 

Proor. That U,V unitary and eM imply ¢(U) eM, ¢(V) eM is obvious. 

We shall now show that it suffices to prove our assertion for all trigonometrical 
polynomials 


g(€) = ) 2 ay e° 


Assume accordingly that it is true for these and consider a general ¢(£). 
Consider an e’ > 0. Choose a trigonometrical polynomial 


eo ‘(é) = eat a, ‘¢ 


such that | g(é) — go (€) |. < 3 forall é with |¢| = 1°. Then the unitary of 
U, V implies ||| e(U) — ¢(U) ||| S $e’ and ||| e(V) — ¢(V) ||| < 4¢. Hence, 
a fortiori, 


[le(U) — oe (OS 4e, = (e(V) — o (VD) S 3. 
Denote the w:(e) of ¢* (£) by wi (e). Then [[U — V]] < wf 
[Ie (U) — o(V)]] < 4e 
and so, owing to the above, 
[le(U) — ¢(V)]] < e. 
Thus w;(e’) = w{ (3e’) meets our requirements for the original ¢(€). 


It only remains therefore to prove our assertion for the trigonometrical 
polynomials 


4e’) implies 


o(t) = Dinner t”. 


Obviously we may even restrict ourselves to the monomials 


g(é) = &, (v=O0+1,+2,::-). 





6 Since | | = 1 we may put £ = e'*, areal, mod2z. Now 


g(t) = ) a - Ee ee 


Thus these ¢(¢) are the trigonometrical polynomials with their familiar approximation 
properties. Cf. Zygmund, Antoni, ‘“Trigonometrical Series’, Warsaw (1935), §3.23 (iii), 
p. 47. 
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= (((0" — V’)*]] = ((U" — V*]] = (UV — VT. 
Therefore we may even assume vy > 0. In this case, however, 


U" — Vv’ = DU" V"* — Up) 
= ye UU — VV". 
[U’ — V1) = (dau "(U — Vv) 
= Dir |I| 0 WLU — vil || Vv III 
= DyllU — vil = lu — vy). 


Thus w:(e) = (1/v)e meets our requirements for these ¢(é). 

Lemma 1.5.3. Let a function (a) be given, defined and continuous for all real \ 
and for which limps. W(d) exists." Then there exists a function we(e) (given y, w 
ts determined) defined and > 0 for all « > 0 with the following property: If A, B 
are Hermitian and «M then (A), ¥(B) eM and [[A — B]] < we(e) implies 
[[y(A) — ¥(B)]] < «. 

Proor. That A, B Hermitian and eM imply y(A), ¥(B) eM is obvious. 

The correspondence 





me Se , / ~~ sav t 
E= —— or equivalently \=7 = 
is a one-to-one and bicontinuous mapping of — with | | = 1 on all real \ and 


\ = +o where é = 1 correspondstoA = +x. Hence 


( Cas 
y (4 -—— for || = 1, #1 
oe) = | = | 





g 
|-limssin ¥(A) for ~= 1 
is defined and continuous for all é with || = 1. Clearly 
_ (rx+%4 
¥0) = 0X42), 


We recall the g(A) = (A + 2)/(A — 2) used in the proof of Lemma 1.5.1 and 
let U = g(A) = (A +7-1)/(A — 7-1), V = g(B) = (B + 11)/(B — 11). Then 
the above relations imply 


¥(A)=9(U), Y¥(B) = o(V). 
By Lemma 1.5.1, U and V are unitary and e M and 
([(U — V}] S 2[[A — By]. 





7 We require lim.,,. ¥(A) = lim,y4-.~ ¥(A). This condition could be removed, but it sim- 
plifies the proof and suffices for our present purposes. 











For v = 0 this is trivial, and for vy < 0 the unitarity of U, V implies [[U’ — Vy) 
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Now Lemma 1.5.2 applies to y(€). Consider the resulting w,(¢€). Then 
[A — B]] < 3e:(e) implies [[U — V]] < w:(e) and hence [[p(U) — ¢(V)]] < « 
or [l¥(A) — ¥(B)]] < «. Therefore wo(e) = $w:(€) meets our requirements. 

Lemma 1.5.4. Let an algebra S in M be given and a sequence A;, Ao, ++: €S 
which converges metrically to an AeM. Then there exists another sequence, 
Ai, As, -:+ € S which converges restrictedly metrically to A. 

Proor. Ai, As, --- converges metrically to A; hence A}, A?, --- converges 
metrically to. A*.° Consequently (1/2)(A; + A?), (1/2)(A2+ A2), «+» converges 
metrically to (1/2)(A + A*), and (1/2i)(A, — Az), (1/27)(A2 — Az), --- con- 
verges metrically to (1/22)(A — A*). The operators occurring in the two last as- 
sertions are all Hermitian and e S. Also A = (1/2)(A + A*) +7(1/27)(A — A*). 
Now suppose our result has been established in the special case in which all the 
operators Ai, Az,--: are Hermitian. Then to treat the general case, we 
should apply the special result to the above-mentioned Hermitian ‘‘real and 
imaginary parts” and by taking the linear combination we should obtain the 
desired result since the notion of “restricted metrical convergence” holds for 
linear combinations of series if it holds for the series themselves. Thus we may 
assume in what follows that A, A; , As, --- are Hermitian operators. 

Now form the function 


= for |A| = |||4 ll 


yas 
J AU for ja 


IV 





II] A ill. 


Lemma 1.5.3 applies to ¥(A) yielding we(e). 
Consider a vy = 1, 2,---. Choose a v’ = 1, 2, --- (depending on » as well 
ason A, A, Ae, -+: ) with 


[Ay — Al] < w:(4). 


v 
Then Lemma 1.5.3 gives [[y(A,-) — y(A)]] < 1/v. Since Y(A) = A for all A 
with || < ||| A |||, ¥(A) = A Thus we have 


(1.5.8) [¥(Ay) — A]] < 1/». 


Form next the function 





= for |d| < |] 4 lll 
6(X) —_ 
= |||A || for |] 2 II] A Ill. 
It is clear that (A) = -0(A). Choose a polynomial p,(A) with 
6(\) = po(A) = Max (@(A) — 1/y- |], 0) for || < ||| Ay Ill." 











8 Since [[A]] = [[A*]], A — A* is an isometric mapping. 
* The set, |’ | S ||| A |||, contains the entire spectrum of A. 
10 This is an easy variant of the Weierstrass (polynomial) approximation theorem. 
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Then the polynomial q(A) = Ap,(A) has no constant term and we have 
: |g.) — ¥A)| S1/v for |r| Ss ||| Av Ill. 
Furthermore 0 < g,(A) S (A) S ||| A ||| and thus 
| qo) | S [I] A Il] for |] S [I] Av III. 
These two inequalities imply 
II] (Aw) — ¥(Ay) ||| S 1/0 





and hence, a fortiori 


(1.5.7) [[g.(Aw) — ¥(Aw)]] S 1/» 
and 

(1.5.5) II go(A.-) II] S IN] 4 Ill 

Combining (1.5.8) and (1.5.7) gives 

(1.5.€) [[¢.(A») — A]] < 2/». 


Now put A; = q(A,-). Then A, S$ implies q,(A,-) €.S since q,(d) has no 
constant term. Hence the sequence A;, A2,--- consists of elements of §, 
and it is restrictedly metrically convergent to A by (1.5.6) and (1.5.e). 

Observe that in the above proof we even had ||| A,- ||| < |{{ A ||| when A is 
Hermitian. This could be extended to all A but we shall not pursue this matter 
further. : 


TN 


§1.6 The desired results are now immediate. 

LemMaA 1.6.1. Restricted metric closure of an algebra S implies its metric | 
closure. 

Proor. Immediate by Lemma 1.5.4. 

THEOREM I. For an algebra S within a finite M the following eight notions of 
closure are equivalent to each other: 


a) Restricted metric closure 

8) Metric closure 

y) Weak (topological) closure 

5) Weak convergence closure 

e) Strong (topological) closure 

6) Strong convergence closure 

¢) Strongest (topological) closure 
n) Strongest convergence closure. 


Proor. The implications «) — a), B) — €), a) — 6) were established in 
Lemmas 1.4.1, 1.4.2, 1.6.1, respectively. Consequently a) = 8) = e). Also 





1 The set, | A | S ||| A,-|||, contains the entire spectrum of A,y,. 
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Lemma 1.3.2 yields a) = 6). From [2], p. 396, end of §3, we have y) = e). 
[4], p. 112, beginning of §3, yields y) = ¢). Also [4], p. 112, end of §2, implies 
#) <=). These equivalences give together 


ab=pA)RyRd)e)NHHH7). 
And obviously 
1) > 6) > 6). 


Thus 5) also is equivalent to the others. 

Thus all those topologizations of the space of all operators, which may be 
reasonably used in this connection, turn out to be equivalent to each other for 
the algebras S in a factor M which is in a finite case." 

We also state explicitly 

THEOREM II. The notion of a subring S of M, for a finite M, is purely al- 
gebraical. 

Proor. The equivalences of Theorem I now permit us to apply the ar- 
gument given at the end of §1.2. 

Thus the desideratum expressed at the end of §1.1 is fully realized. 


CuapTer IJ. Toe ALGEBRAICAL TYPE AND ITS OPERATIONS. 


THE FUNDAMENTAL GROUP 


§2.1 We shall call the abstraction of a ring M with respect to algebraical 
isomorphism, its algebraical type, i.e. two rings M, and M: will be said to have 
the same algebraical type if and only if they are algebraically isomorphic. We 
denote the algebraic type of the ring M by M. Notions in M which are purely 
algebraical, i.e. invariant under algebraical isomorphisms, will be said to be 
notions.concerning the algebraical type M (and not M itself).”” 

Thus the properties enumerated in §1.1 (or equally in [9}) are properties of M 
for every ring M. The notion of a subring of M concerns M when M is a factor 
in a finite class (ef. Theorem II). This is also true of Dy(E), Try(A), [[A]] 
(ef. the beginning of §1.2), and the various notions of closure, as enumerated 
in Theorem I, when they concern an algebra S. Thus when M is in a finite 
class, the properties concerning M are particularly extensive. 


§2.2 As in the introduction, §2, let for each i = 1, 2 a Hilbert space 5; and 


an operator ring M; in §; be given. We generalize B), loc. cit., as follows: 


B*) General (algebraic ring) isomorphism of M; and M:. This is a one- 
to-one mapping of M, on M2 which leaves the entity 1 and the operations A*, 
A + B invariant; while it carries the entity aA (a any complex number) into 
either aA always (case a’) or into @A always (case b’) and AB into AB always 





2 This definition should be compared and contrasted with that of spatial type in §3.3. 
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(case a’’) or into BA always (case b’’). More specifically, we talk according to 
which combination of the above cases occurs, of an [a’, a’’] (or “‘proper’’) [b’, a’ 
(or “‘conjugate’’) [a’b’’] (or “dual’’) or [b’, b’’] (or “‘conjugate dual’”’) isomorphism, 

The existence of a general isomorphism, of any one of the above four kinds, be- 
tween M, and Mp is clearly a _ property of the types Mi and M.. Ifa (proper) 
isomorphism | holds, we have M; = M2. If a conjugate or a dual isomorphism 
holds, then M, determinés M, uniquely, assuming i its existence. Hence we may 
express these relationships by M; = M, or M; = M2 respectively. 

We must now deduce the existential and other properties of the operations 
M and M’. 


§2.3 Let a Hilbert space © be given. Modify the fundamental operations 
af, f + g, (f, g) in © by replacing them by af, f + g, (f, g). Denote the set § 
with the new definition of its fundamental operations by .. Clearly &, is 
also a Hilbert space; every (linear bounded) operator A in © is also one in §,, 
and every ring of operators M in § is also one in §,.. But we shall denote the 
A, M of §, when considered in §,. , by A., M.. 

Now consider an operator ring M in §. The identical mapping $° then 
maps M in § on M, in ©, and it is in this aspect a conjugate isomorphism of 
M and M.,. 

Consider next the mapping $*, A — A*. This maps M in § on M in § and 
it is, in this aspect, a conjugate dual isomorphism of M and M. Consequently 
Y*I° (i.e. S* in a new aspect) is a dual isomorphism of M and M,. 

Thus we have 

TueoreM III. M and M’ always exist and are single-valued. They are both 
equal to the above M.. We shall denote them by M°. 

Clearly 


(2.3.a) M“ = M 
since §.,. = 9, Ace = A, Me. = M. 

Observe that the definitions of a factor and of the case to which it belongs 
are unaffected by conjugate isomorphisms. For these definitions make use of 
aA only in defining the set of all al but never for a specific numerical value of a. 
To see this, reconsider [5], p. 138, Def. 3.1.2; p. 173, Theorem IX. Hence the 
operation M° (viewed as M’) does not affect the factor character of M nor the 
case to which it belongs. 


§2.4 In what follows we shall consider matrices of operators. Given a 
p = 1,2,---, © a p-order matrix < At,., >is a scheme or array of operators 
A,,, in which the indices s and t range from 1 to p for a finite p and over 1, 2, --- 
if p = ©. (This last will be abbreviated s,¢ < p in both cases.) An < Az.? 
is finite if there exists a finite g = 1, 2,--- such that A:,, = 0 if either ¢ > q 
ors >q. Fora finite p this is automatically fulfilled, but it is a real restriction 
forp = ©. 

Now as in the Introduction, §2, let, for each 7 = 1, 2, a Hilbert space 9; 
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and an operator ring M; in §; be given. We generalize B), loc. cit., as follows: 

B,) p-matrix (algebraic ring) isomorphism of M, over Mz. This is a one-to- 
one mapping of M; on a set & of p-order matrices <A;,,> over Mg (i.e. A:,s € Me) 
which is algebraically ring-isomorphic in the matrix sense, i.e. it carries 1, 
aA°, A%* A° + B°, A°B° in Mj into <5,.1>, <aAz,s> <Aci>, <Are + Bis, 
<>02, Ar,sB:,> in 3. The >)? in the above expression, when p = « must 
converge in the sense of the strong operator topology, irrespective of the order 
of summation. 

The set $ must, at any rate, contain all finite matrices <A;,,> over Me. 
(C?. [5], pp. 136-137, Lemma 2.4.3, where the same notions are used, the same 
multiplication convention obtains, as well as the same notion of convergence 
for >/2.) 

For a given p, Mi, M2 the existence of such a p-matrix isomorphism of M, 
over M2 is a property of types M,,M:. This is obvious for p = 1, 2, - -- while 
for p = © it is only necessary to remember the purely algebraical character 
of the notion of strong convergence (cf. the beginning of §1.1, or [9], 
Theorem II). Whether M, (assuming its existence) is uniquely determined by 
M, or not, for a given p = 1, 2, --- , « depends obviously on whether the set $ 
in B,) is uniquely determined or not. For p = 1, 2, --- (p finite), the last part 
of B,) implies that the set $ must be the set of all <A;,,> with Az, ¢ Me since 
they are all finite. Hence in this case M, is uniquely determined. For p = 
the question of uniqueness is not so immediately settled. We shall prove that 
§ and with it M, are again unique, but we delay this discussion to the next 


section. Nevertheless, for p = 1,2, --- , © we express the existence of a p-order 
matrix isomorphism of M, over Mp as a relationship between M, and M2 by 
M,: = M?. But then, quite apart from the question of existence, we may 


assume that M? is single-valued only for a finite p. At present we must consider 
the possibility that for p = 2, M” is many valued. 

The general existence of M”’ belongs in abstract algebra, but we shall need 
M’ as an operator ring. For this reason, as well as for the sake of general 
orientation, we shall construct it explicitly within the framework of [5], pp. 
135-137, §2.4. 

Let a Hilbert space § and a ring M in it be given, anda p = 1, 2,---, «. 
We perform the constructions of [5], loc. cit., the 52 there being our § and the 9, 
there, any p-dimensional unitary space. (This is not the 5, of B,) above. We 
conform to the notations of [5], loc. cit.) Form 9; @ 2 and the ring B® of 


_ all its bounded operators. Then all elements of B® can be represented as p 


order matrices <A;,.> (t,s S p, Atsin HS = H). (Cf. [5], p. 186, Def. 2.4.2 
and Lemma 2.4.2.) For the given ring M, form the set M; consisting of all 
operators in §; @ 2 which have a matrix <A;,,> with all A: ¢«M. & is the 
set of all those <A;:,,> with A;,. « M which correspond to some operator in 
9: @ He. From this it follows immediately that $ contains all finite matrices 
<A;,.> with A;, ¢€M.” Now Miin S; ® Sand M in = He together with 


13 For a finite matrix <A;,,> an operator A° in §: @ 2 with A° ~ <A;z,.> can be con- 
structed in the sense of [5], p. 136, Def. 2.4.2, without any convergence difficulties. 
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the interpretation of the matrix scheme <A;,,> which we are now using, clearly 
fulfill all the requirements of B,). (We have our §; @ 2, = S,Mi,M 
in place of the 1, 52, Mi, M2 of B,).) 

Summing up the results obtained so far, we have 

THEoREMIV. M? exists for all p = 1,2, +--+, ~ and it is certainly one-valued 
for p = 1, 2,---+ (p finite). 

Our definitions in B,) and that of §2.3 give together 


(2.4.a) (M°)? = (M’)’, (p = 1, 2, ---), 
and B,) gives 
(2.4.8) (M’”)* = M” (p,q = 1,2,-- }. 


(The exponent » will be considered in the next section.) 


§2.5 In this section we shall make use of the operations Am , Map defined in 
[1], p. 78, and [5], p. 186, Def. 11.3.1. If A is an operator in § which is reduced 
by the closed linear set it then Aq is its part in 9M. And Mp is the set ofall 
A for all A eM which are reduced by It. A, Map are in Jt while A, M 
were in ©. 

Lemma 2.5.1. Assume E = PmeM. Let M” be the set of all A ¢M for which 
EA = AE = A. Then we have 

(i) A@ can be formed for all A «M”. 

(ii) May coincides with (M”) ap . 

(iii) A — Ap is a one-to-one mapping of M* on Man which carries E (in 
M’, i.e. in H) into 1 (in May i.e. in M) and leaves the operations aA, A*, A + B, 
AB invariant. 

Proor. Ad (i) Every A eM” commutes with E = Pw, ie. it is reduced 
by M. 

Ad (ii) A ¢M implies EAE «M and thence clearly EAE «M”*. Now if M 
reduces A, then both A and EAE have the same part in 9, i.e. A@ = (HAE) a. 
Thus (M*) a) = Ma . But M’* — M hence also (M”) a) ol Ma . 
So (M*)@m = Ma . 

Ad (iii) Every A eM” is reduced by M (ef. (i) above) and its part 
in M- (= S © M) is clearly 0. So we may view it as an operator in Pt as well 
as in §, and in its former aspect it is A@. All our assertions are now immediate. 

Consider now M, M2 and §;, 2 and an »-matrix isomorphism of M, over 
M: as in B,,) in the last section. For any g = 1, 2, --- form the set 9° of all 
matrices <A;,,> for which all A:,.¢Ms and where A;,. = 0 when ¢ > g or 
s > q. Form also the matrix <e{,,1> where ef,, = lift = s S q and e,, = 0 
otherwise. Then it is easy to establish that 

Lemma 2.5.2. (i) 3° ¢ &. 

(ii) <e?,.> €" corresponds to a projection E°’eM. Put E* = Pau. 

(Gii) E’ < BE’ < --- and lim,.,, E* = 1 in the strong sense. 

(iv) Every matrix <Az,.> ¢&* can be viewed both as a q™ order matrix and as 
an »-order matrix. It corresponds in its former aspect to an element of a ring 
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M! with Mi = M$ and in its latter aspect to an element of (M,)* SM. The 
latter correspondence can be continued by Lemma 2.5.1 to one with an element of 
(M:) na). These elements exhaust the sets M3, Mi and (Mi), respectively. 

(v) The correspondence of (iv) is an algebraic ring isomorphism of M3 and 
(Mi) ae) . Hence (M;) ana) =e Mi: = M3 . 

Proor. Ad (i). Immediate by the final clause of B,). 

Ad (ii). Clearly <e7,,-1> «9* hence it is e § and thus corresponds to an 
element of M,. The rules of matrix computation show that this element is a 
projection. 

Ad (iii). The rules of matrix computation show that EZ’ < BE? < ---. Now 
if f = <fi, fr, *++>€Di@H» then E*f _ fi, ih tas 0, +aee —of ow oe. 
Hence lim,.. E% is . 

Ad (iv). The <Az,,> € S$* are clearly characterized by <e?,.-1>-<Ar.> = 
<Az,><ef,s°1> = <Az,.> and thus we may add by (i), <A:,.> «&%. Hence the second 
correspondence mentioned maps the <A,;,,> «$* precisely on the A° e M with 
E‘A® = A°E* = A° i.e. on the A° e (Mi). All other assertions are obvious, 
remembering in particular Lemma 2.5.1. 

Ad (v). The corresponding assertions for the relationship between M? and 
(M,)” follow immediately from the rules of matrix computation. They are 
transferred to M3 and (Mi), by using Lemma 2.5.1. 

We now go further: 

Lema 2.5.3. A matrix <A:z,.> €&* corresponds to three operators in the sense 

of (iv) in Lemma 2.5.2, i.e. to an operator of M$ to one in (M,)” and to one in 
(M:) ane). All three operators have the same bound, ||| --- ||| and we denote this 
common bound by ||| <Az,.> ||| . 
‘ Proor. The operator in (M;)”’ and that one in (M;) a) have the same bound, 
since we are considering the same operator, once in ©; and once in M‘."* The 
operator in M$ and that one in (M:) mz) have the same bound since they obtain 
from one another by an algebraical ring isomorphism (cf. (v) in Lemma 2.5.2) 
and since the numerical value of the bound is a purely algebraical notion (cf. 
§1.1.).. This completes the proof. 

LemMa 2.5.4. Consider a matrix <A,z,.> all Ais € M2. Define the matrices 
<Afs> € 3" by the equations Ai,, = Ars, if t Sq ands < q and Aj, = O other- 
wise. Then <A,,> € if and only if the numerical sequence ||| <Ai,.> |||, 
|| <Az,e> |||, «+> (of. Lemma 2.5.3 above) is bounded. 

Proor. Necessity: Assume <A;,.> ¢ $ and let it correspond to A° eM). 
Then, clearly <A7,.> = <e7,.-1>-<Az,.><e?,s°1> i.e. <A7,.> corresponds to the oper- 
ator E*A°E* «M,. Clearly E*A°E* e(M;)*". Thus the second definition of 











Lemma 2.5.3 gives ||| <A7,.> ||| = ||| H*A°H*|||. Now we have in §; that 
||| B*A°E* ||| <= |] B* | - | Ao Ul WB = WASH. So [I] <Ato ll Ss 
||| A° |||. This holds for g = 1,2, --- and hence the sequence ||| <Az,+ > |||, 
\|| <AZ,.> |||, «++ is bounded. 


Sufficiency: Assume that the numerical sequence ||| <A/,.> ||| , ||| <Az.s> I], -°° 





1 The part of the first-mentioned operator in ($M%)~* is 0. 
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is bounded. <A7,.> € $* so it corresponds to an A‘ e (M;)™ © My. Owing 
to the definition of Lemma 2.5.3, ||| <A7,.> ||] = ||| A% ||| hence 


(2.5.c) | The (numerical) sequence ||| A’ ||| , |||.A’ |||, --- is bounded. 


For g 2 r clearly <e;,,-1><A{,.><e;,.-1> = <Aj,.> hence E’A°E” = A’. 

Now consider an f e I’. 

For q 2 1, let f, = Af. Since ||f, ||’ < ||| A*|ll’- ||f IP, these f,’s 
are bounded. Also f eM’ C M* so HYf = f. Hence for q = q = 17, EY, = 











E’A'f = E*AT EY = AS =f,. Sofy —f,andf, are orthogonal, || f,, — f, ||? + 

Ifo ll’ = |For |? ive. 

(2.5.8) Il for — Fall? = WN for IP — WFo IP forg’ 2q2r 
Thus the || f; ||’, || f-4: ||’, -- - form a monotone bounded sequence, and hence 


the lim,..,, || f, ||’ exists. Therefore the right-hand side of (2.5.8) converges 
to zero for g, g’ — «. Hence (2.5.8) now implies that strong limit A‘f exists 
forg—> ©. The restriction g = r may now be dropped. 

The set of all f for which A‘f is strongly convergent is closed, since the ||| A* ||| 
are uniformly bounded. This set is obviously linear and by the above it con- 
tains NM’, M’, ---. Thus we see 








(2.57) The sequence A’, A’, --- converges for all f in the 
cy closed linear set determined by NM’, M’, -- 


Since the MM’, M’, --- are together dense, the set of (2.5-y) is necessarily 
itself. Denote the limit of A’f, A’f,--- by Af. Then A belongs to M along 
with A’, A*,---. Thus we have shown 


(2.5.8) The sequence A’, A’, --- converges for all fin ~ @ 
it to an A « M in the strong sense. 


Let A correspond to the matrix <B;,,> in B,). Of course <B;,.> € &. 
Since for gq = r, E"A°E” = A’, (2.5.6) implies that EAE” = A’. Hence 
ei 2° 1><Bz,s><e:,s°1> = <Aj,.>. Thus the rules of matrix computation yield 
Bie = Ai,s. Now let t, s be given and choose r = Max (t, s). Then the above 
formula gives B,,, = A:z,,. Since t, s were arbitrary, this means <B;,,> = 
<Az.> and consequently <A;z,.> e«& too. 

Thus the proof is completed. 

Lemma 2.5.5. The set $ can be uniquely and purely algebraically characterized 
in terms of M2 alone. 

Proor. A unique characterization of $ was given in Lemma 2.5.4. By using 
the first definition of Lemma 2.5.3 for ||| <AZ,.> ||| that one in terms of M? 
it becomes clear that this characterization is purely algebraical in terms of M2 
and of the M2, q = 1, 2,---. But we have already reduced the M$ i.e. the 
M: = M3 for q finite, to Mz by Theorem IV. 

The proof is thus completed. 
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The remarks made in §2.4, preceding Theorem IV, in conjunction with the 
above Lemma 2.5.5, permit us now to assert 

TurorEM IV’. M” too is one-valued. 

Our definitions in B,, and that of §2.3 give together 


(2.5.€) (M*)* = (M*)’. 


(This corresponds to (2.4.2). We could extend (2.4.8) too, but we shall not need 
it here. Furthermore this extension is an easy consequence of Lemma 3.1.6.) 


§2.6 We undertake now to find the inverse operation to N”. At first we re- 
strict neither the ring N nor the exponent p = 1, 2,---, «. 

DEFINITION 2.6.1. A system of p’ operators W,,, (u, v S p) is a system of p- 
matrix units uf it possesses the following properties: 


(i) Wie - Wou 
Gi) WecWee = Wee tie2e 
= 0 if v#o. 


Some immediate properties of these systems are given in 

LemMA 2.6.1. Every system of p-matrix units W,,, (u, » S p) possesses the 
following properties: 

(i) The Wy, (u S p) are pairwise orthogonal projections. 

(ii) Every W,,, is partially isometric with the initial projection W,,, and the 
final projection W,,, (cf. [5], §4.3). 

(iii) Form Ey = >021 Why. This >.?-1 is either a finite sum or when p = ~ 
converges in the sense of the strong operator topology, irrespective of the order in 
which the p = 1, 2,--- are gone through. This Eo is a projection and it is the 
unit of the system W,,, 2.e. always 


EoWu = Wako = Way - 


Proor. Ad (i), (iii): The convergence in (iii) is a consequence of (i), as is 
seen from familiar considerations concerning pairwise orthogonal projections 
(cf. e.g. [5], pp. 76-78, or the proof of (2.5.6) in the proof of Lemma 2.5.4 above). 
All other assertions are immediately verified by using (i), (ii) in Def. 2.6.1. 

Ad (ii). Definition 2.6.1 gives directly 


WeeWrw = Wo», WarWar = Wau. 


‘Since W,,,, W,,, are projections by (i) above, these formulae imply our asser- 


tions by [5], p. 142, Lemma 4.3.2 (the last two criteria), and p. 141, Lemma 
4.3.1. 

We prove now 

TurorEM V. M= N? is equivalent to this: There exists a system of p-matrix 
units W,,»¢M (u, v S p) with the unit 1 (cf. (iii) in Lemma 2.6.1) and with the 
following further property: 
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Wi, ts a projection. . Let Mt be the closed linear set with Pm = Wi. Then 
Mm) must be algebraically isomorphic to N.” 

(Concerning the omission of this extra condition, cf. the corollary below.) 

Proor. Sufficiency: Assume the existence of W,,, (u, » S p) as described, 
Wi1¢€M isa projection. Let Yt be such that Pm = EF = Win. 

For every A° eM define 


(2.6.a) Ate = WiA°Wia (t, 8 Sp). 


Clearly : eM and one verifies immediately that EAi.s = Ai, = Ain 
(E = W;3). Hence A;},.¢M*. Now apply Lemma 2.5.1 and form 


(2.6.8) Ass = (Ais)m - 


Accordingly Az. ¢€ My) . 

Thus to every A° eM there corresponds a p-order matrix <A;,.>, (t, s < p) with 
all Ar.e¢ Mm). Let & be the set of these <A;,,> which correspond to an A° eM. 

We shall now show that this correspondence establishes a p-matrix auto- 
morphism of M over M,m) in the sense of By) in §2.4. That means M = My 
and as Mim, = NsoM = N’. This will complete the proof of the sufficiency. 

We prove the above assertions in three successive steps. 

The correspondence is one-to-one—i.e. if A°, B® «M have <A;,.> = <B;,) 
then A° = B’. Now <A,,,> = <B;,,> means A;,. = B;,,, fort,s < p and 
hence (A; 2) = (Bye) and Aj, = Bios since both are « M*. Thus 
Wi,:A°Wi1 = W,,.B’W,.. Multiplication by W,, on the left and by Wi, 
on the right, gives W,,,A°Wi.. = Ws,.B°Wi,.. If we sum over s and ¢ we obtain 
A° = B’ as desired, since by hypothesis ZE = 1 = 02. W.... 

The correspondence is a matrix isomorphism. This can be verified by the 
use of Def. 2.6.1, Ey) = >>?.1 W,,. = 1 and the equations (2.6.2) and (2.6.8). 
For these show that by the use of Equation (2.6.a) we correspond to 1, aA’, 
A**, A° + B°, A°B° (in M) matrices <5:,.E>, <aAj,.>, <Av>, <Ats + Bio 
> A|..B,.-> of elements of M” and then by the use of Equation (2.6.8) we 
correspond these to <é;,1>, <aAz,.>, <Ar>, <Ate + Bio, <> 7.1 A,,sBz,.> whose 
elements are in My . 

& contains all finite matrices. Consider a finite matrix <A;,.> where 
At,.€Mcm. There isag < such that A;,, = 0 when ¢ > q or when s > 4. 
Let Aj, ¢ M7” satisfy (2.6.8) and put 


A’ = pm eas War Ate Wie. 


16 Observe that in this presentation N is determined by M and W,,; together. Whether 
M alone suffices to determine N is a different question. If, however, p is finite and M isa 
factor, we do have that Mand p determine N uniquely if there is such an N. For if . t is 
the range of W,,, for one choice of the p-matrix units and M® that for another, then Dy (M) 
= (1/p)DmM() = Du (M). Hence Lemma 2.8.1 (of our present text) implies, Mcm()) = 





Mm(2)). Hence Mim) depends only on M and p. 

If however p is » then M itself is in an infinite case by (iii) of Lemma 2.7.1. Under these 
circumstqnces, M fails to determine N as may be seen from 4) in Lemma 3.1.5 (write M for 
its M*). 
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Then A° eM and it follows from the rules of Def. 2.6.1 that (2.6.a) holds. Thus 
<A;..> corresponds to this A° and therefore it belongs to %. 

Necessity: Assume M = N? in the sense of B,) in §2.4. For every pair 
u,v = p form the matrix, <6;,,6,,,1>. This matrix is clearly finite and hence 
it belongs to $. Thus it corresponds to an element of M which we denote by 
W,,. Then the matrix computation rules of B,) give immediately the rules 
of Def. 2.6.1. Thus the results of Lemma 2.6.1 are now available. Now in 
the notation of (ii) in Lemma 2.5.2, E* = > %_, W,., (q = 1, 2,---). Hence 
Lemma 2.5.2 (iii) and Lemma 2.6.1 (iii) imply Ey) = >>2., W,,, = 1. 

Put Pm = E = Wi. A° eM” means EA° = A°E = A’ or, by the above- 
mentioned rules, that the matrix A° has the form <61,16;,4A>, AeN. This 
correspondence between the A° eM” and the A e€N is clearly one-to-one, it 
carries E ¢M” (which has the matrix <é,35,:1>) into 1 ¢N and it leaves the 
operations aA, A*, A + B, AB invariant. These results, together with Lemma 
2.5.1, show therefore that M mg is algebraically isomorphic to N. 

Thus all our requirements are fulfilled. 

CoroLuary. Given M and p, the equation M = N’” possesses a solution N if and 
only if there exists a system of p-matrix units, W,,, «€M (u, v S p) with the unit 1. 

Proor. This becomes clear when we omit the last condition in the above 
theorem, since the only effect of that condition is to determine N in terms of 
the W,,,. 

Under certain conditions we may even go further. 

Lemma 2.6.2. If M is a factor not in case (I,), and p = 2, 3,--- is finite, 
then there is a system of p-matrix units W,,,, (u, » S p) with unit Eo = 
1, Wu, € M. 

Proor. We first obtain a set E,,---,E, of projections in M such that 
Dy(E:) = Dy(E;) and >>?_,E, = 1. Suppose first that M is in a case (J/;). 
We may assume that Dy(1) = 1. The range of Dy contains 1/p (cf. [5], Theorem 
VIII, p. 172), and hence there is an EZ, e M with Dy(E;) = 1/p. Since Dy(E;) = 
1/p S 1 — 1/p = Dy(1 — £,), there exists a projection EH. < 1 — E, with 
Dy(E2) = 1/p = Dy(Fi). (Cf. [5], Lemma 8.3.1, p. 167.) Furthermore 
Dy(1 — E, — E.) = 1 — 2/p. If p > 2 we can find an E; S 1 — EF, — Ep 
such that Dy(Z3) = 1/p. Thus we may continue until we obtain a set of p 
pairwise orthogonal projections E, , --- , E, «eM with >-?_, E, = 1, Dy(En) = 
1/p. If M is in an infinite case, we can easily modify the proof of [5], Lemma 
7.2.3, p. 157, to yield that there are p pairwise orthogonal, dimensionally equiva- 


. lent, closed, linear sets Nt, , --- , Mt» which together span . In that proof it is 


only necessary to separate the R,’s into p sets rather than 2. Then if #; is the 
projection on M,;, >.?-1 E, = 1 and Dy(E,) = » = Dy(F)). 

Since Dy(E,) = Dy(E£;) there is a partially isometric W,. ¢ M with initial set 
M: and final set IM, by the definition of the dimensionality function. If we now 
define W,,, by the equation W:,, = W.:W?, the properties of the partially 
isometric W,, (cf. [5], §4.3) readily yield the equations of Def. 2.6.1 above. 
Hence the W,,, constitute a set of p matrix units with Ey = 1, Wi..eM. 
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LEMMA 2.6.3. If M is in case (I,) then M possesses a set of p-matrix units with 
Ey = 1 af and only af p divides n. 

Proor. Necessity: If M has a set of p-matrix units, with E, = 1, then by 
Lemma 2.6.1, the Wii, ---, Wp,» are p pairwise orthogonal projections each 
with same relative dimension, and whose sum is 1. It follows that Dy(W:,) = 
(1/p)Du(D). If we take Dy(S) = n, we know that Dy(W:,.) = (1/p)Dy(S) 
is a whole number and hence p divide n. (Cf. [5], Theorem VIII, p. 172.) 

Sufficiency: If p divides n, we can find p dimensionally equivalent pairwise 
orthogonal projections F,,---,E#,¢«M and with ane = Le Te 
if Dy(S) = n, we can find a projection EZ; ¢M with Dy(E£,) = n/p and we 
proceed as in the proof of Lemma 2.6.2 to find E.,---,#,. The rest of that 
proof then applies to the present situation. 

Theorem V yields 

LemMaA 2.6.4. (i) Jf Misa factor, not in case (I,) and p is a finite integer, 
then there is an N such that N’ = M. 

(ii) If M is in case (I,) there isan N such that N” = M if and only if p divides n. 

(iii) If there isan N such that N’ = M for p < ~, p = 2,3, ---, then there isa 
manifold M such that Mn, = N and Dy(M) = (1/p)Dy(S). 

As we remarked in footnote 15, we may add 

Lemma 2.6.5. If p is finite, M is a factor and if N is such that N’ = M then 
N is uniquely determined. 

§2.7 It remains to consider the nature of N and also what happens if p = ~. 

LemMA 2.7.1. We have for any fixed p = 1, 2,---, ~, 

(i) Nisa factor if and only if N” is one. 

(ii) IfN,N?” are factors, then they belong to the same one of the Cases (1), (IL), (III). 

(iii) If N, N’, are factors, then N° is in a finite case if and only if N is in a finite 
case and p is finite. 

Proor. Choose an M with M = N?. 

Ad (i). An A°® eM belongs to the center of M if and only if its matrix <A;,. 
(all A;,, €N) commutes with all matrices <B;,,> «3. For this it is necessary 
that it commute with all finite matrices <B;,,> (all B:..¢N, cf. B,)). This 
is immediately seen to imply that A:z,, = 6:,.A (t, s S p) for an A belonging to 
the center of N. This condition is also clearly sufficient. Hence the A° of the 
center of M are precisely the al corresponding to the matrices <aéd,,.1> if and 
only if the A of the center of N are precisely the al, i.e. M is a factor if and only 
if N is one. 

This completes the proof. 

Ad (ii). By Theorem V, N is isomorphic to an Mi). Hence our assertion 
follows from [5], p. 189, Lemma 11.4.3. 

Ad (iii). The W,,, (u S p) are pairwise orthogonal projections « M all with 
the same relative dimension in M owing to (i), (ii) in Lemma 2.6.1. Hence 


(2.7.a) Dy(1) = p-t Dy(Wi.) = pDy(Wi, ».” 





16 Here as in some subsequent instances (proof of Lemma 5.3.4; III in §. 5) it is con- 
venient to use the convention »-0 = 0. 
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Now W,,:is not zero, since if it were we should have W,,, = Oand >?., W,,, = 0 
forp = 1,2,---, ©. Hence De(Wi,1) ~ 0. Now M is in a finite case if and 
only if Dy(1) is finite. By the above, this is equivalent to the statement that 
both p and Dy(W;,1) are finite. And the finiteness of Dy(Wia) = Dy(M), 
(Pm = Wi) is, according to [5], p. 189, Lemma 11.4.3, equivalent to Mim 
being in a finite case, i.e. by Theorem V, to N being in a finite case. 

This completes the proof. 

§2.8 Let M be a factor in a Hilbert space $. As usual we denote by Dy(Z) 
and by Dy(Mt), (ZF = Pm «M) a fixed relative dimension function of M. We 
consider again the rings M” and Mw) as described in the beginning of §2.5. 

Lemma 2.8.1. If Di, Ms are two closed linear sets yn M with Dy(M1) = Dy (Me) 
then Mc, and Mim) (in Dt and Mo , respectively) are spatially isomorphic. 

Proor. Since Dy(Mt) = Dy(Me) there exists a partially isometric U «eM 
with the initial set Nt; and final set t2. This is a one-to-one isomorphic map- 
ping of Ii on Nee and it obviously carries M(x) into Mig,). Hence it establishes 
the desired spatial isomorphism. 

For the remainder of this chapter, we assume that the factor M is in a finite 
case. 

Consider a real number a and a projection EZ «M or equivalently a closed 
linear set Dt 7 M with E = Pm. Weassume FE = 0,i.c. M ¥ {0} and 


— Dutt) 

Du(1) © 
Then the above Lemma 2.8.1 shows that Mon) depends only on M and a but not 
on the EZ, 3% themselves. (A spatial isomorphism implies an algebraic iso- 
morphism.) 

Consider now two algebraically isomorphic M; and M2. Choose £,;«M 
with a = Dy,(E£)/Dy,(1). Then the isomorphism carries £; into an E, «eM 
with a = Dy,(E2)/Dy,(1). Let Dt, Ms be » Mi, 7 M2 respectively, and such 
that Py, = E,, Pm, = E2. The isomorphism carries M{' into M3? in particular 
E, into E, and it leaves the operations aA, A*, A + B, AB invariant. Hence 
it generates, by Lemma 2.5.1, an algebraic isomorphism of (Mj) (m,) and (M2) m,) . 
Thus M,m) (assuming its existence) is uniquely determined by M anda. We 
denote this Ma~@ by M“. 

This notation could conflict with that of Theorem IV when p = a=1 But 
in that case clearly M’ exists and is equal to M under both definitions. 

The a, for which M* can be formed, comprise precisely the range of 
Dy(E)/Dy(1) for all Ee M, E + 0. This is the set (1/n, 2/n, --- , 1) if M is 
in a case I, and the set 0 < a S 1 if Mis in a case (II). 

Summing up, 

TueoreM VI. M®% exists if and only if a belongs to the following set: 
(1/n, 2/n, --- , 1) if M is ina case (I,), (n = 1,2,---), (0 < aS 1) ff Mis 
in the case (II). 

There is no conflict between this notation and that of Theorem IV. 
Since the relative dimension Dy(E) can be characterized in a way which is 


(2.8.a) a 
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invariant under conjugate isomorphisms (cf. the remark at the end of §2.3), 
our present definition and that of §2.3 yield together 


(2.8.8) (M°)* = (M°)° (a in the range 
of Theorem VI), 


Consider next two projections E, F eM, E, F ¥ Oand E < F or equivalently 
the closed linear sets IN, It 7 M with Py = E, Py = F. Hence M # (0), N ¥ (0) 
and It | M. To avoid misunderstanding, let 1 be the unit operator in § and 
1’ = Fw be the unit in ¥t. Put 

e 
_ Dy(F) — Dug (Em) — Dy(E) 


Du(1)’ Duty’) Du (F)’ 


Clearly a8 = Dy(E)/Dy(1) and M@ = (Mq@)@. Our definitions now yield 
immediately 


(2.8.7) (M*)’ = M” (a, 8 in the range of Theorem VI), 





$2.9 We continue the discussion of the preceding section 


Lemma 2.9.1. If p is finite and M and N are factors in a finite case, N = M”” 


is equivalent to the statement M = N’. (The statement “M” = N” includes 
“M”’” exists.’’) 

Proor. Assume M = N’. It follows from Theorem V that there is an E 
with Dy(E) = (1/p)Dy(1) such that N = Mi where M is such that ZH = Py. 
Hence, by the above definition, M’”? = N. 


Conversely, suppose M"” = N. It follows that 1/p is in the set of Theorem | 


VI and hence, if M isin a case (J,) p divides n. Thus Lemmas 2.6.2 and 2.6.3 


imply that there is an Ny such that N? = M. Hence the above result (with N | 


in place of N) gives Np = M”’’ ie. No = N. Consequently N’ = N? = M. 

This completes the proof. 

Lemma 2.9.2. If M* exists (in the sense of Theorem V1) and if pa = gq, (p,q = 
1, 2,---) then (M*)” = (M°)’. (This is to include the statement that (M*) 
exists.) 

Proor. pa = qg8. Hence a/q = B/p, M’ exists. From this we shall draw 
inferences so that the existence of each expression that appears will be estab- 
lished when we write it down. In this way (2.8.y) and Lemma 2.9.1 give 


M* = (M")a)" = (M5 = OY; 
Hence by Lemma 2.9.1, 
_ ae aii 1 ie 
(M*)’ = ((M*)>)” = (((M*)*)>)” = (M*)’ 


Lemma 2.9.3. For a given M consider all a of the set in Theorem VI, and all 
p = 1, 2,---. Then we have 

(i) The range of 6 = pais the set (1/n,2/n,--- ) if M is in a case (In) (n = 
1, 2, --- ) and the setO0 <0 < =~ if M isin the case (Il). 
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(ii) (M*)” depends only on 6 = pa and not on the individual values of a and p. 

Proor. Ad (i). Immediate by Theorem V. 

Ad (ii). Lemma 2.9.2 yields, when pa = 98, (M*)” = (M‘)* and (M’)* = 
(M’)°. Hence (M*)? = (M’)*. 

We denote the above (M*)”, 6 = pa by M’. 

This notation does not conflict with those of Theorems IV and VI. This can 
be seen by putting a = 1 or p = 1, respectively. 

Summing up,— 

TurorEeM VII. M° exists if and only if 6 belongs to the following set: (1/n, 
2/n,--- ) if Misina case (I,), (n = 1,2, --- ), (0<6< &) of Mis in the case 
(Il,). 

There is no conflict between this notation and that of Theorems IV and VI. 

Combining (2.4.a) and (2.8.8) gives 


(2.9.a) (M‘)° = (M°)° (6 in the set of Theorem VIT). 
Also, by the use of (2.4.8), (2.8.7) and Lemma 2.9.2, we obtain 
(((M*)”)’)* = (((M*)*)?)* = (M“)M”, 
Hence if we put @ = pa, — = q@, then 
(2.9.8) (M’)* = (mM‘)° = mM" (6 and é in the set of Theorem VII). 


(Concerning the exponent «, consider the remark at the end of §2.5.) 
§2.10. Denote the set of all @ for which M’ exists and equals M by 


(2.10.a) @ = G(M). 


Obviously 1 ¢@ and 6, &«@ imply 6 €@. Since (M°)"”® exists and equals 
M, M’ = M implies M’’ = M ie. 6 €@ implies 1/6 «@. (All this is due to 
(2.9.8) in §2.9.) 

THEorEM VIII. The set G of (2.10.a) above is a subgroup of P the multiplication 
group of the real numbers 0,0 <@< «©. Wecall ® the fundamental group of M. 

Some properties of G. 

Lemma 2.10.1. M° = M® (both sides are assumed to exist) is equivalent to 
6/E € G. 

Proor. Sufficiency: 6/¢ «@ implies M** = M. Hence M’ = (M**)' = M&. 

Necessity: Assume M’ = M‘. (M‘)'‘existsandequalsM. Hence (M’°)'* = 


| M*" exists and equals M. Thus 0/é €@. 


Lemma 2.10.2. M, M° and all M° have the same fundamental group. 

Proor. Ad M°. Immediate by (2.9.a). 

Ad. M*’. Immediate by Lemma 2.10.1. 

Before we conclude this chapter, we determine the behavior of the discrete 
finite cases, i.e. the (Jn), nm = 1,2,---. 

Consider the ring @ of all operators a-1. This is obviously the prototype of 
all factors of the case (J;), its type Gis that of the ring of all complex numbers. 
Now we have 
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Lema 2.10.3. If M is in case (In), (n = 1, 2, «++ ) then M* (a finite), exists 
if and only if nx = 1, 2, --- , and then M* = 6"*, 

Proor. The range asserted for a is the same as that of Theorem VII. Put 
na = k. Then 

k 1\k 
M: = m= = (ms). 

Now consider M”". Apply the definition of §2.8, preceding Theorem VII. 
For the £ in question, Dy(#)/Dy(1) assumes its minimal value, 1/n. Hence, 
this E is minimal. (Cf. [5], pp. 143-144, Def. 5.1.2.) Consequently M” is the 
set of all aE (cf. [5], p. 144, the last part of the proof of Lemma 5.1.3—or it may 
be proved directly). Hence Mm) is the set of all a-1 in M i.e. 


1 


M* = Min = ©. 


Consequently 
M* = 6, k = na 
as desired. 
Coroutiary. If M is ina case (I,)(n = 1, 2, --- ) thenM = @". 
Proor. Put a = 1 in the above lemma. 


Lemma 2.10.4. If M is in a case (In)(n = 1, 2,---) then M° = M and 
@ = G(M) = (1). 

Proor.’ Ad. M° = M. Clearly 6° = ®. Hence the corollary to Lemma 
2.10.3, and (2.4.a) or (2.9.a) imply M° = M. 

Ad. @ = (1). By Lemma 2.10.3 and its corollary, M° is in case (J;), k = na. 
Hence M* = M implies na = nora=1. SoG = (1). 

The validity or invalidity of the equation M° = M and the fundamental 
group @ = G(M) are algebraical isomorphism invariants of M. Lemma 
2.10.4 showed us how they behave when M is in a discrete finite case, i.e. in a 
case ([,),n = 1,2,---. The really interesting factors are the remaining finite 
ones, those in the continuous finite case (II,). We shall see that they are not 
all isomorphic to each other, but we shall achieve this differentiation with the 
help of other invariants. (Cf. the end of §5.6 and the beginning of §6.1.) 

For all M in case (II,) for which we have succeeded in settling this question, 
M’ = M and M’ = M (0 in the set of Theorem VII), ie. @ = P, was found. 
(Cf. Theorem XV and the end of §5.6. Observe Lemma 2.10.4 by comparison.) 
There seems to be, however, no reason to believe the general validity of these 
relations. The general behavior of the above invariants remains therefore an 
open question. 


CHAPTER III. CHARACTERIZATION OF ALL SPATIAL TYPES IN TERMS 
oF ALGEBRAICAL TYPES 


§3.1 We have classified all operator rings M according to their types M i.e. 
with respect to algebraical isomorphism. Now we shall introduce a broader 





17 Both assertions could be proved directly by matrix considerations. 
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classification, to be called the genus, each genus consisting of one or more types. 
It will be necessary, however, to restrict this new classification to factors M. 

We need some auxiliary lemmas which lead up to the desired definition. 
Throughout this section M will be a factor in a Hilbert space . As before, we 
denote by Dy(£) and Dy(M) a fixed relative dimension function of M applicable 
to the E eM or the IM. 

Lemma 3.1.1. Jf Dt ts a closed linear set, nM and such that M ~ (0) and 
Dy(H OM) = oe then 

M = (Mm)*. 

Proor. Under our hypothesis, It “divides” 5 © Mt an infinite number of 
times, i.e. there are an infinite number of pairwise orthogonal closed linear 
sets Ms, Ms, --- such that Dy(M) = Dy(M) and M; C H O M for i = 
2,3,--:. If Mis relatively finite-dimensional, this is obvious. If M is infinite- 
dimensional, we apply a variant of [5], Lemma 7.2.3, p. 157, to © M which 
shows that 5 © Mi is determined by a denumerably infinite number of pairwise 


orthogonal closed linear sets Is , M3, --- , each of which is relatively infinite- 
dimensional. (To prove the variant, it is only necessary, in the proof of [5], 
Lemma 7.2.3, to divide the $,, P2, --- , into an infinite number of sets, each 


having an infinite number of $;’s, rather than into two sets.) 

If we now apply [5], Lemma 7.1.2, p. 155, to Mand H © Mi we see that H O M 
is determined by a denurably infinite number of sets Di: , Mis, --- , which are 
pairwise orthogonal and for which Dy(M.i) = Dy(M) for i = 2,3,---. Let 
mM = Mi ° 

The second paragraph of the proof of Lemma 2.6.2 can now be used to show 
the existence in M of a set of ~-matrix units W,,, with W,,, = Pm,, Wia = 
Py, = Pm. For the hypothesis p < © is not used here. Furthermore, 
Ey = 2 p= Wan = Wiat ba ae = Py, + be Px, = Px + Psom = 1. 
Thus Theorem V in §2.6 above yields the desired result. 

Lemma 3.1.2. Jf M is a closed linear set, MyM and ¥ (0) and if M is in 
an infinite case, then 


M = (Mwm)”. 

Proor. If Dy(S © IM) = @~ the result is implied by Lemma 3.1.1. Hence 
we may assume that Dy(S © M) is finite. Since M is in an infinite case, 
Dy() is infinite and hence Dy(M) = Dy(H) — Dy(S © M) is infinite also. 

Since Dy(H) is infinite, there exists by [5], Lemma 2.7.3, p. 157, a closed 


~ linear set 2 such that Dy(9t) and Dy(S © MN) are also infinite. Hence Mm = 


Mx) by lemma 2.8.1 (we need only the algebraical, not the spatial, isomorphism) 
and M = (Mx))” by Lemma 3.1.1. These give together M = (Mm) =. 
Lemma 3.1.3. <A factor M is in an infinite case if and only if 

M = M”. 
Proor. Sufficiency: Immediate by (iii) in Lemma 2.7.1. 
Necessity: Put J? = H in Lemma 3.1.2. 
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DEFINITION 3.1.1. Jf, for two factors, M, N 
N = Mim 


for a suitable closed set IN ~ (0) and Mt nM in the Hilbert space H of M then we 
say that M is a multiple of N, or that N is a divisor of M. 

It is clear that this relationship concerns M and N. Cf. the argument imme- 
diately preceding Theorem VI in §2.8. It is also obviously transitive. 

Lemna 3.1.4. WN is a divisor of M if and only if a)M = N when N is in an 
infinite case 8) M = N° with a 6 = 1 in the range of Theorem VII or of Theorem IV’ 
(i.e., 0 = ©) when N is in a finite case. 

Proor. Ad a). Sufficiency: Obvious. 

Necessity: Since N = Map is in an infinite case, Dy(M) is infinite by [5], p. 
189, Lemma 11.4.3. Hence M is in an infinite case and thus Lemma 3.1.2 gives 
M = (Mw~@)* = N*. On the other hand, N = N* by Lemma 3.1.3. Thus 
M = N. 

Ad 8). Sufficiency: 6 finite: Then N = M* with a = 1/0 <1. Hence the 
assertion follows by our definition of M* for a < 1 in §2.8. @ infinite: Immediate 
by Theorem V. 

Necessity: M in a finite case: Clearly N = Ma = M* with a = Dy(E)/ 
hints < 1, (E= = Py). Hence M = N°’ with @=1/a=1. M in an infinite 
case: M = (Mws)* = N” by Lemma 3.1.2. 

ene 3.1.5. The four following statements are equivalent to each other: 

a) M is either a multiple or divisor of N, 

8) M and N possess a common multiple, 

vy) M and N possess a common divisor, 

5) M*® = N*. 

Proor. The implications 


a) si B), a) =? 7) 
are obvious. Furthermore 
5) — B) 


follows from Theorem V, since this theorem shows that M* = N”® is a multiple 
of M and of N. 
We prove next 


B) — a) 


Let L be the common multiple of both M and N. Let closed linear sets I 
and 9 be chosen in the © associated with L, so that M = Lg and N = La. 
Since L is a factor either 2% has the same relative dimension (in L) as an N’ € ¥ 
or 9 has the same relative dimension as an Jt’ C Mi. Cf. [5], p. 153, Lemma 
6.2.3, or p. 154, Theorem VI. By symmetry we may assume the former. By 
Lemma 2.8.1 we may now replace IN by N’, z.e. we can assume that Mt © M. 
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Thus (Lyx) = Lay so that Lo isa multiple of Qm@,. Hence Nisa multiple 
of M. 

Finally 

7) — 8) 

Let K be a common divisor of M and N. Since M isa divisor of M® by Theorem 
V, so K is a divisor of M* too. Now M7” is in an infinite case by (iii) in Lemma 
2.7.1. Hence K* = M” by Lemma 3.1.2. Similarly K* = N*. Consequently 
M* = N”. 

All these equivalences give together 

a) > 7) > 4) > B) > a) 


thus completing the proof. 

DEFINITION 3.1.2. Jf the equivalent conditions of Lemma 3.1.5 are satisfied 
then we say that M, N are commensurable. 

5) of Lemma 3.1.5 implies that the notion of commensurability is reflexive, 
symmetric and transitive. 

Lemma 3.1.6. M, N are commensurable if and only if 

a) M = N whenM, N are both in infinite cases. 

8) M = N® when M is in an infinite case and N in a finite case 

vy) M® = N when M is in a finite case and N in an infinite case 

5) M = N° with a @ in the range of Theorem VII when N and M are both in 
finite cases. 

Proor. Ada) — y). Condition 6 of Lemma 3.1.5 for commensurability is 
M* = N*. Lemma 3.1.3 shows that when M is in an infinite case we may 
substitute M for M® in this condition and correspondingly for N. When M and 
N are both infiniv2, this yields a) while if only one is infinite we obtain 8) or y) 

Ad 5). By Lemma 3.1.4, 8), M = N° for @ = 1 in the range of Theorem VII 
is equivalent to N a divisor of M. Since M is finite, @ is finite by Lemma 2.7.1 
(iii). , 
On the other hand, M = N° for a @ < 1 in the range of Theorem VII (for N) 
is equivalent to M’’’ = N with 1/6 in the range of Theorem VII (for M). (Cf. 
(2.9.8). That @ is in the correct sets in the discrete cases is readily shown 
by reference to Lemma 2.10.3 and its corollary.) Lemma 3.1.4 with M and N 
interchanged shows that this is equivalent to N is a multiple of M. 

Thus M = N’ for a @ in the range of Theorem VII is equivalent to N is a 
divisor of M or N is a multiple of M, i.e. to the condition of Lemma 3.1.5 for 


~ commensurability. 


We call the abstraction of type M (for factors) with respect to commensur- 
ability its genus, i.e. two types M, and M> will be said to have the same genus if 
and only if they are commensurable. We denote the genus of the type M by 

Notions invariant under commensurability will be said to be notions con- 
cerning the genus M (and not M or M itself). 

Thus the cases I, II, III are notions concerning the genus. This follows from 
(ii) in Lemma 2.7.1 (with p = ) and the characterization 6) in Lemma 3.1.5. 
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Similarly M° is an operation concerning the genus. This follows from (2.5. « 
and the above-mentioned characterization. Therefore we can define 


MW = M. 
Observe finally that (Mm); M’, p = 1, 2,---, © and (when it is defined, 


i.e. for M in a finite case) M° (6 in the range of Theorem V IT) have the same genus 
as M (for (Mm)) this follows from «) in Lemma 3.1.5; for M” this is implied by 
Theorem V and Lemma 3.1.5 a); and for M° this follows from Lemma 3.1.66).) 

It is clear then that being in a finite or an infinite case does not concern the 
genus (cf. Theorem IX for details). 

§3.2 Since the cases (I), (II), (III) are notions concerning the genus, each 
one of these cases is the sum of one or more genera. And of course each genus is 
the sum of one or more types. These are the details. 

THEOREM IX. a) Case (1) consists of exactly one genus. This genus contains 
exactly one type in an infinite case: (I); and for every positive integer M exactly 
one type (1,), these being all its types in finite cases. 

8) Case (II) consists of one or more genera. Each such genus contains exactly 
one type in an infinite case (II,,) and one or more types in finite cases (II,). 

vy) Case (III) consists of one or more genera. Each such genus contains exactly) 
one type which is, of course, in an infinite case (III,,). 

Proor. Ada). Each one of the cases (I,), (I:), --- , (I,,) contains exactly 
one type by [5], p. 173, Lemma 8.6.1. They can obviously all be obtained from 
the last one by the operations M,m). Hence they are all of the same genus as 
this last by a) of Lemma 3.1.5 and Def. 3.1.1. 

Ad). Consider a genus M of case (II). Then there exists an Mya) in a finite 
case, for any M with Dy(M) < © willdo. Thus Maay is finite and it belongs to 
the given genus of M by condition a) of Lemma 3.1.5. M” belongs also to this 
genus for the same reason, since M is a divisor of M* by Theorem V of §2.6. 
The infinite case in a particular genus is unique by a) of Lemma 3.1.6. 

Ad y). Consider a genus M of case (III,,). Then M must be in an infinite 
case, and consequently it is unique by a) of Lemma 3.1.6. 

Observe that none of the three cases (I), (II) or (III) isempty. Cf. [8], p. 94, 
§1, in the introduction. 

LemMaA 3.2.1. Consider a genus M which contains types M in finite cases, 1.¢. 
one in the cases (1), (II) (ef. Theorem IX above). Then the fundamental group 
@(M) is a notion concerning the genus M, i.e. it is the same for all the types M of 
the genus which are ina finite case. 

Proor. Immediate by 6) in Lemma 3.1.6 and Lemma 2.10.2. 

We shall therefore denote the fundamental group from now on by @(M). 
Some simple properties of ©(M) follow. 

Lemma 3.2.2. Consider a genus M as above. Form the ring M and two closed 
linear sets, I, NM which are both (0) and of finite relative dimension. Then 
we have 


(i) 
(ii) Ma = Ma #f and only if Dy(M)/Dy(N) « GM). 
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Proor. Ad (i). Suppose first that Dy(M) < Dy(M). 

Here Dy(M) = Dy(M’) for an M’ C N and since by Lemma 2.8.1, Mw) = 
Mm We may suppose 2 CN. If P isa set 7M and CN, Dy(B) is a dimension 
function for Mj~m. Since Mt | MN by definition, Mim) = (Mim)* for a = 
Dy(M)/Du®). (Cf. §2.8, 5, M are replaced by N, Mwy .) 

On the other hand, if Dy(M) > Dy(N) the above argument yields (Mm))’* = 
Mi). Equation (2.9.8) can now be used to show that Mim) = (Mq)*, suitable 
use of Lemma 2.10.3 and its corollary being made in the discrete case. 

Ad (ii). By the definition of G(M a), (i) implies Man) = May if and only if 
aeG(Mi). But G@(Map) = GCM) by Lemma 3.2.1. 

LemMa 3.2.3. Consider a genus M as above. Then it contains precisely one 
type in a finite case if and only if @(M) = P (ef. Theorem VIII). 

Proor. Sufficiency: Immediate by 6) in Lemma 3.1.6. 

Necessity: Assume @(M) ~ P. Consider an M of this genus in a finite case. 
If we find a @ not e G(M) which is in the range of Theorem VII, then M° has the 
same genus, is also in a finite case and yet ~M, thus completing the proof. 

Now in case (I), @(M) = (1) by Lemma 2.10.4. Hence any @ = 2, 3,--:- 
willdo. And in case (II), P is the range of Theorem VII, so @(M) ¥ P guaran- 
tees the existence of the desired @. 

§3.3 The moment has now come when it is opportune to introduce the notion 
of a spatial type (cf. footnote ”). We shall call the abstraction of M with 
respect to spatial isomorphism its spatial type. Thus two rings M, and M; in 
two Hilbert spaces §; and » , respectively, will be said to have the same spatial 
type if and only if they are spatially isomorphic. We denote the spatial type of 
the ring M by M. 

We shall now answer Question II in §2 in the introduction, for the cases (I) 
and (II), i.e. determine when an algebraic isomorphism determines a spatial 
one. Thus we shall establish the relationship of M to M. For the cases (I) 
and (II) we shall determine all spatial types M in terms of the algebraical types 
M. 

The notions M’, G(M) as well as the genus M will be basic in these considera- 
tions. 

A spatial isomorphism of M, in §; and Mz in ©» (ef. the Definition A in §2 in 
the Introduction) will also carry M; into M;. So the spatial type M of a ring M 
determines not only the algebraical type M but also the algebraical type M’. 
Now M does not determine M’ uniquely, not even for a factor M”. Conse- 











- quently a discussion of the spatial type M of a factor M must begin with an 


investigation of the relation between M and M’. At this point the notion of 
genus comes in. 





18 In the cases (1) of course the answer is known. Nevertheless we include them for the 
reason given in footnote’. 

1” The direct factors described in [5], p. 139 or p. 173, Lemma 8.6.1, give elementary 
examples of this. The exhaustive results in this respect are contained in the last part of 
our Theorem X. 
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Lemma 3.3.1. For every factor M in the cases (I) and (II) 
M = M’. 


Proor. Due to our assumptions concerning M there exists a closed linear set 
MM » M which is not = (0) and has a finite Dy(M). Choose an f e M with f ¥ 0 
and form 9M’ , m™ by [5], p. 143, Def. 5.1.1. These are closed linear sets, 
clearly 7M and 7 M’ respectively, both ~(0) and m™’ CM since f «MyM. 
Hence Dy(M™ ) is finite. 

We now normalize Dy so as to make Dy(N™’) = 1 and then Dy, so as to 
make C = 1 for the C of [5], p. 182, Theorem X. Hence 


(3.3.a) Dy(M™’) = Dy (MM) = 1. 
For the sake of brevity we write 
(3.3.8) Mm =m, mM =m”. 


Let us now use the considerations of [5], pp. 188-190, §11.4. We form 
in accord with them, Mim,.m;), Mim,-2} - These are coupled factors in 
Nt1-M: ~ (0) just as M, M’ are in S. Cf. the remarks, loc. cit., at the beginning 
of §11.4, and immediately preceding Lemma 11.4.3. We can use Dy and Dy 
to obtain relative dimension functions in Mcm,-m;) , M(m,-m;) respectively, as 
described in Lemma 11.4.2, loc. cit. Our equations (3.3.a) and (3.3.8) are 
now seen to imply: ~ 

First, the relative dimension of 0t,-M; is 1 for M sx,.;) and for Mm, -m;)- 
Hence both factors are in a finite case. Besides C = 1 (cf. above). Hence 
they are either both in a case (I,), m = 1, 2, --- with 1/n times the standard 
normalization, or both in case (II,) with the standard normalization.” 

Second, they fulfill the requirements of [6], p. 235, beginning of §4.1, on which 
the Theorem VI on p. 239 eod. is based.” Now this theorem states that the 
coupled factors to which it applies are dual isomorphic.” Again, by [5], p. 188, 
Lemma 11.4.1, Mim,) , Mcm,.m;) are algebraically ring isomorphic and similarly 
Mix}, Mon,-my. Thus Men, , M(x;) are dual isomorphic, i.e. 


(3.3.7) Mini) = Ma): 





Consequently, 





M’ = Mw = May’ = M 


as desired. 
This lemma determines the direction of further analysis of our present topic. 
It is easy to obtain now more detailed information. 





20 This discrepancy is of course due to the different ways in which we defined the standard 
normalization in the cases (I) and (II) (ef. [5], p. 172, Theorem VITI). 

21 The theorem referred to is stated for the case (II,) only. It holds however for the cases 
(I,), n = 1, 2, --- too, and with precisely the same proof. Our remark in footnote! could 
have been applied to [6] also. 

22 Called anti-isomorphic, loc. cit. 
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For this purpose we define 
DEFINITION 3.3.1. For every factor M in the cases (1) and (II) we form the 
number 


_ 1 Du-(9) 
C Du(H) 


with any normalization of Dy , Dy and the corresponding C of [5], p. 182, Theo- 
rem X. 
The expression for 6 is clearly independent of the normalization of Dy , Dy: . 
Since 0 < C < ~,0 < Dy(H), Dy’ (OS) = ~, (3.3.6) characterizes 6 as a well 
defined number with 


(3.3.€) 0<6< x 


(3.3.5) 


except when Dy() = Dy: () = © i.e. when M, M’ both belong to infinite 
eases. If this happens, we construe (3.3.6) to mean 


(3.3.6) 6= —, 


the symbol ~/- being considered as an entity different from all numbers of 
(3.3.€). 

LemMa 3.3.2. Let M and 6 be as above. Then we have 

a) If M, M’ are both in infinite cases, then 


M’ = M and 6=—. 
2 
8) If M is in an infinite case, and M’ is in a finite case, then 
M = (M”)* and @=0 so 1/0= @. 
y) If M is in a finite case and M’ is in an infinite case, then 
M’ = (M‘)* and 0= a. 
5) If M, M’ are both in finite cases, then 
M’ = (M‘)’ or equivalently M = a) and 0<@0<», 


Proor. All assertions concerning @ are immediately by Def. 3.3.1. Let us 


how consider the other statements. 


Ad a), 8), y). Lemma 3.3.1 states that M’ and M° are commensurable. 
Hence our a), 8), y) follow from a), 8), y) in Lemma 3.1.6 respectively. 

Ad 6). The equivalence of these two equations is obvious. We consider the 
first one. 

We choose the normalization of Dy , Dy exactly as in the proof of Lemma 
3.3.1. Now (3.3.a), (3.3.8) in that proof give 


1 1 
Mx,) = M?m) »M(m:) = (M’)?m7() 
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Then (3.3.7) and (2.9.a) yield 

1 1 1 
(M7)? = (Mm) = (Mae 
or 
Dy’ (9) 
W = (Mi) wo = ()’ 
as desired. 

Remark. The first formula of 5) holds clearly for y) as well, while it becomes 
meaningless for a), 8). The second formula of 6) holds clearly for 8) as well, 
while it becomes meaningless for a), y). 

It is furthermore apparent from our proof that for 6) the exponents 6, 1/6 are in 
the range of Theorem VII. 

Lemna 3.3.3. Let M and 6 be as above. Then the spatial type M is uniquely 
determined by the algebraical types, M, M’ and the number 8. 

Proor. As in the introduction, §2, for each 7 = 1, 2 a Hilbert space §; and 
an operator ring M; in 5; must be given. We assume that both M; are factors 
in case (I) or (II) and form for each M;; its 6; in the sense of Def. 3.3.1. We 
assume further that 

M, = M,, Mi = ’ = = 8. 
Then our task is to establish M, = Mb ice. to find an isomorphic mapping of 
H; on He (ef. A) in the Introduction, §2) which carries M, into M2 . 

In proving this we must distinguish several alternatives corresponding to 
various values of @ (the joint value of 6;). 

Observe first that the isomorphic mapping of 5; on 2 which carries M, into 
M: also carries M; into M;. Thus we can always replace each IN; by its M:. 
This has the consequence that 6, = 0: = @is replaced by 1/6; = 1/02 = 1/8. 

Let us now consider the alternatives for 6. 

First alternative 0 < @ < «. Since we may replace @ by 1/6 we can even 
assume thatO <6@< 1. Forbothi = 1,2 the factors M; , M; are in finite cases, 
Choose the normalizations of both Dy, , Dy: so that Dy;(S:) = 1, C; = 1 (we 
use the notation of Def. 3.3.1 for both i = 1,2). So Dy,(:) = 1/6; = 1/6 = 1. 
Hence 1 belongs to the range of Dy, (cf. [5], p. 182, the discussion of the ranges 
of A, Ao, A’, Ay in Theorem X and preceding it). Choose accordingly a &; 7 Mi 
with Dy,(R:) = 1. There exists furthermore an « in the range of Dy, for which 
there is a p = 1, 2,--- with 0 < € < 1, pe = 1/8.” Choose accordingly an 
% n M; with Dm, (%1) = €, R .. Ry ° 


tw | 





23 The discussion of [5], p. 182, shows that the ranges of Dy, and Dy; agree for the area $ 
both their maxima, i.e. 1, 1/6. Hence we can argue as follows: 


Case (In), n = 1, 2, --- : The range of Dy, is (0, 1/n, --- , 1) now 1/6 = 1/n and 1/n is the 
smallest positive element of the range of Dy; . Hence that range contains only integer 
multiples of 1/n. So1/é@ = p/n, p = 1, 2,---. Soe = 1/n meets our requirements. 


Case (II,). Choose p = 1, 2, --- so that 1/p@ S$ 1. Then e = 1/pé@ fulfills pe = 1/0 
and besides e S$ 1, 1/0. Since ¢ belongs to the range of Dy, it belongs to the range of Dm; 
also. 
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Let us now use the considerations of [5], pp. 188-190, $11.4. We form, in 
accord with them, M M; (We choose §; , 8; , S; and M; , M; for the 


(@,) 7 PE (R4) * 
, M, M’ and M, M’, loc. cit.) These are coupled factors in KR; ~ (0) just as 
M:, M; are in ;. We have 


/ 


7 
Mics; = M; ° 





Hence Mi = Mz gives 





Mics,) = Mice.) - 


Besides 
Dui; 9. (ts) = Dy ;(8) = 1, 


Dut ¢¢,,(%) = Duz(i) = 1, 


and C; = 1 as before. Hence [6], p. 244, Theorem XI, applies with our’R; 
Mice;) , Micg;) in place of its 5;, M;, M:. There exists an isomorphic map- 
ping $ of R; on Rs which carries Mig,) into Ma ¢,) and Mice, into Mixes.) ; 
@ n My ; & C. Ri imply 4 n Mue,). So A carries v into an Qo n Mace,) . It 
follows that % 7 Mz and %& C R2. Now 


Dy, (&2) —= Dy, ¢9,) &2) —= Dux, ¢g,)(%) —_ Dy, (&) = €, 


9 carries Me, 2;) = Mi:2,) into M22.) 2) = M22.) . Restrict ¥ from Ri to 
%, and denote this restricted mapping by §. Then §% is an isomorphic mapping 
of 2, on % which carries Mi¢,) into Mag,). 

We have pe = 1/6 and therefore for both 7 = 1,2 


pDy,(%) = Dy;(9i) 
or if we introduce the projection EF; = Pe, then 
Dy; (E:) me (1/p)Dy;(1). 


Consequently we can proceed as in the proof of Lemma 2.6.2 or 2.6.3 to obtain 
a set of p-order matrix units Win., uv = 1,---, p with Winn = Ki, 
yore Wiswu = 1. Let the projection Fi. = Wi... have range Ni. We 
note that Ni. = &; and that Wi... is partially isometric with initial set Nj-, 


- and final set N;.,, ; i.e. it is an isomorphic mapping of N;:, on Mizu . 


Thus We:wa%Wi:.. = %. is an isomorphic mapping of J1;, on Ne;, for u = 
1, 2, wie 5 ee For u = & Wiaa = F;3 ’ E; = Po, > Nia = g. and hence v1 
coincides with §. Since the Ni;., «= 1, +--+, p are pairwise orthogonal and 
span together the closed linear set 5; we can combine the §., u = 1, --- , p to 
one isomorphic mapping §* of H; on 2. On & this §* coincides with J = §. 
Hence 


(3.3.7) $* carries %, into % and in it Mig,) into Mag,) . 
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By virtue of the properties of Wi;u,. (ef. Def. 2.6.1), and owing to the definition f 


of §* we have further 


(3.3.0) &* carries Wi;u,5 into Wen», uyv=1,---,p 


Now M,; can be characterized in terms of Miz,) , %; and the Wisu.», u,v = 


1,---, p. Indeed: A;eM; is equivalent to (Wia,AWiua)io, € Mie, for 


all u,v = 1,---,p.* Consequently (3.3.n) and (3.3.6) imply that %* carries 


M; into M2. 
This completes the proof of the first alternative. 


Second alternative: @ = Qor ©. Since we may replace @ by 1/6 it is clear that 
we need only consider the case @ = 0. For both 7 = 1, 2 the factor M; is in an 
infinite case and the factor M; is in a finite case. Choose the normalization of 


Dy; , Du; so that 
Dyui(Oi)=1, Ci=1. 


We may parallel our discussion of the first alternative however with ¢ = 1, 


p = ». We form the &; accordingly. Since e = 1,% = 8&1. 
loc. cit. 4 = RK, yields % = RK. and F = 3. 


J obtains as [ 


Let E; = Pe,. We proceed to obtain an infinite number of pairwise ortho- 
gonal manifolds Nir ; Nie, +++ with Nir - g;, Niu n M; ; Dy; (Niu) = | for 
u=1,2,--- , and finally 6; = [tia, Nie, --- | (ef. [5], p. 155, Lemma 7.1.2). 
We obtain the W;,.,, asin the second part of the proof of Lemma 2.6.2. 

As in the discussion of the preceding alternative, we now obtain §., u = 
1, 2,--- and finally §*, and by a literal repetition of that argument, the iso- 


morphic mapping }* of 5, on 2 is seen to carry M, into M2 .” 
Thus the second alternative too is settled. 


Third alternative: 6 = «/«. For both i = 1, 2 the factors M;, M; are in 
infinite cases. Choose a finite &: 7 Mi, &: + Oand put Pe, = E,eM. Under 
the (algebraic ring) isomorphism of M; , Mz (due to M; = Mz) this projection 
E, ¢ M, corresponds to a projection E2¢ M2. Let &2 be the range of E,. Then 
R2 n M2, KR2 # (0). Then the isomorphism of M;, M2 also induces one of Mie,), 


Mx ¢,) owing to [5], p. 187, (i), in Lemma 11.3.3. Thus 








(3.3.1) Muse, = Mae.) . 
Also by (ii) eod., Miigy = Mi; hence M; = M;} gives 
(3.3.x) Mice, = Mx, . 





24 Put Aju = Wis,AiWi:u,1. The forward implication is obvious; the reverse follows 


from the formula 
A= > a Wizx1 Aijuso Wi;1,u , 


which is easily verified. 


25 Footnote* applies to this case too. The convergence of : in footnote” is 


readily seen to be a consequence of the convergence of the sum p os Wizu,u . 


And in con- 


nection with the latter convergence, the remarks made in the proof of (iii) in Lemma 2.6.1 


apply again. 
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Now choose the normalization of Dy; , Dy’, so that Dy,(R:) = 1, Ci = 


Automatically Dy'(®:) = «. We may then write 
Dy; ¢g (Ri) - Dy; (Ki) = 1 


Dui: ¢g ;) (Ms) = Dy;(i) = « 


and C; = 1. Apply Def. 3.3.1 to 8; , Mie, , Mice, in place of &, M, M’ and 
denote the resulting number by 6. The above equations give 


(3.3.) = B= ow, 


(3.3.1), (3.3.x) and (3.3.A) permit us to apply the second alternative, which we 
have alitady disposed of, to 8:, Mie, , Mice, . There exists an isomorphic 
mapping 3 of R: on Re which carries Mig,) into Mag,) and Mi;¢,) into Mice.) : 

We can continue from here on exactly as in the discussion of the second 
alternative, i.e. paralleling the considerations of the first alternative. We have 
the R; already. Again we pute = 1, p = ~. Sincee = 1,% = &1. We 
already have S$. & = Ki gives % = R2and § = J. Wehave LE; = Pe, = Pp», . 
The F;,,,u = 1,2, --- and W;.,,, u,v = 1,2, --- obtain as loc. cit. So do the 
%.,u = 1,2, --- and finally §*; and exactly as loc. cit., the isomorphic mapping 
&* of 5; on H2 is seen to carry M;, into M2. 

Thus the third alternative too is settled and the entire proof is completed. 

We settle now the question of existence. 

LemMa 3.3.4. A factor M in the cases (I) or (II) with given algebraical types 
M, M’ and given number 6 (cf. Def. 3.3.1) exists if and only if these fulfill the 
alternative conditions a)-6) in Lemma 3.3.2. 

Proor. Necessity: This is merely the assertion of Lemma 3.3.2. 

Sufficiency: We shall continue to denote the two prescribed algebraical types 
by M, M’ although we have not yet identified them as belonging in this way to 
any coupled factors M, M’. (In fact, this is what we propose to prove.) The 
relations a)—6) in Lemma 3.3.2, which we assumed, imply for the genera 


(3.3.n) M = M. 
(This cannot be deduced from Lemma 3.3.1, since M, M’ are fictitions, cf. above.) 
The genus M contains a (unique) infinite type R (cf. Theorem IX)—R being 
an actual factor in a Hilbert space &. 

Consider now the factor R’ in 8. We repeat the construction in §2.4, im- 


mediately preceding Theorem IV, with our §, R’ in place of its 5, M and with 


its p = «©. Thus using the notations of §2.4, loc. cit., our R’ is a factor in 
R = § = §. and with the (p = « dimensional) Hilbert space 5; , we obtain 
the Hilbert space §; ® &, and in it the ring M; of all operators <Ai,.> with 
all Aj, € R’ (cf. the similar argument before Theorem IV in §2.4). Put R; = M; 
ie.M, = R;. It is obvious by the usual matrix computations, that Ri = M; 
is the set of all operators <Aé,,.>,A ¢€R. Hence R; = R. On the other hand, 
the discussions of §2.4 show that Rj = M, = R™. Thus R} is in an infinite 
case (by Lemma 2.7.1). 
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Now R, = R permits us to replace R, R by $1 ® S2,Ri. So we have shown: 
It is permissible to assume that R’ is in an infinite case. We do this, but we 
continue using the original notations ®, R. 

By Lemma 3.3.1, R = &. Now R = M; hence R = M. By (3.3.n) 
this means R’ = M’. Since R, R’ are both infinite, we have (cf. Theorem IX), 


(3.3.v) {R, R’ are the (unique) infinite types of the genera, M, M’ respectively, 


Choose an fo # 0 in & and form the closed linear sets MF’ n R, MR n R’. 
(ef. [5], p. 148, Def. 5.1.1). We may assume that mr’ is finite dimensional. 
(Choose a finite dimensional Jt 7 R, Mt ¥ (0) and then foe M. Clearly mr’ ¢ 
Mm.) In this case, M* is automatically finite dimensional. (Use [5], p. 182, 
Theorem X, for this and for the next step.) Hence both Dg (M}, ), Da (MF) 
are >0, <« and C = Dg-(M*)/Dp(M* ). Now normalize Dg , Dg: so that 
Dg(M* ) = Dg (M*). The above formula for C gives 


(3.3.0) C=1. 
Write 2, = ME’, Mi = MF then 
(3.3.£) Da(Ms1) = Dpe(M). 


We shall now again make use of the considerations of [5], pp. 188-190, §11.4. 
In accord with them we form Rim,.m;) , R’(m,-m;). These are coupled factors 
in NM-M, ~ (0) just as R, R’ are in §, and (3.3.£) gives 


Drv», anf Der Mi) = Drain, -ani) De ME). 


This, together with (3.3.0) and a normalization, shows that the requirements 
of [6], p. 239, Theorem VI, are fulfilled.” Hence Rim,.m;), R’cm,-mj) are duat 
isomorphic,” i.e. 





/ , — ¢ 
R'm, -m1) = Ro, -x}) 








Now Rem, = Rem, -m) > Rial) = Rey-my 
Consequently 
(3.3.7) Rim!) = Rim,;) - 

Since R = M, R, M are commensurable. R is in an infinite case. Hence 
a), 8) in Lemma 3.1.6 and Lemma 3.1.4 give together that M is a divisor of R. 
Hence by Def. 3.1.1, 


(3.3.p) M = Re for a suitable 2 7 R. 





If £ is of finite relative dimension, we may assume by [5], Theorem X that 2 = 
m*’ forsome fo. Similarly 


(3.3.c) M’=Re) fora suitable & 1 R’, @ = ME, when finite. 


From here on, it is again convenient to distinguish several alternatives, cor- 
responding to various values of 6. 
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First alternative: 0 < @< «©. Wehave the case 5) in Lemma 3.3.2. Hence 
M’ = (M’°)’ or by (3.3.9) and (3.3.c) 
Re = (Re@’)’ 
Now (8.3.7) and (i) in Lemma 3.2.2, gives 
Rie) = (Re)? 
where B = Dp’ (%’)/Dp(®). Hence (ii) in Lemma 3.2.2 give 
a = 6/0 = (1/6)(Dp-(2’)/Dp(2)) € G(R) = G(Re) 


The interchange of M and M’ and with them of @ and 1/6 as well as R, 2 and 
R’, replaces aby 1/a. So we may assume a <1. Hence ae G(R) secures 
the constructability of R(* in the original sense of §2.8. Thus there exists an 
e” CL with L” » Rg and 
4 = Daw (@”) _ Dal”) 
Drie) () Dg(®) 


(2” 7 Reg) implies 2’ 7 R.) ae @(Re@) gives 
Re) = Re@* = R@ = M. 
Thus we may replace in all our considerations % by %”’. This carries a = 1. 
Writing again & for %’’, we see: We may assume that a = 1 i.e. that 
» — De’) 
Dp(®) 


Now consider the coupled factors Ri.e’), Rie.e) in &-&’ ¥ (0). Combining 
our results, we see that we have 








Ros.e) = Rey = M. 
Riz.2) = Rie) = M’. 








Thus the spatial type Ri¢.e-) meets all our requirements. 

Second alternative: @ = 0 or @ = «. Since we may interchange M and M’ 
and with them @ and 1/6 we can even assume that @ = 0. Then we have the 
case 8) in Lemma 3.3.2. 

Thus M is in an infinite case. Hence (3.3.v) gives R = M. Now consider 


the coupled factors Rye, , Rie) in X ¥ (0). Combining our results we see that 


we have 
= M . 


rd 
ir 
| * 


Dae) @) = Da) = 2. 
Dr: (1 @’) Dag: (X’) < @., 
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Thus the spatial type R,¢-) meets all our requirements. 
_ Third alternative: 9 = ~/o«. We have the case a) in Lemma 3.3.2, Hence 
M, M’ are both in infinite cases, and so (8.3.v) gives 


Also 
Dp() = Dp(R) = &. 


Thus the spatial type R meets all our requirements. 

This completes the proof. 

Summing up the results of Lemmas 3.3.3 and 3.3.4, 

THEOREM X. Consider factors M in the cases (I) and (II). Then the spatial 
type M is uniquely determined by the algebraical types M, M’ and the number 6 
(cf. Def. 3.3.1). 

M exists if and only if M, M’ and 80 fulfill the alternative conditions a) --- 6) 
in Lemma 3.3.2. 

Remark. In some cases, two of M, M’ and @ suffice to determine the third 
one and thus M. Specifically, 

a) If Misina finite case, then M and 6 determine M’ by 7), 6) in Lemma 3.3.2. 

8) If M’ is in a finite case, then M’ and 6@ determine M by 8), 6) in Lemma 
3.3.2. 

y) If either M or M’ is in an infinite case, then M, M’ determine @ by a), 8) 
or y) in Lemma 3.3.2. 

5) If M, M’ are both in finite cases, then M, M’ determine 6 precisely up toa 
factor belonging to the group @(M) owing to 6) in Lemma 3.3.2 and to (2.10.a) 
and Lemma 3.2.1. Consequently they determine @ outright if and only if 
@(M) = (1).”° 

Thus the only remaining objects for our inquiries in the cases (I) and (II) 
are the algebraical types M. Theorems IX and X (or Lemmas 3.2.1 and 3.2.2 
in place of the latter) show that the knowledge of these is equivalent to the 
knowledge of their genera M. The case (I) is completely clear; hence the 
above concepts must be studied in the case (I1). And we can analyze a genus 
M in case (II) by analyzing any one of its types M in a finite case. Conse- 
quently we need only be concerned with (algebraical) types M in case (II). 


CuapTrerR IV. APPROXIMATE FINITENESS 


§4.1 In accordance with the above we begin the systematic investigation of 
the algebraical types M in case (II,). Throughout this chapter M will be a 
factor in case (II,) in Hilbert space . We use Dy(E), (but now in the standard 





26 Hence @ is never needed in the cases (1) by Lemma 2.10.4 The situation is different in 
the cases (II). Cf. Theorem XV and the remark at the end of §5.6. 
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normalization) T’ry(A), [[A]] as in §1.2. We shall also consider other factors in 
§ but they will be denoted by different letters. All our considerations however 
will take place in §. 

We begin by stating some familiar facts about factors in the case (I,), n = 
1,2,-°--. 

Lemma 4.1.1. Let N be a factor in a case (Ip), p = 1, 2,---. Then there 
exists a one-to-one correspondence between the two following sets of entities, 

(a) The (algebraical ring) isomorphisms ‘K between N and the system of all 
complex p-order matrices 


a= {a}, (t,¢=1,---,p)” 

(8) The matrix bases of N, i.e. the systems Wu,» , (u,v = 1, +++, p) of p order 
matrix units, that are contained in N and have 
(4.1.@) Eo = 2201 Wes = 1. 

The correspondence is this: 

(i) K is given: 

Wao = K {5+,060,u} 
(ii) The Wu,» are given: 
KA =a= {az} 
is equivalent to 
A= eel ) Av,u Wu,e 


Proor.” (i) leads from (a) to (8). The conditions of Def. 2.6.1 as well as 
(4.1.a) are verified by direct matrix computation. 

(ii) leads from (8) to (a): The rules of matrix computation are verified from 
Def. 2.6.1 and (4.1.a). 

(i) implies (ii): Immediate by matrix computation. 

(ii) implies (i). Put du. = 6¢,06s,. in (ii). 

RemMarRK 1. It is clear by (ii) that the ring N is generated by the W,,,, 
uyv=1,-°-,p, 


N = R(W,,..; u,v = 1,-°-+, p). 


Remark 2. The two sets (a), (8) are of course not empty. This follows in 
numerous ways from past results; the equivalent was even stated explicitly in 


the Corollary to Lemma 2.10.3. 


Lemma 4.1.2. Let N, O be two factors in the cases (1,), (1,) respectively, p,q, = 
1,2,--+. Assume that: 
Nc O. 


27 The (complex numerical) matrices which we consider now should be viewed as en- 
dowed with the same operations and defined in the same way as the (operator) matrices of 
B,) in §2.4. 

*8 Given only for the sake of completeness. 
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Then we have 

(i) p ts a divisor of g:¢ = pr,r = 1,2,---. 

(ii) To every matrix basis, Wu. , u,v = 1,+++, p of N there exists a matrix 
base Xo, ,0,w = 1, --- ,gof O such that 


r 
Wu, - Die X (u=1)r44,(0—1) ri 


(iii) If we pass from the matrix bases Wu,» and Xo, in (ii) to the isomorphism 
‘K and & which correspond to them by Lemma 4.1.1, then the correlation of (ii) is 
equivalent to this: 

For AeN €O, both KA = a = {a,.}, t} 8 = 1,---, pand LA =G4= 
{dx} k,l = 1, --- , g are defined and 

ay. = 1,903, j for k= (t _ 1)r +- ¢, [ = (s _ 1)r +}. 

Proor. Ad (i). Do(E) will do as Dy(F) for the projections EeN ¢€ O 
in the sense of [5], p. 165, Def. 8.2.1” and standard normalization. And since 
the dimension is uniquely characterized by those properties, therefore Do(E£) = 
Dy(E) for these E. 

Hence the total range of Do(E) contains the total range of Dy(E) i.e. the set 
(0, 1/q, --- , 1) contains the set (0, 1/p, --- , 1). Consequently, p is a divisor 
of q. 

Ad (ii). Consider a matrix base W,,,, of N and an arbitrary matrix base X,,. 
of O. Put 


(4.1.8) Wr.e - b am X (uw) r+i,(v—1) ri ° 


Then one verifies by explicit computation (using Def. 2.6.1) that the W1,,, also 
form a system of p-order matrix units. Also 


a Wea * 2a Kae * 1. 


Since Do(Wi...) = Do(Wi,) we have Do(Wi,1) = 1/p and similarly Do(W1,1) = 
1/p. Therefore there exists a partially isometric U in O with the initial projec- 
tion W;,, and the final projection W;,,. Now put 


V = Di Wu UW i - 
Clearly V « O and one verifies by direct computation 
(1) V*V = VV* =1 i.e. V is unitary. 
(2) VWa0 = WaeV ic. Wao = VWoV 


Hence replacement of X.,,, by VXu.V = Xu,» Will leave all its properties 
intact, but replace W.,., by Wu» = VW.i».V. And now (4.1.8) yields the 
desired equation of (ii). 

Ad (iii). Apply (ii) in Lemma 4.1.1 to K (with W,,,) and & (with X,,w). 
Then the equation of (ii) goes over into the desired relation of (iii). 





2° Consider also p. 170, Lemma 8.3.5, loc. cit. We are using the fact that O belongs toa 
finite case. 
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We now define 

DEFINITION 4.1.1. M 7s approximately finite of type [pi , po , --* | of this is true. 
There exists a sequence of factors N, , Nz , --- with the following properties: 

(i) N, ts in case (I,,) 

Gi) Ni CN, C-:--. 

(iii) The ring M is generated by the N,, Ne,---. 


M = RIN, ; 7 = 1, 2,--- ) 


We have immediately: 

Lemna 4.1.3. Under the conditions of Def. 4.1.1, we have necessarily 

(i) pnts @ divisor of Pasi, Patt = Pan (Tn = 1,2, --- ). 

(ii) Pn > © forn > & 2.e. infinitely many r, > 1. 

Proor. Ad (i). AsN, € N»4: this follows from (i) in Lemma 4.1.2. 

Ad (ii). Owing to (i), p: S pe S --- so failure of (ii) implies pn = Pui = 
Pnaz = *** for some m. Hence equally Nm = Nasi = Naz = -*:” and so 
(iii) in Def. 4.1.1 gives 


M = R(N,, 7” = 1,2,---) = Nw. 


But this is impossible since M is in the case (II,) and N,, in the case (I,,). 

For every sequence [p; , p2, --: | which meets these requirements there exists 
an M which is approximately finite of that type. But the concept introduced 
by Def. 4.1.1 is a preliminary one and we prefer to prove this existence only in 
conjunction with the final reformulation of the concept of approximate finiteness 
in Theorems XII and XIV. We now proceed in a different direction. 

LemMA 4.1.4. For any sequence of rings N,, Nz, --- which fulfills conditions 
(ii), (iii) in Def. 4.1.1, denote by S the set theoretical sum of that sequence. Then 
we have 

(i) S zs an algebra. 

(ii) M is the set of elements of B which are limits of a convergent sequence from S. 

Proor. Ad (i): Every N, is a ring; hence an algebra. AlsoN,; CN2C-::-. 
Hence the sum § is an algebra also. 

Ad (ii): Denote the set of limits of all metrically convergent sequences from 
Sby S,. We must prove that S; = M. 

Now 


M = R(N,,.n = 1, 2,--- ) = R(S) 


andS CS; M. Hence S; = M is established if we can show that §S, is a ring. 


S is an algebra and aA, A* (as one-variable functions), A + B (as a two- 
variable function), and AB (as a one-variable function with respect to either 
variable) are continuous for metric convergence. (This follows from the 
evaluations of [6], p. 242, property II°.) Hence §, is also an algebra. Therefore 





30 For l 
pi = p?,. 


m, N,, and N; contain the same number of linearly independent elements: 
s N, CN; this implies N, = N:. 


> 
A 
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its closure with respect to metric convergence implies its closure in the weak 
topology by Theorem I. Consequently, S, is a ring. 

This completes the proof. 

We can now prove 

TueorEem XI. The (algebraical) type M of an M which is approximately finite 
of type [pi, po, -:+ | depends on the sequence [p; , po, +--+ | alone and not on the 
particular choice of M. 

(Provided such an J exists at all. Cf. above.) 

Proor. Consider two such M”’, h = 1, 2, and form their N{”, N$”, --- by 
Def. 4.1.1 and their S” by Lemma 4.1.4. We wish to prove that M" and 
M” are algebraically isomorphic. 

We shall choose by induction for every n = 1, 2, --- an (algebraical) isomorph- 
ism K between N‘ and the system of all (compiex) p,-order matrices in the 
sense of (a) in Lemma 4.1.1. For 2 = 1 we choose a :K{” which meets this 
requirement (cf. Remark 2 after Lemma 4.1.1). If for any n = 2, 3,---, 
K, has already been chosen, then we choose “K~” in the following way: Apply 
Lemma 4.1.2 to N{?_,) , NY, K, in place of its N, O, K (with M™ in place 
of M) and put K“”’ = &. Thus K%”, and K™ are related to each other as K 
and £& in (iii) in Lemma 4.1.2. 

Now form the (algebraical) isomorphism 3, = (KK) “KS, of NS” and 
N°”. In view of the relationship given in the last sentence of the preceding 
paragraph, %, is a part of %,.,. Thus the isomorphisms &%, of N{ and N® 
for n = 1, 2, --- are compatible with each other and they merge to an (alge- 
braical) isomorphism % of S” andS®. In N%”, our ¥ agrees with 3, . Hence 
¥ maps N“” on N®. 

In N°”, Try” (A) is purely algebraical (cf. §1.2). Clearly Tryo(A) will do 
as Try()(A) for the A e N‘” in the sense of [6], p. 219, Property IV. And as 
the trace is uniquely determined by that property, so Trym (A) = Try{(A) 
for Ae N”. Hence [[A]] = (Tryu(A*A))’ = (Try (A*A))* for A eN” and 
therefore {{A]] and with it [[4 — B]] is purely algebraical in N”. 

Thus $ leaves [[A — B]] invariant in N%” for all n = 1, 2,---. Hence the 
same is true in all S”. 

Summing up: 3 is an isomorphism of $” and S® with respect to 


(4.1.y) 1, aA, A*, A + B, AB, 
and | 
(4.1.6) [[A — B]}. 


By (4.1.6) $ is isometric. Now extend $ as far as possible in B by metric 
convergence, thus obtaining a new isometric (and hence one-to-one) correspond- 
ence §. By (ii) in Lemma 4.1.4, § maps all of M” on M™. 

The continuity of the operations (4.1.7) (ef. the proof of (ii) in Lemma 4.1.4) 


~ 


guarantees that § too leaves (4.1.y) invariant. Hence § is an (algebraical) 


isomorphism of M; and M:. This completes the proof. 
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§4.2 As a preliminary before introducing other definitions of approximate 
finiteness, we develop further the ideas which appear in §1.5. 

Lemma 4.2.1. For any « > 0 there exists an w3; = ws3(e) > 0 with the following 
property: 

Consider a ring N © M anda projection EeM. [If there exists an A eN with 
[[A — E]] < ws then there exists also a projection F eN with [[F — E]] < «. 

Proor. Consider first the hypothetical A. We have [[A* — £E]] = 
((A — E)*]] = [[A — E]] < ws. Since 3(A + A*) — E = 3((A — E) + 
(A* — E)) these inequalities imply [[3(A + A*) — E]] < ws by the triangle 
inequality. Thus we may replace A by 3(A + A%*) i.e. we may assume that A 
is Hermitian. 

Now form the following functions 


=1 for |A| 21 
Wi(A) 7 =2]/A|—1 for 45 ]A| <1 

= 0 for |A| S 3, 

=1 for |A| = 3 
ZO GET for |x| <} 


Clearly Lemma 1.5.3 applies to both of them. We form the w2(e) of that lemma 
for both functions and denote their minimum by w2(e). We put 


(4.2.a) ws(e) = we (;). 
Form the further function 
=1 for |A| 23 
00) {24 for |x| <4. 
The following facts are clear: 
v(\) = (A) = (A). Hence F = ¢(A) is a projection which belongs to M 


along with A. y,(A) = ¥eo(A) = o(A) = AforA = 0, 1, the entire spectrum of E£. 
Hence 


(4.2.8) Wi(EZ) = ¥2(E) = o(E£) = E. 
Finally (1 — g(A))Wi(d) + g(A)¥e(A) = ¢(A). Hence 
(4.2.7) (1 — F)y(A) + Fy(A) = F. 


Now [[A — E]] < ws(e) implies by Lemma 1.5.3 and (4.2.a) that [[¥i(A) — 


| Wi(E)]] < ¢/2 and [[y.(A) — y(E)]] < ¢/2. Hence (4.2.8) now yields that 


[lvi(A) — E]] < €/2 and [[y2(A) — E]] < ¢/2. Since ||| F ||| and ||| 1 — F ||| 
are <1™ we can therefore conclude that 


[ld — F)W(A) — EZ) + F(A) — BDI] < e. 





31 Observe that ¥i(A), ¥2(A) are continuous, while ¢(A) is not. 
2 Actually we have an equality in the case of each of these operators except when it is 
zero. 
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This may be rewritten 
[[(l — F)yi(A) + Fy(A) — E]] < «. 


With (4.2.7) this gives [[F — E]] < as desired. 

Lemma 4.2.2. For any ¢ > 0, there exists an ws = wi(e) > 0 with the following 
property. 

Consider two projections E, F ¢« M with the closed linear sets M,N. If ([E — FI] 
< w., then there exists a partially isometric W' eM with an initial set M’ © M 
a final set N’ | N and with [[W’ — E]] < «. 

Proor. Form the canonical decomposition of A = FE in the sense of [5], 
p. 148, Def. 4.4.1: 


(4.2.6) FE = A = W'B. EF = A* = BW". 


Here B is Hermitian and definite, W’ is partially isometric with initial set It’ = 
[Range A*] = [Range EF] ¢ [Range E] = M and final set N’ = [Range A] = 
[Range FE] ¢ [Range F] = %. 

The range of W’* is I’ C M = [Range E]. Thus EW’* = W’* and taking 
adjoints, we obtain 


(4.2.6) WE = W’. 

For any canonical decomposition B’ = A*A. In our case A*A = EF-FE = 
EFE so : 
(4.2.2) B* = EFE 


Observe also that due to the character of these operators 


(4.2.7) WF Ill<s1, UF ils1, |] wll] $1” 
Thus (4.2.¢) implies ||| B’ ||| < 1 and so 
(4.2.6) || B ||| < 1. 


Now form the function 
=] for |A| 21 
00 S/o tee [ale 
Clearly Lemma 1.5.3 applies to it. We form the w.(e) of that lemma for this 
function and put 


(4.2.1) wi(e) = Min (ws (;), s). 


It is clear that ¥(\°) = \ for 0 S \ S 1 which includes the entire spectrum of 
B, since B is definite and (4.2.0) holds. Thus ¥(B’) = B, or using (4.2.¢) we 
obtain 


(4.2.x) Y(EFE) = B. 
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On the other hand, ¥(A) = A for \ = 0, 1 the spectrum of E and hence 


(4.2.d) V(E) = E. 
Now our assumption, [[Z — F]] < w, implies by (4.2.y) that [[(Z — F)E]] < w 
and [[E(E — F)E]] < w, or 
(4.2.u) [(E — FE]] < wm, [(E — EFE]] < w, 
(4.2.4), Lemma 1.5.3 and (4.2.1) together imply 


[l¥(Z) — ¥(EFE)]] < 5° 


This and (4.2.x) and (4.2.d) yield [[E — B]] < «/2. This and (4.2.n) imply 
((W’'(E — B)]] < ¢/2. Hence (4.2.¢) and (4.2.6) give 


(4.2.7) [(W’ — FE] < 5° 


(4.2.4) and (4.2.1) imply [[Z — FE]] < «/2. Hence (4.2.v) yields [[W’ — E]] < e 
as desired. 

LemMa 4.2.3. If U «M is unitary and W eM is partially isometric, and if 
U agrees with W on its initial set, then 


((U — WI] s (2 (Ww — 1) 
Proor. The initial set of W is the range or final set of W*. Therefore 
UW* = WW*. This implies for the adjoints WU* = WW*. Hence 
(U — W)(U — W)* = UU* — UW* — WU* + WW* 
= 1— WW* — WW* + WW* = 1 — WW. 
Therefore [[U — W] = Tra((U — W)(U — W)*) = Try(1 — WW*) or 
(4.2.0) [(U — W]] = (Tru — Ww*))! 


We now make use of Schwartz’s inequality in the sense of [6], p. 241, Theorem 
VIII, remembering that ||| W ||| < landso[{{[W]] <1. Thus 


Try(l — WW*) = Try(—W(W — 1)* — (W — 1)1*) Ss 2I[W — 1). 


This and (4.2.0) yield the desired inequality of the lemma. 
Lemna 4.2.4. For any « > 0, there exists an ws = w;(€) > 0 with the following 


property : 


Consider two projections, E, F «eM with Dy(E) = Dy(F). If |[E — F]] < ws, 
then there exists a unitary U eM with F = UEU™ and with [[U — 1]] < «. 

Proor. Put ws(e) = ws(e’) where e’ = e€’(e€) > O will be chosen later. 

Apply Lemma 4.2.2 to E, F and their closed linear sets Yt, RN. It gives a 
partially isometric W’ e M with an initial set Di’ | M and a final set N’ | MN 
and with 


(4.2.£) 





[[W’ — E]l < é. 
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sis, Dy(M) = Dy(M). Hence Dy(M © M’) = Dy (RM O N’). Choose a par- 


U’ = W’ + V’ € Misalso partially isometric, with initial set M, final set N, and 
it agrees with W’ on the initial set I’ of W. 
Apply all this to 1 — E,1 — F and DT (= S © M), N- in place of EL, F and | 


partially isometric W” eM with an initial set M’ © Mt a final set N” C N* 
and with 


(4.2.2) [(w” — (1 — B)]] < é. 


Furthermore, there exists a partially isometric U’’ eM with the initial set 9” 
final set 2” and agreeing with W” on the initial set I” of W”. 
Now put 


W=W'+w", U = U’' + U", 


respectively, and with the respective final sets [M’, N’’] and [M, N°] = ©. So 
U is unitary. 
U agrees with U’ on the initial set ¢@ of U’. Hence it maps Nt on YX. There- 


fore 

(4.2.p) F = UEU™. 

U agrees with W on the initial set [Mt’, M’’] of W. Therefore by Lemma 4.2.3, 
(4.2.0) [[U — WI] = (2{[w — 1)))' 

(4.2.£) and (4.2.7) imply 

(4.2.7) [Ww — 1]] < 2e 


(4.2.0) and (4.2.7) give together [[U — W]] < (4¢’)’. This and (4.2.7) yield 


(4.2.v) [(U — 1]] < (4¢)' + 2e 
Hence if we choose ¢’ so that (4e’)’ + 2e < «, (4.2.v) yields 
(4.2.¢) [[{U — 1]] < e 


In view, therefore, of (4.2.9) and (4.2.¢), the w; which we have specified 
satisfies the condition of our lemma. 


§4.3 We shall recast the definition of approximate finiteness in a series of 
steps, i.e. Defs. 4.3.1, 4.5.2 and 4.6.1, below: 
DEFINITION 4.3.1. M is approximately finite (A) if this is true: 
Given any A,,---, AmeéeM and any e > 0, there exists ann = (Ai, °:: 








Then W, U ¢ M are partially isometric, with initial sets [Mt’, Nt’’], [M, Mt] = § | 


In view of the relation of W’ to Dt’ and N’, Dy(M’) = Dy(M’). By hypothe. 


tially isometric V’ e M with initial set I? © M’ and final set MN © RN’. Then | 


M, N. (Clearly [[(1 — EH) — (1 — F)]] = [[E — F]). Thus we obtain a 
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Am, €) such that for every q = n there exists a factor N = Ni(q, Ai, ---, Am, ©) 
with the following properties: 

(i) N ts in case (I,) 

(ii) NGM 

(iii) There exist Bi, +--+, BneN with 


[[B, — Ai]] < ¢ for h =1,+++,m. 


In the present section we are interested in certain consequences of this defini- 
tion, in particular what other properties of the approximating factor N may be 
assumed. It will be assumed therefore in the five lemmas of this section that 
M is approximately finite (A). 

LemMA 4.3.1. Givenany Ay, --: ,AmeM any projection E «eM with Dy(E) = 
1/p for p = 1, 2, --- and any e > O, there exists an no = m2(A,, +--+, Am, E, ©) 
such that for every gq 2 mm which is divisible by p there exists a factor N = N2(q, 
Ai, ++: ,Am,E, €) with the following properties: 

(i) N is in case (I,) 

(ii) N ¢ M. 

(iii) There exist By, +--+, Bm eN with 


[Bh — Aal] < € for h=1,+++,m. 


(iv) There exists a projection F eN with Dy(F) = Dy(E) = 1/p, and [[F — E]] 
<a 

Proor. Apply Def. 4.3.1 with A;,---, Am, # in place of its Ay, ---, Am 
and with ¢’ in place of e where e’ = e’(e) will be chosen later. 

Put m(Ai1,°--, Am, E, €) = m(A1,---, Am, E, e) and N2(q, A1,---, 
Am, E, «—) = Ni(q, Ai, -+-, Am, E, 6). Now consider a g 2 ne which is di- 
visible by p and its N = N2. 

In view of the above definition of Ne , (i) and (ii) of the present lemma follow 
from (i) and (ii) of Def. 4.3.1. Furthermore, (iii) of Def. 4.3.1 states that 


(4.3.a) [[B, — Ail] < e& for h=1,---,m, 
and 
(4.3.8) [[Bmii1 — E]] < é’. 
Put 
(4.3.7) e’ = Min. (us(e’’), €) 


where ¢’’ = €” (e) will be chosen later. Now (4.3.a) and (4.3.7) imply (iii) in 
the lemma, so we must only derive (iv) from (4.3.8). 





33 Observe that this is a strengthened form of Def. 4.3.1. 
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By Lemma 4.2.1, (4.3.8) and (4.3.7) imply the existence of a projection 
F 1 eN with 


(4.3.6) (Fi — E]] < ”. 
This implies 
(4.3.€) | Du(F:) — Dy(E)| < ¢’.* 


As N is in case (I,) and q is divisible by :, there exists a projection F e N with 
(4.3.£) Dy(F) = Dy(E) = 1/p, 


and we can even choose F, = F. This latter implies [[F; — F]] = (| Dy(Fi) — 
Dy(F) | )*.” This equation, (4.3.¢) and (4.3.¢) together imply [[F: — F]] < e”. 
Hence (4.3.6) now implies 


(4.3.n) ([F — El] < ef? + e’. 


Thus if we choose ¢” = ¢(e) > 0, so that (e’)’ + ¢” < e€ we can conclude 
from (4.3.) that [[F — E]] < «. In view of (4.3.6) and F ¢ N, our last in- 
equality shows that N has property (iv) as desired. 

Lemma 4.3.2. Givenany Ai, -+:: ,Ame Many projection E « M with Dy(E) = 
1/p for p = 1, 2,--- and any e > 0. Then there exists an nz = n3(Ai, ---, 
Am, E, €) such that for every q = nz which is divisible by p there exists a factor 
N = N;3(q, Ai, -::, Am, E, €) with the properties (i), (ii), (iii) of Lemma 4.3.1, 
and in addition 

(iv’) EeN® 

Proor. Our hypotheses are identical with those of Lemma 4.3.1, and we 
apply the latter to A; , --- , Am , E but with e’ in place of e where 


(4.3.0) e’ = Min. (w;(e’”’), €’’) 
and ¢’”” = e’’(e) > 0 will be chosen later. 
Denote the n., N. and B,, --- , Bm, F which we obtain in this way by nz, 





34 For any two projections EL, F «eM 
| Du(F) — Dmu(£)| = [[F — £]]. 
Proof. We have 
| Du(F) — Dm(E)| = | Trm(F) — Tru(£)| = | Tru(F — B)| 


This is S [(1]}]-[[F — E}| (cf. [6], pp. 241, Theorem VIII); hence S [[F — E]] as desired. 
35 For any two projections E, F eM with E =F 


((F — E}] = (| Du(F) — Du(E)\)! 


Proof. By symmetry we may assume FE S F. Then F — E is a projection, Dy(F) — 
Dy(E) = Dy(F — EB). Put G = F — E. We must prove [[G]] = (Dm(G))*. Now 


[[G]]? = Trm(G@*G) = Tru(G) = Dm(G@). 
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Ni and Bi,---,Bn,F’. We put ns = n,; and N* = Ni. In view of (4.3.6), 
Lemma 4.3.1 (iii) gives 


(4.3.1) ([B, — Al] < e’ for h=1,-++,m, 
while (iv) of that Lemma yields 

(4.3.x) [[F’ — E]] < ws(e’’) 

and 

(4.3.2) Dy(F’) = Dy(E). 


(4.3.x) and (4.3.d) allow us to apply Lemma 4.2.4 with F’, E in place of its E, F. 
Consequently there exists a unitary U eM with 


(4.3.u) [[U — 1]] < é” 
and 
(4.3.v) E = UF'U™. 


(4.3.4) implies [[A4, — U*A,U]] = [[An — AsU + A,U — U“A,U]] < 
|| Aa [I] (1 — UY) + (1 — OU} ||| AeU ||| S 2|]| Aa|ll-e”. Hence by (4.3.) 
[[B, — U*AnU]] < (2 ||| Ax |I] + 1e” and so 


(4.3.0) [(UB,U~ — As]] < (2 ||| Aa ||| + De”. 
Now we choose e’” = ¢’’(e) > 0 as 
(4.3.8) e” = ¢/(2 Maxi-t,....m ||| An ||] + 1. 


Put N = N; = UN*U™. Then N is a factor in the case (I,) along with N*. 
Thus (i) holds, (ii) holds since N* © M. UeM implies N GM. B,eN* 
gives B, = UB,U™ €N, while (4.3.0) and (4.3.£) imply [[B, — Aal] < «, so (iii) 
holds. And finally F’ ¢N* and (4.3.v) imply E = UF’U~ €N so that (iv’) 
holds. 

LemMA 4.3.3. If we add to the assumptions of Lemma 4.3.2 that 


(a) EA, = AnE = Ap 
then we can add to its assertions that 
(8) EB, = BE = B,.* 
Proor. Apply Lemma 4.3.2, but write B, for its B,. Now put B, = 


-EB,E. Then (8) is satisfied and B,, E «N give B,¢eN. By (a), FA,E = Ay. 


By (iii) of Lemma 4.3.2, [[B, — A,]] < «. Hence [[E(B, — A,)E]] < « or 
[[B. — Aa]] < ¢. Thus (iii) holds for B) as well as for B;, . 

The other assertions ((i), (ii), (iv’)) are not affected by our replacing B,, by 
B,. Thus the proof is completed. 





86 With the same n; , N; as in that lemma. 
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Lemna 4.3.4. If we add to the assumption of Lemma 4.3.3 that E:¢ N° where 


N’ is a factor in case (I,), then we can add to its assertions 

(v) N° a N.*: 36 

Proor. Apply Lemma 4.3.3 but write N* for its N. 

The considerations at the beginning of the proof of (i) in Lemma 4.1.2 show 
again that Dy(G@) = Dyo(G) for all projections G eN°(¢ M). 

Hence in particular Dy,(Z) = Dy(E) = 1/p. Then the argument used in 
proof of Lemma 2.6.2 establishes the existence of a system of p-order matrix 
units W?,,,, u,v =1,--:, p in N’ with 2a Wa = land Wi, = E. Thus 
in terms of (8) of Lemma 4.1.1, 


(4.3.7) There exists a matrix base W%,, u,v=1,--+,p of N’ 
with Wi, = E, 


On the other hand, the argument of Lemma 2.6.3 applied to N* establishes 
the existence of a system of p-order matrix units Wi,, u,v = 1, ---, p in N* 
with >>?_, Wi. = land Wi, = E. (Observe that this is not a matrix base of 
N* since N° is in case (I,) and not (I,)!). 

Now put U = }o?_,Wia Wi. As WiaeN SM, Wi.eN SM v0 
UeM. One verifies by direct computation that U*U = UU* = 1, ie. U is 
unitary. Also 


(4.3.p) Uwt, = WU or W,, = UWt,U7 
and, since Wi, = Wii = E 
(4.3.0) EU = UE=E. 
Apply the mapping 
(4.3.7) X — UxU™ 


to N*. This carries N* into N = UN*U™. Now we see: N is a factor in case 
(I,) along with N*; thus (i) holds) N* ¢ M, UeM imply N ¢ M;; x0 (ii) 
holds. By (8) in Lemma 4.3.3 and (4.3.c), the mapping (4.3.7) leaves all B, 
fixed; hence they belong to N as well as to N*. Now (iii) and (8) in Lemma 
4.3.2 are unaffected and hence hold in the new case. By (4.3.p) the mapping 
(4.3.7) carries Wi, into W*.,,. Hence Wi, eN* gives W’.,,¢N. Hence by 
(4.3.2) and (ii) in Lemma 4.1.1, every A «N° has the form A = it ee 
ayuW.,,80 AéeN. Thus N° ¢ N which is the desired relation (v). 

Thus the proof is completed. 

Lemma 4.3.5. Assume that M is approximately finite (A). Given any 
A,,-::, AméeM any p = 1, 2,--- and any e > 0, then there exists an m = 
ns(Ai,°*+, Am, Pp, €) such that for every q 2 4 which is divisible by p and every 
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factor N° ¢ M in case (I,), there exists a factor N = Nu(q, A1, -*- , Am, N°, D, ©) 
with the following properties: 

(i) N is in case (I,). 

(ii) N ¢ M. 

(iii) There exist B,,---, Bye N with [[B, — Anl] < € forh = 1,--+,m. 

(vv) W CN. 

(Note. This lemma is quite similar to Lemma 4.3.4. However, (a) has been 
dropped from the assumptions and (8) from the conclusion. Thus £ is no 
longer mentioned.) 

Proor. Choose a matrix base W,,,,u,v = 1,---, pof N°andlet E = Wi,. 
Put Au,oxk = WiwArWoa . 

We have Dy(E) = Dy(W:i1) = 1/p (ef. the argument of (2.7.a)). Clearly 
EAu,wv:r = Aunt = Asn - 

Now apply Lemma 4.3.4 with the mp’ operators Auo.h = 1,--:,m,u,v = 
1,---, pin place of Ai, --- , Am and ¢/p’ in place of «. 

Denote the m3, N3 which obtain in this way by m,N,. Write N = Ny. 
Denote the operators which correspond to the Au,» (as the B, do to the A, 
in Lemma 4.3.4) by Buon. 


Clearly: 
(4.3.v) An = Deer D, oes Wea Anon Wis: 
Let 
(4.3.¢) By = Doar Deen War Buin Wis. 


Now we argue as follows: 

(i), (ii) and (v) in Lemma 4.3.4 are unaffected. Bu,».,¢N and Wu.¢eN° CN 
imply B,eN. We have [[Bu:; — Auvzal] < ¢/p’. Hence [[Wua(Buya — 
Aun) Wi, 0]] < e/p° and be wm WaslBuor saat Aun) Wi,2]] <e. Thus 
Thus (4.3.v) and (4.3.¢) and this inequality yields [[B, — A:]] < «. So (iii) 
holds and the proof is complete. 

§4.4 We now use the results of the preceding two sections to compare the 
two notions of approximate finiteness which we have introduced. 

Lema 4.4.1. Assume that M is approximately finite (A) and that the sequence 
(pi, Po, °°: | fulfills (¢), (zi) in Lemma 4.1.3. Then [pi , po, --- | possesses a 
subsequence [py , Po , -- +] such that M is approximately finite of type [py , po’ , - > +). 

Proor. By [2], pp. 387-388, there exists a sequence A;, Az, --- €M which 


- is everywhere dense in M in the sense of strong convergence. Put po = 1 and 


Ny = (al). This is a factor © M in case (I,). We shall choose by induction 
for every n = 1, 2,-+-,a p,- and a factor N, € M in the case (J,,,). If for any 


n = 1,2, +--+, pony and N,_; have already been chosen, then we choose py’ 
and N, in the following way. Apply Lemma 4.3.5 to Ay, --+, An, Din’; 
1/n, N,-1 in place of its A,,---, Am, p, €, N°. Choose p, from the sequence 


[p1, po, --: ] with p,, > Max (m4, Por’). Thus py, is divisible by pin_»:. 
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Put g = pn and then put N, = N (from the above application of Lemma 4.3.5), 
Thus [py , px , «++ ] is a subsequence of [p,, p2, --- |. We have Nii CN,, 
hence 


(4.4.2) NiCGN.G::: 
N, is a factor ¢ M of class (J,,-). Clearly 
(4.4.8) R(N,, 2 = 1,2,---) GM. 


Now for n = h, there exists a Bi” ¢N, with [[B{” — A,]] < 1/n. So A, isa 
metric limit of R(N,, n = 1, 2,---) and hence, by Theorem I, A; € R(N,, 
n = 1, 2,---). Thus A,;, Ao,---eR(N,, n = 1, 2,---). Since the 


A,, Az, +++ are everywhere dense in M in the sense of the strong convergence, 
this and (4.4.8) yield 
(4.4.7) R(N, ,n = 1,2,---) = M. 


(4.4.«) and (4.4.7) and our observations establish that M is approximately finite 
of type [pi , po , ---] as stated. 

We need one more auxiliary lemma. In view of a later application, we shall 
prove it in a stronger form than that immediately needed. 

Lemma 4.4.2. Let N, O be two factors in the case (I,) and (I,) or (Il) respec- 
tively. Let p be a divisor of r and (if q exists) ra divisor of qg. Suppose N ¢ O. 
Then there exists a factor R in case (I,) such thatN | R ¢ O. 

Proor. By Lemma 2.6.2 or Lemma 2.6.3, since O is in case (II,) or in the 
case (I,), q divisible by r, there exists a factor R ¢ O in the case (I,) with a 


matrix base Wi,,, 0, w = 1,---,7r. Choose also a matrix base W%,,,, u,v = 

1,---,p of N*. Thus Wy, is a system of r-order matrix units with 

> -1 We. = 1 and W%,,, is a system of p-order matrix units with }°?_, W?,,, =1. 
Put 

(4.4.6) Win - pes W (u—vr/pti(v—r lpi « 

Then one verifies by direct calculation that the Wi, , u,v = 1,---, p forma 


system of p-order units with >°?_,Wit, = 1. One can readily prove that 
Do(Wit) = 1/p = Do(W},:) in the standard normalization. Thus there exists 
a partially isometric V ¢ O such that V*V = Wit, VV* = Wi... Now put 

U = Do Waa VWie. 
Clearly UeO. One verifies by direct computation that U*U = UU* = 1 
and hence that U is unitary. Also that 
(4.4.€) UW.. = WeU or We = UWS,U™. 

Hence the replacement of R by URU™ and of the system W7,, by the system 
UW~,,U~ leaves all their properties unaffected, but it carries wtt into Wi» = 
UWitU. Consequently, we may assume that we had Wit = Wt.» i.e. 
(4.4.¢) W'..v = ws Wbu—eriptis(e—Dripti - 
to begin with. 
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Thus all W*,,, « R, hence N CR. We know already that R is a factor in the 
case (I,) and that R ¢ O. 

Thus the proof is completed. 

We can now conclude our deductions from Def. 4.3.1. 

Lemna 4.4.3. Under the same assumptions as Lemma 4.4.1, M is approximately 
finite of type (pi, pr, --°). 

Proor. Apply Lemma 4.4.1. Denote its Ni, N2,--- by Ny, Ne ,--: 
Write 0’ = 0, Ny = No = (a-1). 

Thus N, is now defined for n = 0’, 1’, 2’,--- only. Consider a fixed 
m’ = 1’, 2’,---. We have Nom»: © Nw and that Nin», Nm are factors 
in the cases (I,,,,-,,’), (Ip,’) respectively. Each pjm—1+ , Pcm—1'41,--- » Dm’, 
Pm’ is @ divisor of its successor. Hence we obtain by repeated applications of 
Lemma 4.4.2 a succession of factors N¢m—1/41, N¢m—1)’42,--. , Nm-1, with these 
properties: 


Nim»? & Nom & ° ” CS Nw S Nw 


and N,, (n = (m — 1)’ + 1, --- , m’ — 1) isin the case (I,,). 
So we have defined N,, for all nm = 1,2,---. Wehave 
(4.4.7) NiCGN2¢:::, 


and N,, is a factor in the case (I,,). Finally, by (4.4.y) and Lemma 4.4.1, we 
have: 


(4.4.4) R(N, ;n = 1,2, ---) = RW 3m =1,2,---)=M 


(4.4.9), (4.4.0) and our other observations establish that M is approximately 
finite of type [pi , pe, ---] as stated. 


§4.5 We proceed now to the second operation announced at the beginning 
of §4.3. 

DEFINITION 4.5.1. A ring N is of finite order if it possesses a finite linear basis, 
ie. a (fixed finite) system, AY, --- , AY such that N is the set of all 


0 
A = itu mAs (a1, °**, %q any complex numbers). 


DEFINITION 4.5.2. M is approximately finite (B) if this is true: 

Given any Ay, -+:,AmeM and any ¢ > 0 there exists a ring N with the fol- 
lowing properties 

(i) N is of finite order 

(ii) NCM 

(iti) There exists By, --- , Bn eN with 


[[B. — Arl] << ¢€ for h=1,+--,m. 


Lema 4.5.1. If M is approximately finite of type |p: , po, ---| then tt ts also 
approximately finite (B). 
Proor. Suppose A,;,---,AmeM and a e > O are given. Form the 
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Ni, N2,--: of Def. 4.1.1. By (ii) in Lemma 4.1.4, there exists for each 
h = 1,-:+,manN,, such that for some B, ¢ Np, 


(4.5.a) [[B, — A:z]] < e. 
Put n = Max (m,---,m») then B,eN,, | N, ie. 
(4.5.8) Bi,-:+,BneNn. 


Now N, is a factor in the case (I,,). By (ii) in Lemma 4.1.1 it is a ring of 
finite order. This, together with (4.5.a) and (4.5.8), completes the proof, 

Comparison of Lemmas 4.4.3 and 4.5.1 shows that if we can derive approxi- 
mate finiteness (A) from (B), then the equivalence of all kinds of approximate 
finiteness is established. This we accomplish in the next section. In the present 
section we obtain certain preliminary lemmas on rings of finite order; indeed 
we shall determine the structure of these.*’ Thus for the present section N 
is to be a ring of finite order. 

Lemna 4.5.2. (i) There isa maximum r such that there is a system E,, --- , E, 
of mutually orthogonal projections ~0 and éeN. 

(ii) For such a system (with r maximum) E = >~"_, E, is the unit of N. 

(iii) Every E, in such a system (with r maximum) is minimal (with respect to N) 
in the sense of [5], p. 148, Def. 5.1.2. 

Proor. Ad (i): Any such system is necessarily linearly independent. Hence 
the number of its elements must be S the q of Def. 4.5.1. Hence the numbers 
for which there is such a system have a maximum. 

Ad (ii): Let E be the unit of N. }>°'_, £, is a projection in N; hence 
S41 E, SE. So EF... = E — 3511 E, isa projection in N which is orthogonal 
to the original F,. Hence the assumed maximum property of r necessitates 
E.w. = 0, ie. E = DAE,. 

Ad (iii): Consider a projection F < E,inN. Then E, = F and E, = E,—F 
are mutually orthogonal projections in N which are also orthogonal to all £,,, 
s’ # s. Hence the assumed maximum property of r necessitates E, = Oor 
EY = Oie. F = OorZ£,. This however is the defining property of minimality. 

Remark. The center N-N’ of N is of finite order along with N. Hence we 
can apply the above lemma to it, thus obtaining a system F,, --- , E;. 

By this lemma, FE = } E, is the unit of N-N’, hence by [2], p. 393, Theorems 
3 and 4, it is also the unit of N. 

Lemma 4.5.3. (i) E, (ef. above) is such that its range It, reduces N, N’, N-N’ 


(ii) | (N-N’) aH, = (E.) &,) 

Proor. Ad (i): This is implied by FE, ¢N-N’. 

Ad (ii): This is equivalent to the statement E,A = AE, = oF, forall A eN-N’. 
Put E,A = AE, = A’. Clearly A’eN-N’, E,A’ = A’E, = A’. Since E, 
is a minimal projection in N-N’ this implies A’ = af, (cf. the last part of the 
proof of Lemma 5.1.3 in [5], p. 144). 
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Lemma 4.5.4. Nw, is a factor (in M,) in a case (Ig,) (Ge = 1, 2, +++). 

Proor. If A’ is in the center of Nay, A’'E, defines an operator A in § 
which is readily seen to be in the center of N and for which AE, = E,A = A. 
Thus the center of N.w,) is included in (N-N’)@,.). The converse inclusion 
is obvious. 

It follows that the center of Nw, is (N-N’)%,) , and hence N.#,) is a factor 
by (ii) in Lemma 4.5.3. 

Nx, is of finite order along with N. Therefore Lemma 4.5.2 implies that 
N,x,) contains a minimal projection. Thus N.@,) is a direct factor (cf. [5], 
pp. 150, 173, Theorem IV and Lemma 8.6.1). Obviously, since it is of finite 
order, Ni,) is not in a case (I,,), and hence it is in a case (I,,), gs = 1, 2, --- 
This completes the proof. 

Lemma 4.5.5. N possesses a finite linear base which consists of the operators 
Wi, &S = 1,-+-,7, uy v = 1,°+-, Qe where for any fixed s ~ Waser 
u,v = 1,--+, Qs are a system of q.-order matrix units with E, = Dot Win. 
Thus for the q of Def. 4.5.1, q = dor (q.)”. 

Proor. In virtue of Lemma 4.5.4, we may apply Lemma 4.1.1 and Remark 2 
after it to Nia, . So N@,) possesses a finite linear base of operators Wi. 
(in M,), uyv = 1,--> _» Ys Which form a system of g.-order matrix units in M, 
with Eu %,) = Te, Ws 

Since Wi, EN, Gaui is a W°°, in N for which the part in M, is Wi... Let 
W.. = W°°.E,. Since E, ¢N-N’, we have W%,, ¢N and also Wi, = Wi,.E, = 
E,W. Clearly (Wie)&) = W‘.. and one can readily show that the Wi, 
form a system of g,-order matrix units in 6 with E, = >04.1 Wi. 

Consider an A, ¢N with Z,A, = A.Z, = A,. Then A, has the part A.@, 
in M, and O in MW; . In the sense then that E, is a transformation from to 
M., A, = Aas EF, and also Win = Wi»E.. As Aas, € Nw, , we have, 
from the first —" of the proof, that Aum, = Do%1 Dot a.~Wi» and 
hence A, = A sh, +E, = vt, ms n. Wi, ys = p > > a ai, oW 4, vs 

Consider now any 4 eN. Put A, = EA which also equals AE, since 
E,eN-N’. By the above, A, = Ota) yo: AoW i. By the remark after 
Lemma 4.5.2, we have 


A — EA — nai E, A= _ > at p> Zs Gant 


Thus the Wt,,, s = 1,°+-,7, u,v = 1,°-+,4qs form indeed a finite linear 
basis of N. 

We now prove a lemma which possesses a certain interest of its own. It 
applies to any ring of finite order NC M. We assume that a representation of 
N in the sense of Lemma 4.5.5 is given, with the W:,,, as described there. 





37 The four lemmas which follow are merely an ad hoc derivation of Wedderburn’s struc- 
ture theorems for semi-simple algebras—specialized to the present situation. They can 
also be interpreted as a summary of certain results of unitary representation theory in- 
cluding the theorem of Burnside-Frobenius-Schur for that case. 
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Lemma 4.5.6. Given a (fixed) q = 1, 2, --- there exists a factor O in case (I,) 
with N © O € M @f and only if this is true for N: 


(4.5.7) All qDy(Wi,1) are integers. 


Proor. Assume that an O with the specified properties exists. 

The considerations at the beginning of the proof of (i) in Lemma 4.1.2 show 
again that Dy(G@) = Do(G) for all projections GeO(E M). Hence in particular, 
Dy(Wi1) = Do(Wi,1), since Wi, is a projection eN C O. But as O is in case 
(I,), Du(Wi) = Do(Wix) must have a value (0, 1/g, --- , 1) i.e. g-Dy(W},) 
must be an integer. Thus (4.5.7) holds. 

Sufficiency: Assume that N fulfills (4.5.y). Considering Lemma 4.5.5, we 
must prove this: 


(Let a system of mutually orthogonal projections ~0 from M be given: 
E,,---,E,. For each s, let a system of g,-order matrix units W%,, 
(4.5.6) +from M be given, with FE, = p a. FB Wu. and gq, = 1,2,---. Let for 
a given g every qDy(Wi,) be an integer. Then there exists a factor 
.O € M in a case (I,) such that all W:,, € O. 





We therefore disregard N completely and deal with (4.5.6) alone. 

Proor oF (4.5.6). We have Dy(Wi,) = p:/q, ps = 1, 2,---. The projec- 
tions Wi, and W%,,, are equivalent in virtue of the partially isometric Wi, 
(ef. Lemma 2.6.1). Hente 


(4.5.€) Dy (Wi) = ps/q,  Du(Es) = podgs/d. 
We may assume that 
(4.5.¢) 7 a ey @ i. 


Otherwise we could put Fei: = 1 — > -1£,. Then E;,,; is a projection #0, 
Also qgDy(E;41) =q- Lnt qDy(E,) is an integer. Thus we could add E;,, 
to the system Ey, --- , H; with qz4, = 1 and Wik = Brus. 
By (4.5.e) and (4.5.6), Dv-uipg = g. We put 7, = Dota pia for 
s = 0,1,---,# Then 
le = loa + Des ° fors = 1, ---,? 
{Uo = 0, l; —_ q. 


As M is in case (II,), by Lemma 2.6.2 there exists a factor O* Cc M in the case 


(4.5.n) 


(I,) with its matrix base Wz,,,0,w = 1,--+,q.. Thus W ;, is a system of 
qg-order matrix units, with }04.1 Wi = 1. 
Put 
(4.5.0) Et = Di a Wie = for s = 1, «++, F 
(4 5 ) > = bos fe eT ee ee 
0.6 


for s= 1,---,7,u,v = 1, +++, Qe: 
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Then one verifies by a direct computation that the EY are mutually orthogonal 
projections #0 with >°-. Ef = 1 and (using Def. 2.6.1) that the Wt’, form 
(for any fixed s) a system of q,-order matrix units with pa wt, = Et. All 
these operators are in M. 

The Wz, are equivalent (due to the Wt,,) and since b> Wi. = 1, 
Dy(Wi.) =1/q. Hence by (4.5), Dy(Wii) = p./¢ and by (4.5.6), Dy(Wt}) = 
Dy(Wi,). Consequently there exists a partially isometric operator V, «M 
with the initial projection Wyi and final projection Wj, . 


Now put 
U = ier Dot Wi Ve Win. 
Clearly U eM. One verifies, by direct computation, U*U = UU* = 1 which 
implies that U is unitary, and similarly that 
(4.5.x) UWt,=Wi,U or Wi, = UWt,U™. 


O = UO*U™ is a factor CM and in case (I,) along with O*. By (4.5.0), 
wi’, «O* and hence by (4.5.x) Wi, = UWi,U 7 « VO*U™* = O. Thus all 
Wi €O. 

§4.6 We are now in a position to complete our proof of the relationships 
between the various kinds of approximate finiteness. 

Lemma 4.6.1. Suppose N, M, E,,---,E, and the Wi. are as in Lemma 
4.5.5 with E = pe = 1. Forany « > 0 there exists an ns = n;(N, €) such 
that for every gq = ns there exists a projection E = E(q, N, €) which is e M-N’ and 
has the following properties: 

(i) Dyu(l — FE) < e 

(ii) All gDy(EWi1) are #0 and integers. 


Proor. Given aq = 1, 2, --- we wish to choose for each s = 1, --+,fa 
i, = 1, 2; ee with 
(4.6.a) q(Du(Wia) — €/Qoi-1¢2) < ke S qDu (Wi). 


This is certainly feasible if g-Dy(Wi,1) = 1 and qe/> 0-1 qs 2 lfors=1,---,7. 
We assume therefore that gq = ns with 


(4.6.8) ns = ns(N, €) = Max ()-5-1 q./e, 1/Du(Wi,), s = 1, ---, #). 
Now (4.6.a) and k, ¥ 0 give 
Dy(Wi.1) eas: PY ie le ds < k./q = Dy(Wi1), k./q # 0. 


' As M is in case (II,), this implies that we can find a projection G’ « M with 


(4.6.7) Dy(G"*) = k./¢q ¥ 0 

and 

(4.6.8) Gs Wia 

and that then 

(4.6.e) Du(Wia — G.) < e/a a. 
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Wi. is a partially isometric operator with initial projection Wi}, and final 
projection Wi... Its mapping carries therefore the G*’ < W{, into a projection 
Gi. eM with 


(4.6.¢) G2 Wix- 
The same mapping carries (4.6.¢) into 
(4.6.7) Dyu(Wiu — Gi) < / Din we. 


Finally Wij.-W2. = Wi. implies that the mapping of W%,,, carries G° into 
G.. This may be written 
(4.6.6) WoeGe = GoW. 
For s ¥ torv # w, W,,, the initial projection of W%,,, is orthogonal to Wt, 
hence, a fortiori, to Gi, < Wi... So we have 
(4.6.2) WiwGo = 0 fors Xtorv + w, 
(4.6.x) GLWi.» = 0 fors X¥ toru #w 


Now put E = S77 0%. Gi. Clearly E eM and since )-7_, 024, Wi, = 
di-1 FE, = 1 we have 1 — E = Doi Soft (Wi. — Gi). Hence (4.6.7) yields 
(4.6.d) Dy(1 — E) <.. 

(4.6.0), (4.6.) and (4.6.x) give 
Wil = EWi(= WipeG, = GiWi,»). 


So E commutes with W7,,, and hence by Lemma 4.5.5 with all of N. Since 
E «€M this yields 


(4.6.n) E«M-N’. 
Finally, direct computation shows that 
(4.6.7) EWi, = Gi = G’. 


Our assertions now follow immediately. (4.6.4) gives the preliminary one, 
(4.6.X) implies (i), and (4.6.v) and (4.6.7) yield (ii). Thus the lemma is proven. 

It is now possible to take the final step. 

LemMaA 4.6.2. If M is approximately finite (B), then it ts also approximately 
finite (A). 

Proor. We must verify the criteria of Def. 4.3.1 for M. 

Let therefore a system A;,--:,AmeM and ane > Obe given. Apply Def. 
4.5.2 to these A,,---,Am and to e/2 thus obtaining the ring N and 
B,, +--+, BmeN described there. Thus 


(4.6.0) [[B. — Au]] < €/2. 
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N is a ring of finite order CM. We form E£,, --- , E, and the W%,,, in the 
sense of Lemma 4.5.5 for this N. To these and to 


(4.6.77) e’ = (€/2 Max (||| B, |||; s = 1,---, #7)? 


we apply Lemma 4.6.1, thus obtaining n; = n;(N, e’). For any g = ns we form 
the projection KE = E(q, N, e’) of Lemma 4.6.1. 

Accordingly we have EF « M’-N and N; = E-N = NE is a finite order ring 
CM along with N. Thus FEF,, --- , EE; and the EW.,, perform for Nz the 
functions of E,,---, HE; and the W%,, for N (cf. Lemma 4.5.5). By (ii) in 
Lemma 4.6.1 all gDy(EW%i,) are integers. Thus Lemma 4.5.6 is applicable 


to N,; and we obtain a factor O in case (I,) with 


(4.6.p) N; COC M. 
B, «N implies 
(4.6.0) C, = EB,eNz | O. 


3 
Now (i) in Lemma 4.6.1 gives Dy(1 — E) < ¢. Hence [{1 — E]] < ¢*° 
and therefore 


[B. — C.J] = [Bl — E)]] < ||| B. {ll et. 
Hence by (4.6.7) 


(4.6.7) [[B. — C.]] < €/2. 
Combining (4.6.0) and (4.6.7) gives 
(4.6.v) [[C, — As]] < e. 


Thus we can satisfy Def. 4.3.1 by putting mn. = m(Ai, --- , Amj 6) = n3(N, ©€)™ 
and then for g => m = n;, Ni = Ni(q, A1,°+:,Am, €) = O.” Then our 
C,,--:, Cm replace the B,, --- , B» of Def. 4.3.1, and (i)—(iii) there obtain as 
follows: (i) holds by virtue of the construction of O (ii) follows from (4.6.p), 
and (iii) coincides with (4.6.v). 

Thus the proof is completed. 

We could now make the final steps as indicated after Lemma 4.5.1 above, but 
we introduce one more variant of the concept of approximate finiteness: 

DEFINITION 4.6.1. M is approximately finite (C) 7f: 

There exists a sequence of rings N, , Nz, --- with the following properties: 

(i) N, zs of finite order 

ji) MONE: 

(iii) The ring M is generated by the Ni, No, --- 


M = R(N, ;n = 1,2, ---). 





38 Observe that the (indirectly defined) expression at the extreme right has the proper 
dependence—i.e. that one indicated by the expression in the middle. 
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Lemna 4.6.3. If M is approximately finite of type [pi , pe, -- +] then tt is also 
approximately finite (C). 

Proor. Immediate by comparison of Defs. 4.1.1 and 4.6.1. 

Lemma 4.6.4. If M is approximately finite (C), then it is also approximately 
finite (B). 

Proor. (ii) and (iii) in Def. 4.6.1 coincide with those in Def. 4.1.1. Hence 
Lemma 4.1.4 applies to our N,, No, --: 

Let then the A;, --- , Am¢M and the e > 0 of Def. 4.5.2 be given. Owing 
to Lemma 4.1.4, A; is the limit of a metrically convergent sequence from the 
set-theoretical sum of the N,, N2,---. Hence there exists a B, €N,, with 


[[B: a A;]] < € 


Now put n = Max (m,--:,m,). Then every B,eN,, & Na. Thus 
N = N, meets all the requirements (i)-(iii) of Def. 4.5.2. 

We can now prove 

THEOREM XII. All kinds of approximate finiteness are equivalent to each other: 
(A), (B), (C) and every type [pi , pe, --+] (for every sequence [p;, po, -+-] which 
fulfills (i), Gi) of Lemma 4.1.3). 

We shall therefore use the expression approximately finite from now on, without 
any further qualification. 

Proor. The implications 


(A) — type [pi, p2,-+-] > (B) > (A) 

were established in Lemmas 4.4.3, 4.5.1 and 4.6.2 respectively. Consequently 

type [pi, pe, +++] (A) S (B). 
Further 

type [pi, pe, ---] — (C) — (B) 
by Lemmas 4.6.3, 4.6.4 respectively; hence 

type [pi , pe, +++] S (C) 

too. 


§4.7 We have not shown so far that approximately finite factors exist at all. 
In §$§5.2, 5.3 and 5.6 we shall give various examples of such factors. Actually 
it is more difficult to show that there are factors in case (II,) which are not 
approximately finite. 

Our immediate goal is to prove a general theorem which yields the existence 
of approximately finite factors as a byproduct. 

A preparatory lemma is necessary: 

Lemna 4.7.1. Let a factor N © M ina case (I,), p = 1, 2, --- be given. If 
an A €N possesses these two properties 

(i) [[AX — XA]] S e||| X ||| for every X eN 

(ii) Try(A) = 0, 
then [[A]] S «. 
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= ||| U~*||| = 1. Hence 





Proor. For any unitary U eN we have | 
by (i), 
[[UAU~ — AJ] = [[U(AU™ — U“)A]] s [[AU7 — U4] 


Also by (ii) 


lA 
a 


Try(UAU *) = Try(A) = 0. 


If Ui,---,Um are unitary and e« N then we have by the above 
[[U:AUs’ — A]] S ¢, Trm(U,AU;") = 0. So for 


(4.7.a) B = (1/m)(>o 21 U; AU;") 

the evaluations 

(4.7.8) [[B -— A]] Se 

(4.7.7) Tru(B) = 0 a 
obtain. 


Now choose an isomorphism “K between N and the system of all (complex) 
p-order matrices, in the sense of (a) in Lemma 4.1.1. Put 
KA = a= {az}, AB = b = {b,,,}. 
Form next the operators V, X1,--- , X,eN with 


PA = 1 if s _—-it= 1 mod p 
KV = e? \Us,t} 5 Yayt {Z 0 otherwise 


=1 ift=sFr 
KX = 2, = {250}, 2,0 Ce a 
{= 0 otherwise. 


The matrices v, xz, are unitary. Hence the operators V, X, are also unitary. 

Now put m = p2” and let Ui, --- , Um be the operators V’X{!- --- -X’?, 
h=0,1,---,p—1;kh,-+-:,k,=0,1. Then a combination of these formulas 
gives, due to (4.7.2) by direct computation,” 


b - (1/p) Zoos Qu,u = Ao for {=e 
ts 


= 0 otherwise. 


Consequently 


(4.7.8) B = a1 





* This computation may be outlined as follows. Let ¢‘7) = (—1)*r#+5rt, ie, 


in J=lifr#tands #rorifr=s=t 
‘t= —1ifeitherr = sandr #torr+sandr=t 


Then if KX,AX7! = c = (c$")) 


r 
ef") = €. 4 As.t « 


(continued) 
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(4.7.6) and (4.7.7) give together 0 = Try(B) = a@,i.e.B =0. Hence (4.7.8) 
becomes [[A]] S « as desired. 

We are able to prove: 

TuHrorEM XIII. Jf M isa factor in case (II,), M contains a subring O which 
as a factor in case (Il), and approximately finite. 

Proor. Choose a sequence [p; , p2 , - --] which fulfills (i), (ii) in Lemma 4.1.3, 


e.g. Dn = 2”. 

Put po = 1 and Ny = (a1). This is a factor GM and in case (I,). We shall 
choose by induction for every n = 1, 2, --- a factor N, & M in the case (I,,), 
If for any n = 1, 2,--- , Nn_1 has already been chosen, we choose N,, in the 


following way: N,1, M are factors in the cases (I,,_,), (Ili) respectively; 
N,-1 & M, p,_: is a divisor of p, . Apply therefore Lemma 4.4.2 to N,_1, M, 
Pn-1, Pn in place of its N, O, p,r. Put N, = R. Then N, is a factor CM in 
the case (I,,). 


Thus 
(4.7.6) NiCGN:¢ ::- SM. 
Denote by S the set-theoretical sum of the sequence N,, Nz, ---. Owing 


to (4.7.e), S is an algebra along with N, , Ne, -- 

Denote the set of the limits of all metrically convergent sequences from § 
by S,. The same argument as in the proof of Lemma 4.1.4 shows that §, 
is an algebra along with S and then that it is a ring. Hence S € S§, implies 
R(S) | S,. Onthe other hand R(S) is closed in the sense of metric convergence 
by Theorem I. Hence S ¢ R(S) implies S; € R(S). Consequently R(S) = §, 
and so 


(4.7.¢) M 2 R(WN,, n = 1,2, ---) = RG) = &. 


Next we prove that the ring §, is a factor, i.e. that every A €S,-S; belongs to 
(a-1). 





Let Bo = Daj .--deyeo, (X's +++ -XP)A(XT!+ +++ -XjP)1 and KBy = d = (dee). Then 
dee = Dd byse-nskgmba (Ce) ++ (DP aa 
= (Ce) 4 (eM). oes (C62)? + (ag, 
= (1 el). wee 1 + oP Daa. 
Unless s = t, €§?) = —landd,,,=0. Ifs =t,d,,, = 2?a,,,. Thus Bois a diagonal matrix. | 


The effect of V on a diagonal matrix is just to permute the diagonal terms cyclicly. Hence 
if B and b,,; are as in the text 


B = (1/p2”) )° Po V"Bo V—" 
and 
by: = 0 if st 
bss = (1/p) >> 2_; Quy - 
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Consider an A¢S,-S;. Choose « > 0. As A eS, there exists a B,eN 
with 
(4.7.1) [[B. — A]] <«. 
Put C. = B, — Try(B.)-1. Then C. €N,,, too, and 


Pre 


(4.7.0) Tru(C.) = 0. 


Consider an XeN,,,. AsAce Si, XeS,,so AX — XA =0. Also, clearly 
BX — XB. = CX — XC,. Hence CX — XC. = BX — XB. = 
(B. — A)X — X(B, — A) and so [[(C.X — XC,]] < 2||| X ||| [[B. — AJ]. This 
and (4.7.n) yield 


. ([C.X — XC] < 2||| X |\\-«. 


. 
~] 
. 


(4 
(4.7.6) and (4.7) permit us to apply Lemma 4.7.1 to C,, 2¢€ in place of its 
5 & Thus 


[[C.]] S 2e. 
Put Try(B.) = a. Then the above equation means 
[[Be — ae-1]] S 2e. 
Hence by (4.7.n) 
(4.7.x) [[A — ae-1]] < 3e. 


As (4.7.x) holds for all « > 0, it proves that A is the limit of a metrically con- 
vergent sequence from (a-1). As (a@-1) is obviously closed in this sense, we 
have A ¢ (a-1) as desired. 

Thus §; is a factor. The considerations at the beginning of the proof of (i) 
in Lemma 4.1.2 show again that Ds,(Z) = Dy(£) for all projections E «§, . 
Hence §; is in a finite case, along with M. If S, were ina case (I,),g = 1,2, ---, 
we could argue as follows: N,, ¢ S, and N,, is a factor in case (I,,). Hence 
pn is a divisor of g by (i) in Lemma 4.1.2. But this is impossible, since p, — 
asn— «, Therefore S; must be in the case (I];). 

Now (4.7.«€), (4.7.¢) prove that S; is approximately finite of type [p; , pe , «+ -}— 
ie. approximately finite by Theorem XII. 

Thus O = S, meets all our requirements. 

And to conclude: 

‘ToeoreM XIV. Approximately finite factors M (in the case I1;) exist and they 
have all the same algebraical type M. 

We denote this algebraical type by A. 

Proor. The existence follows from Theorem XIII. 

Consider two approximately finite M;, Mz. Choose a sequence [p: , po, --*] 
which fulfills (i), (ii) in Lemma 4.1.3, e.g. pa = 2". Then M;, Mb are both 
approximately finite of type [p1, pe, ---] by Theorem XII. Hence they are 
algebraically isomorphic by Theorem XI, i.e. M; = M2. 
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Thus M (M approximately finite) is uniquely determined and the definition 
of A is justified. 


§4.8 The algebraical isomorphism invariants described at the end of §2.10 
will now be studied for the algebraical type A. These invariants are 

(1) Validity of AX = A 

(2) The fundamental group: G = @(A). 

Lemma 4.8.1. A’ = A. 

Proor. By Theorem XIV on one hand and Theorem III on the other, it 
suffices to show that a definition of approximate finiteness is unaffected by a 
conjugate or by a dual isomorphism. This is obviously true, even for all the 
definitions given in Theorem XII and for both types of general isomorphisms 
(cf. B*) in §2.2) mentioned above. 

Lemma 4.8.2. @ = G(A) contains all rational numbers 6in0 < 0 < @. 

Proor. Since © is a group, it suffices to prove that it contains all 1/p, 
p = 2,3,---. 

Consider such a 1/p. Choose a sequence [p, , p2 , ---] which fulfills (i), (ii) 
in Lemma 4.1.3 and with all p,, divisible by p, e.g. p, = p”. 

Choose an approximately finite M and the N,, N., --- , for this M and the 
sequence [p1, p2, -°-] in the sense of Def. 4.1.1. 

The considerations at the beginning of the proof of (i) in Lemma 4.1.2 show 
again that Dy(G@) = Dy,(G) for all projections G e N,(€ M). 

As N, is in the case (I,,), p: divisible by p, there exists a projection E ¢N, 
with Dy,(Z) = 1/p. Thus 


(4.8.a) EeNCNC-:-CM 
while Dy,(Z) = 1/p yields 
(4.8.8) Do(E)/Do(1) = Do(E) = 1/p for O = N,,Ne,---,M. 


Denote the range of E by MM. 
By (4.8.a) we can form the factors Nim , Nea , --: Mia in M, and we have 


(4.8.7) Nim S Nom S --- SF Mam. 


By (4.8.8), Na = Ni’? , Ma, = M”? (cf. the discussion before Theorem VI). 
The former implies by Lemma 2.10.3 that 


(4.8.6) Nx is in the case (I,,/,). 
We restate the latter: 
(4.8.€) Mm = M”” . 


We know that M is the closure of the set-theoretical sum of N,, Ne, --+ in 
the strong topology.” Hence it follows from (4.8.) that M,m is the closure of 





49 That closure is obviously = R(N, , n = 1, 2, ---). Hence it is M by (iii) in Def. 4.1.1. 
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the set-theoretical sum of Nya , New ,-°-- in the strong topology. This and 
(4.8.y) give together 
(4.8.6) Mm = R(Niaw »r= . 2, e- -). 


Now (4.8.6), (4.8.y) and (4.8.¢) coincide with (i), (ii), (iii) in Def. 4.1.1 as 
applied to Ma@, Nim, Noa,---,71/p, p2/pe,--+ in place of its M, 
N,, No-::, 71, p2,°-:- Hence Mi is approximately finite. 

As M is approximately finite too, this shows that M;m) = M by Theorem XIV. 
Owing to (4.8.e), this gives M'”’=M. Hence 1/p eG as desired. 

Lemma 4.8.3. If there exists for every € > Oan ain1 — € < a <1 such that 
M° is approximately finite, then M itself is approximately finite. 

Proor. Assume that M possesses the property described above. We shall 
establish its approximate finiteness in the sense of Def. 4.5.2. 

Let accordingly Ai, --- , Am ¢Mandane > Obe given. We shall construct 
an N which fulfills (i)—(iii) in that definition. 

Apply first our hypothesis concerning M to 


(4.8.7) e! = (¢/4 Max (||| Ae |||, 8 = 1, ++, m))’ 


in place of its «. Choose the a mentioned there with 1 — & <a<1. Then 
choose a projection FE « M with Dy(Z) = a. Let Mt be the range of FE. Form 
Mm. Then we have Man, = M% (ef. the discussion before Theorem VI). 
It follows from our assumptions concerning a that M.~ is approximately finite. 
By [5], p. 187, (i), in Lemma 11.3.3, 
AS Aw 

is a one-to-one correspondence between all A eM with EA = AE = A and all 
Aw ¢€May. Now we can repeat with a slight variation an argument that 
was used in the proof of Theorem XI: Clearly cTry(A) will do as Try g (Aq) 
in the sense of [6], p. 219, Property IV, for the A, Aq described above, if we 
choose the normalizing factor c > 0 so that cTry(A) = 1 when Aqp is the unit 
of Ma. This means A = E, so we want c7Try(E) = 1. Since Try(E) = 
Dy(E) = a this means c = 1/a. And as the trace is uniquely characterized 
by the above property, Trug(A@) = (1/a)Try(A). From this 
(1/a)Try(A*A) = Try gy ((A*A)am) = Tru ((A*)am*(A)am) for the same 
A, Aq» hence 


(4.8.6) [[A an IIa = (1/c)*[[A Than bag 


Now put B, = EA,E, s = 1,---,m. Then we have Dy(l — E£) < @. 
Hence [{1 — Ell < ¢?™ and therefore [[A, — B.llm = [[A.Ql — E) + © 
(1 — E)A,E]] < ||| As ||| &. Hence by (4.8.7) 


(4.8.c) [[A; - B\\u < €/2. 





41 As a rule we did not indicate the factor (in a finite case) with respect to which [[{A]] 
is formed. However, here it is desirable. 
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Now B, eM and EB, = B.E = B, imply Bum ¢ Ma. We now apply Def. 
4.5.2 to the approximately finite M@ with Byam ,---, Bnay, €/2e in place 
of its A,,---,A,ande. This yields a ring NX © Mwy of finite order with 
CT ,-:-,CheN* such that 
(4.8.x) [CT — Basmlhugy < €/2e’. 


As N* © Mwy we extend every C* « N* toa C eM with EC = CE = C and 
C* = Cw.” These C form obviously a ring N € M of finite order with 
N* = Nam. By this process the C{,---, CheN* give rise to the 
Ci,--:,CmeN. Now (4.8.6) gives 


[[CF — Beam Tha ay = [[(Cs — Be)emTlm an, = 1/e°) [IC — Belle 


and so (4.8.x) becomes 


(4.8.d) [[C; — Bellu < €/2. 
(4.8..) and (4.8.\) together give 
(4.8.n) (IC; — Asllu < e. 


Thus the rng N ¢ M of finite order meets the requirements (i)—(iii) in Def, 
4.5.2. Hence M is approximately finite as asserted. 

Lemma 4.8.4. @ = G(A) is the set P of all (real) numbers 6 in 0 < 6 < ~, 

Proor. Consider a 6in0 < 6 < «. By Lemma 4.8.2 we have for every 
rational in 0 < ~ < ©,A' =A. Hence A’ is approximately finite. Therefore 
(A’)* = A** is approximately finite if 6a is rational. 

Now it is obviously possible to find for any given e > Oanainl —e<a <1 
for which @a is rational. This makes (A’)* approximately finite. Hence A’ 
itself is approximately finite by Lemma 4.8.3 with A’ in place of its M. Con- 
sequently Theorem XIV gives A’ = A. Hence 6 ¢ @ as desired. 

We restate the results of Lemmas 4.8.1 and 4.8.4. 

THeoreM XV. The algebraical isomorphism invariants in (1), (2) at the 
beginning of this section, behave for the approximate finite type A as follows: 


(1) A =A 
(2) @(A) = P. 


It is worth pointing out that the two invariants (1), (2) are not sufficient to 
characterize an algebraical type M in the case (II,). A proof of this is only 
possible if we show first that not all M are approximately finite: If all were, then 
Theorem XIV would give M = A, i.e. only one M in case (II,) would exist and 
thus no invariants for these M would be needed at all. 

Now we shall prove in Theorems XVI, XVI’ that not approximately finite M 
in the case (II,) exist. By making advance use of this result we prove: 

LemMa 4.8.5. The algebraical isomorphism invariants in (1), (2) at the 
beginning of this paragraph are not sufficient to characterize the algebraical type M 
in the case (II). 





4 (is reduced by Mi, its part in M is Ct and its part in M~ is 0. 
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Proor. Assume the opposite. 

Consider a type M in the case (II,). 

Owing to the formulae (2.3.a) and (2.8.8) the validity of M° = M is unaffected 
if we replace M by M’ or by an M’(0 < 6 < ~). By Lemma 2.10.2 G(M) is 
unchanged if we replace M by M‘ or by an M’(0 < 6 < ~). In other words: 
The invariants (1) and (2) are unaffected by a replacement of M by M‘ or by 
an M’. 

Therefore our assumptions concerning these invariants permit us to conclude 
M = M‘’ and M = M’. The latter equations imply 6 « @(M) and therefore 
@(M) = P. 

Thus the two invariants (1) and (2) are uniquely determined, independently 
of the choice of M in the case (II,). 

Hence a second application of our assumption concerning these invariants 
yields that there exists only one type M in the case (II,). A is such a type; 
hence all M in the case (II,) must equal A, i.e. be approximately finite. 

However, as stated above, the opposite will be proven in Theorems XVI, 
XVI’, and we propose to use this now. Thus we have a contradiction and the 
proof is completed. 

We conclude with the observation that the existence of not approximately 
finite factors M in the case (II,) will be established with the help of algebraic 
invariants other than (1), (2) above (cf. the beginning of §6.1). 


CHAPTER V. ON Various EXAMPLES 


§5.1 We established the existence of approximately finite factors (i.e. of 
their type A) by the indirect procedure of Theorems XIII and XIV.“ It is 
therefore desirable to furnish examples of this by explicit and direct construction 
and also to investigate those examples of factors in the case (II,) which we 
possess already as to their approximate finiteness. The latter investigation is 
also necessary in order to find not approximately finite factors in the case (II,). 

In connection with this work we shall develop a new technique to construct 
examples of factors in the case (II,), which is a simplification of the original one 
of [5], pp. 192-209, Part IV. 

We begin by establishing the approximate finiteness of some of our old exam- 
ples: certain ones in [5] and that one in [7], pp. 72-77, §7.5. 


§5.2 Lemma 5.2.1. The ring C*’ of [7], p. 72, Lemma 7.5.1 is approximately 
finite. 
Proor. Using the notations loc. cit., particularly pp. 68, 72, we have 
o ” R(Ba.» j= 1, 2, sn tg ). 


’ Hence 


(5.2.a) c* = RIN, sm =1, 2,-°: ) 





‘8 The decisive passage from Theorem XIII to Theorem XIV makes use of the existence 
of factors in the case (II), for instance the examples of [5]. 
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with 
(5.2.8) Nn = R(Bay jn = 1, +++, m). 


Thus N, (Nz © --- and therefore C*’ is approximately finite by Def. 4.6.1 if 
the N,, are shown to be of finite order. “ 

These considerations belong in [T3.0=1:.--- (Gin) @ Hn) where C*? is a 
factor in the case (II,), but in establishing the finite order of N,, , we may as 
well consider the entire space [],n=1,.2,--- (Gin) @ Gen,2)). 

We proceed as in the lower part of p. 68, loc. cit. Bin.) is in Hor) . It is first 
extended to By... IN Hon,1) @ Hen,2, and then to B...» in | ee (Gin,r) ® 
Hon.2)). Hence the Bima) commute with each other. Therefore the N,, of 
(5.2.8) is of finite order if the By.) are. Now B:,.x) is of finite order because 
it is in the finite 2-dimensional space © n,1) and so Byn,1) is of finite order too. 

Lema 5.2.2. The ring M of [5], pp. 203-204, Theorem XI, is approzi- 
mately finite if the group & possesses this property: 

(i) G ts the set-theoretical sum of a sequence @, | Go € --: of finite groups. 

(We assume, of course, that the requirements of loc. cit. [5], p. 206, Lemma 
13.1.2, are fulfilled, placing M in the case (II,).) 

Proor. Using the notations loc. cit., particularly those on pp. 198-200, we 
have 
(5.2.7) M = R(U,, , Lec); @ € G, g(x) bounded and measurable). 

A familiar argument shows that the g(x) in (5.2.7) can be restricted consider- 
ably without changing the ring M. - Indeed: 

First. It suffices for reasons of continuity to consider the ¢(x) with finite 


ranges only. 
Second. These ¢(x) are finite linear combinations of the characteristic func- 


tions 
(x) =1 for zreS 
Xs = (0 otherwise. 


Third. Let 7, T2,--- bea countable basis for the 7’ (€ S and measurable).* 





44 Tt is not difficult to show that N, is a factor in the case (Inn). Hence Def. 4.1.1. would 
also be applicable, yielding approximate finiteness of type [2, 4, 8, ---]. 
4 The space of all measurable sets 7 (disregarding sets of measure zero) can be metri- 
cized by the distance 
TT” = wT" + T”) — w(T'T"). 


This is obviously equal to 
lxr— xr |? = i | xre(x) — xrer(x) |? dz. 
s 


Since $g is separable, there exists a sequence x7; , xr2 , *-: dense in the set of all x7 , and 
correspondingly the sequence 7 , Z:, --- is dense in the set of all 7. This is what we 
mean by a basis. 
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Then it suffices for reasons of continuity to consider these g(x) = xr,(x), i = 
1, 2, ---+ only. 

Finally, these properties of the system 7, T2, --- are not lost if we replace 
it by another countable system which contains it. We do this in such a way that 
the increased system 7, , Tz , --- possesses these further properties: 

(1) It contains 7’- 7” along with 7’,T’”’. 

(2) It contains a7” along with 7” for any a eG. 

These being understood, we have 


(5.2.5) M = R(U., ? Lxp 2) 3 Io eG, ) i= 1, 2, decid ). 


Consider now the finite groups @,, G2, --- of (i). 7T,,---, 7, generates, 
with the help of the operations (1) and (2) when ay in the latter is restricted to 
G,, a finite subsystem of 7,, T., --- ,—say the set (T;, ieI,). Sol, isa 
finite set. Clearly J; GJ, Q---. J, contains1,2,---,n. Hence (1, 2, --- ) 
is the set-theoretical sum of J; , Iz, --- 

Consequently (5.2.6) gives 


(5.2.€) M = R(N,, 2 = 1, 2, °°: ) 
with 
(5.2.6) N, = R(U,, ? Lxp¢2) 7 HE G, »te I,). 


Thus N, ¢ Ne © --- and therefore M is approximately finite by Def. 4.6.1 if 
the N,, are shown to be of finite order.*® 

Now the group character of G, and the construction of J, show that the 
operators 


(5.2.0) Uaglixrie), MEGn, iely 


are reproduced by multiplication. As G, , J, are finite, these operators (5.2.n) 
form a finite set too. Hence they are a finite basis of N,,-completing the proof. 

This last result establishes the approximate finiteness of the examples (8), (vy) 
in [5], p. 208. Thus our Theorem XIV establishes their algebraic isomorphism 
and [6], p. 244, Theorem XI, their spatial isomorphism as announced by (v) in 
[5], p. 299. In order to include (a), p. 208, eod., we need this 

Lemma 5.2.3. The condition (1) in Lemma 5.2.2 can be replaced by this con- 
dition: 

(ii) G zs abelian. 
' The proof of this lemma is somewhat complicated. It requires some rather 
deep results on the decompositions of mappings of measurable sets, which will 
be published elsewhere. We shall not pursue this matter further on this occasion. 


§5.3 We proceed to expound the new (simplified) method for the construc- 
tion of examples of factors in the case (II,), announced in §5.1. 








‘© This time we really must use Def. 4.6.1 and it would not be possible to replace it by 
Def. 4.1.1—in contrast with footnote". 











788 F. J. MURRAY AND J. VON NEUMANN 


Let a group © be given. For the moment © could be finite or countably | 
infinite, but we shall be forced to assume the latter at a subsequent stage (cf, 
Lemma 5.3.4 and the Remark after it). 

Form a unitary vector space § by using the elements of @ as indices for the 
vector components, i.e. 5 is the set of all complex vectors f = [x, ; a e @] witha 
finite >> a6 | va |’ and for f = [va ;ae@] and g = [y, ; ae G, (f, g) = Dracoteg.” 

Now we introduce and discuss some operators in ©. 

Lemma 5.3.1. Define the operators 


(i) Ualrta ;@€@] = [aa ; a € G] , 
(ii) Vaglte , d€@] = [te-14 ae * attain 
(iii) Wl[xa ; a € G] = [x-1 ; ae G] 


These operators are unitary and 


W=W, WU.W=V.." 





In other words, f — Wf is an involutory spatial automorphism of which in- 
terchanges U,, with Va, . 

Proor. All assertions are immediately verified. 

We introduce, as usual, the complete normalized orthogonal system 


(5.3.a) Ya > ae G, 

in § where g. = [6ax; be @]. Thus f = [x.; ae] is equivalent to 
f = Daw Vaa and 

(5.3.8) Una = Yaaz! ; VaPa = Paga » Wea = gat 


Lemma 5.3.2. Let I be the set of all Ua, and J the set of all Va,. Form for 
each bounded operator A in &, its matrix {aa»}(a, b € @) in the usual way.” 





47 This © coincides with the Sg of [5], p. 194, Def. 12.1.4. The only difference is that 
we now write 2, in place of the f(a), loc. cit. 
48 One also verifies immediately 


Ua Vao 7 Uajao ’ Va; Vao = Vayeo 


i.e.a— U, and a-— V, are both representations of @. They correspond in fact to the regu- 
lar representation of G. 
49 The definition is 


, a) aAab = (Aga ’ ¢b) = (Ga ; A*¢p). 


Hence 


I| Aga ||? = Sopeg | (Aga » 0) |? = Srey | eas |? 
| A*¢o ||? = a | ga , A*yp) ? = Dory | a,b ? 


(#, 8) all ne | a,b |?, aw |aae|? are finite. 


(continued) 
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Then A eV’ af and only if aa, has the form aay» = nw-1 and Ae J’ if and 
only if oa has the form aa» = Na-% 1.€. Ga» depends on the value of ab only 
or on the value of a’b only, respectively. (We do not determine for which sys- 
tems nc , ¢ € G a bounded A to which the given n- corresponds, actually does exist.) 

Proor. If A ~ {acs}, then (5.3.8) gives Uz{AUs, ~ {aea~var'}.” Now 
A I’ means that A commutes with all U,, i.e. that 


(5.3.7) Qa,b = Aaa 'jbag' forall aeG. 
Write ne = G1. Then (5.3.7) with a = b gives 
(5.3.6) Qa,b = Nab-1. 


Conversely (5.3.5) implies (5.3.y). Thus (5.3.6) is characteristic for A eI’. 
This proves our statement concerning I’. 

If A ~ {aa»} then WAW ~ {ag-1-1}.% Hence the automorphism f > Wf 
of © carries (5.3.6) into 


(5.3.€) Qa,b = Na-1b. © 


Since it carries I into J it takes I’ into J’. Therefore (5.3.¢) is characteristic for 
AeJ’. This proves our statement concerning J’. 

Lemma 5.3.3. R(I) = J’, R(J) =I’. 

Proor. Clearly V., commutes with all U,,. So Va, ¢I’ and hence J ¢ I’. 
As I’ is a ring, this implies R(J) ¢ I’. 

If Ael’, Be J’ then A ~ {na-1}, B ~ {6.-1}. Direct computation shows 
that AB = BA (use the matrix computation rules as mentioned at the end of 
footnote “). Thus A e J’ and hence I’ ¢ J’. Since 1 «J, J” = R(J) (ef. [2], 
p. 397). Therefore I’ ¢ R(J). 





Finally 
(Af, o) = (f,A*e) = Doaeg (f, ¢a) (¢a, A* es) 
= ag aa,b(f, ¢a) 
i.e. 
If ff = Soa ava Af = Yoacw Yo a 
(*, y) 


| then yb = Daeg Qa,bTa. 


The matrix operations for these (complex numerical) matrices are defined in the same 
way as for the (operator) matrices of B,) in §2.4. 
5° Use (4, aw) and (5.3. 8). Then 


(Ux) AU ayga , 4b) = (AUagg¢a , Uagee) 
= (Agaay~', ¢bao-!) 
(WAWea ,¢b) = (AWea , Wes) = (Aga-! , 6-1) 


Hence A % {aap} implies Uz) AU a, & {aaag-!,bag-1} and WAW % {aa-1,0-1}. 
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The results of the two preceding paragraphs imply R(J) = I’. The spatial 
automorphism f — Wf of $ interchanges I with J and thus we obtain R(I) = J’ 
too. The proof is now complete. 

Lemma 5.3.4. Put M = R(I) = J’. Then M’ = R(J). I’ isa factor if and 
only if © fulfills this condition: 


For every a eG, a + 1, the class of a, 
(i) &. = (c ac; ce @) 
is infinite. 
Proor. Clearly M = (R(I))’ = I’. 
Now consider an A eM-M’. Put A ~ {as}. A «¢M-M’ implies that both 


(5.3.¢) Qa,b = Na- 1b and Ab = Bap-1 
hold. Putb=1. This gives y.-1 = 6. Thus (5.3.¢) is equivalent to 


(5.3.m) Qa,b = Na-1b = Ma-1. 

The second equation in (5.3.n) may be rewritten by replacing a, b by }, ab, 
Then it becomes 7-14 = 7 1.¢e. it states that ng is a constant for allde2,. So 
(5.3.n) is equivalent to this 


(5.3.0) Qa,b = Na-1s, Na iS constant for all de. 


We now prove that (i) is characteristic. 
Sufficiency: Assume that (i) is true. Ifa # 1 then &% is infinite. Hence the 
finiteness of >> 4 | na |” together with (5.3.0) imply 7, = 0 if a ¥ 1. 


om =m fora=b 
Thus a,b = Na-'b { = 0 otherwise. 


or A = n-1 and so M is a factor. 

Necessity: Assume that (i) is not true. Choose an a =~ 1 with &,, finite, 
Define 
‘, a =1 for aeX 
(53.1) a a ee { = 0 otherwise. 
One verifies that the A ~ {as} may be expressed as A = )oace,Ua.” Thus 
A eM-M’ by (5.3.6) and (5.3.1). 

If M were a factor, this would necessitate A = a-l or A ~ {ad.} where 
6. = 1fora = band 6 = Ootherwise. Consequently 


(5.3.x) Qa,b = Abad. 


Now (5.3.1) and (5.3.x) give for a = 1 and b = ap (remember a ¥ 1) aa, = 1 
and ai, = 0 respectively. This contradiction shows that M is not a factor. 





5! The finiteness of aw | ma |? follows immediately from the first formula of (*, 8) 


witha = 1: 
> new | 1,6 /? 27 ne | 1 2 


52 Observe that the sum can be formed because &, is finite. 
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This last result forces us to assume that © is infinite, since even its classes 
¢,,a ~ 1are to be infinite. Groups © with this property are easy to construct. 
We shall give some examples at the end of §5.5 and in §5.6. Clearly no such 
group can be abelian. 

There is, however, another circumstance worth pointing out before we go 
further. Our construction is obviously nothing but an extension of Frobenius’s 
group numbers to infinite groups.” The unitary space © and its operators are 
only technical devices to take care of convergence difficulties. Both the U, and 
V, furnish representations of © (cf. footnote “), and so both M = R(I) and 
M’ = R(J) are the equivalents of Frobenius’s group numbers. But in the case 
of finite & this procedure does not give a factor. The group numbers notoriously 
possess other central elements than the a-1. There are as many linearly inde- 
pendent ones as there are different classes %, in @. The real meaning of our 
Lemma 5.3.4 appears to be this: The role of all classes in @, when G is finite, is 
now taken over by the finite classes.“ For finite @ this distinction is vacuous, 
but for the infinite G it is now seen to be decisive. 

In other words: We have essentially merely extended the construction of 
Frobenius group numbers to infinite G. For finite @ this can never give a 
factor; indeed, the usefulness of the group numbers lies in that case in the oppo- 
site direction. For infinite G however, our treatment of the convergence ques- 
tions makes this construction perfectly adequate to preduce factors. 

We now determine the case to which these factors M, M’ belong, and a few 
other characteristics. 

The condition (i) in Lemma 5.3.4 is assumed to be fulfilled. 

Lema 5.3.5. (i) M, M’ are coupled factors both in case (Ij). 

(ii) In their standard normalization, the C of [5], p. 182, Theorem X, is 1. 

(iii) If A eM, (A eM’) then Try(A), (Try (A)) has the value m for the n- 
of Lemma 5.3.2. 

Proor. We proceed in a somewhat changed order. 

Define for A e M, a quantity 7’(A) = m for the yn. of Lemma 5.3.2. Let us 
check for this T’(A) the properties (i)—(vi’) in [6], p. 218. 

(i)—(iii), (v) loe. cit., are obvious. 

If A ~ {aan} = {ma-v}, B~ {Bap} = {02-1} then clearly AB ~ {yas} = 
{fa-1} where {, = all NcBac-1. (Use the matrix computation rules indicated 
at the end of footnote “.) Hence 7T’(AB) = {: = Docw ncOc-1. This expres- 
sion is symmetric in y, and @,. Hence 


(5.3.n) T'(AB) = T'(BA) = Yvew neBe-2 « 
This proves (vi), loc. cit., and (vi’) eod., by replacing A, B by UA, U. 





58 We treat these groups as discrete groups and use everywhere sums not integrals. The 
familiar generalization of Peter-Weyl] to continuous groups and of von Neumann to almost- 
periodic groups where integrals and means are used, do not show the peculiarities of our 
present discussion. In those cases the infinite group behaves almost entirely like the finite 
group. 

5 Concerning the connection between factors and representation theory, ef. also [5], 
pp. 118-120, Introduction, §3. 
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As A* = {a,,} = {&-u} with & = 72-1, (5.3.u) yields for B = A* 
(5.3.7) T'(A*A) = dices | ne |’. 


This proves (iv), (iv’), loc. cit. 
Thus all desired relations are established. 


If we consider 7’(Z) only for projections E «M then the above relations | 


allow us to assert the validity of (ii), (iii) in [5], p. 165, Def. 8.2.1. Also 7’(1) = 
1 #0, «. Hence, by [5], p. 170, Lemma 8.3.5, this T’(£) is a relative dimension 
function of M and M is in a finite case. 

The cases (I,), n = 1, 2, --- are excluded, since M is not a finite ring. Hence 
M is in the case (II,). 


Now we conclude by [6], p. 218, Property IV, that Try(A) = T’(A) ie. that 


Tru(A) = m. 

Thus our (i), (iii) hold for M. The spatial automorphism f — Wf in § shows 
that they hold for M’ in view of Lemma 5.3.1. 

Let us now consider our (ii). Observe that by (5.3.8) oe as well as me 
(cf. [5], p. 143, Def. 5.1.1) contain allg,,a¢e@. Hence both are §. It follows 
that in the standard normalization. 


Du (MP, ) ‘oa Dy (M*,) = 1, 
Therefore [5], p. 182, Theorem X, gives c = 1 as asserted. 


Lemma 5.3.6. Consider an A eM (A ¢€M’) and its n. by Lemma 5.3.2. Then ¥ 


we have 
(i) [[A]] — CF ms | Ne (°)* 
(ii) A= ols ncU. ’ (A = Pett ncV ec) 


in the sense of metric convergence in M, (M’) irrespective of the order in which the ¥ 


c e@ are gone through. 


Proor. The spatial automorphism f — Wf of interchanges M and M’. f 


Therefore it suffices to consider the A e M. 
Ad (i): By Equation (5.3.v) in the proof of Lemma 5.3.5, 


[LA]? = Try(A*A) = T’(A*A) = Doe | ne |’. 


Hence [[A]] = (doceo | ne |°)’. 
Ad (ii): Choose any enumeration a” a 
that for A” = ee nah U gtr) 


(2) 


(1) (n) 
=n forc=a,-::,a@ 
A” ~ {niis} with 9f” 

{na~t0} Ne | =0 otherwise. 


Hence 


(1) (n) 
. 1 . 1} =O forc=a’,-::,@ 
A-— A” ~ {95th} with 5” { ; ‘ 


=n. otherwise. 








, +: of@G. One verifies immediately 
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Consequently (i) above gives 
[LA — AM} = oes | 08”? 7)? = (leew, cpcalt?, 322,06) | ne |”)? 
= (Dotengs | nats |?)* 
This is equivalent to 
(5.3.0) [[A — Doma nee Use]] = (Songs | noc |?)*. 


Now of: | mace |? = Doceo | ne |? is finite by (i) above. Hence the right hand 
side of (5.3.0) tends to0asn— «©. This means that >°2; y.)Ua% converges 
metrically to A. 

Since this holds for any enumeration a”, a, --- of G, our assertion is estab- 
lished. 


§5.4 As we pointed out, the construction of §5.3 is closely related to that of 
[5], pp. 192-209, Part IV. The group @ plays the same role in both cases, and 
the difference consists in the disappearance of the space S. 

This space played an important part in the construction referred to above: 
Every a e @ had to induce a mapping z — za in S (ef. loc. cit., p. 195, Def. 12.1.5). 
The absence of S from our present construction may also be interpreted by saying 
that S is now a one-element set: S = (x) and that for every a eG, xa = 2%. 

Now the difference between our two constructions can be expressed as follows: 
In [5], G was entirely unrestricted, but S had to obey (among other things) (iii) 
in Def. 12.1.5, loc. cit., p. 195: fora ~ land ze S always za ¥ x.” In §5.3,6 
had to fulfill (i) of Lemma 5.3.4, but the (iii) referred to was most flagrantly 
violated.” °’ Thus our two procedures correspond to two different ways of 
securing the factor character of M in what is fundamentally the same construc- 
tion. In one case the whole burden of the necessary restrictions was thrown on S 
in the other case, on G. 

It would be possible to use a more general arrangement of which both these 
procedures are special cases. The necessary restriction would then be of a mixed 
type, affecting the structure of S and G@. 

We shall not consider this question in more detail at this time. 


§5.5 A-second connection between our two constructions which deserves some 
attention can be obtained as follows. 
Let an arbitrary countably infinite group @ be given. We shall try to use it 





55 Except for an x set of measure zero. 

56 We have 2a = 2% and w((2o)) = w(S) ¥ 0. 

57 There is no difference between the two constructions as regards the other conditions of 
Def. 12.1.5, loc. cit., p. 195. In particular, G is ergodic in our present construction, since 
S = (2) is a one-element set. 
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for the construction of [5] referred to above, that is to find an S which fulfills al] 
preliminary conditions of that construction in conjunction with the given ©. 

This construction runs as follows: 

(I) Let S be the set of all systems x = [a, ; a e G] where each a, = 0,1. Let 
S be the set of those x = [a, ; a e G] for which a, = 0 except for a finite number 
of a’s. 

Define in S: If x = [a,; ae G], y = [B.; ae G] then ze © y = [ya; ae G] 
where Ya = + 8.(mod 2), y, = Oorl. S is clearly a (commutative) group 
with the “unit” 0 = [0; a e G] and S is an enumerably infinite subgroup of S. 

Define further in S: If x = [a, ; ae G] and a ¢€G@ then xray = [aaya ; a € Gi). 
Then the mappings x — zd) represent the group @ by permutations of S, all of 
which carry © into itself. . 

Now choose an arbitrary but fixed enumeration a, a®,--- of G. For S 
we use the mapping 


) Qa (m) 


= x = [aa; ae G@] > E(X) = Dore = 
of S on the numerical intervalO < ¢ S$ 1. Except for the & image of © the set 
of all dyadically rational numbers, which is a set of Lebesgue measure 0 this 
mapping is one-to-one. So the common (exterior) Lebesgue measure in 0 < 
£ < 1 is mapped by the inverse of = on a Lebesgue measure in S with all its usual 
properties. ‘ 

We shall now consider © as the “group” and S (with the “mappings” x — za) 
for x e S, a eG) as the “space” described in [5], pp. 192-195. In the sense of 
[5], p. 195, Def. 12.1.5, G is an m-group and ergodic in S. 

First we show the m-group character. Ad (i), loc. cit. This is concerned with 
the preservation of outer measure of the measure determining sets {7}. In 
view of the definition of measure in S given in the previous paragraph, we may 
take for a set of 7',’s the set of images, under the inverse of =, of &intervals 
k/2" < & < (k + 1)/2”. An image of a &interval k/2” < & < (k + 1)/2” 


is given by specifying the values of agi1),....aaim). Hence it is mapped by 

x — 2d onto a set, in which the values of aa5'a(1),...,@a,'a(m) are specified. 
—1 (1) —l 1 ) 

Choose n so that aj'a’, --- , aja” occur among the a, --- , a”. Then the 


above set is the sum of 2" sets, each of which is defined by specifying the values 
of a(1),...,@q(n), i.e. each of which corresponds to an interval 1/2” < & < (l1+1)/2". 
Thus the set corresponding to the & interval k/2” < & < (k + 1)/2” having 
measure 1/2” is mapped on a set of measure 2”"”/2" = 2-”. Thus the measure 
of each such is conserved. Ad (ii) which states that (xa@o)bo = x(dobo) can be 
verified by a direct computation.” Ad (iii), states that if a9 ¥ 1, rap = x holds 





88 The construction (I)-(V) which follows is in many respects analogous to the con- 
struction (I)-(VII) in [7], pp. 72-77. The main differences are these: We use @ and not 
S as the group of mappings in S, and the latter parts of the two constructions pursue dif- 
ferent aims. 

® Let t = fag, ae GI, ray = (Ba, ae GI, (rao)bo = [ya, ae G]. Then Ba = aapa and 
Ya = Bboa = Gag(boa) = @(agby)a- Hence (rao)bo = [a(agby)a » @ € G] = 2(aobo). 
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only for a set of measure zero. For x = [a, ;a € GJ], xa, = «x is equivalent to 
=a,foralla. But since a eG, a ~ 1 we can construct an infinite sequence 


Qaga 

a, @2,-°°* Such that the a, a2, --+ , Goa, Q2,--- are all different.” For 
any m, let n = n(m) be such that a”, --- ,a™ includes a, --+ ,@m,@, °°, 
tm. Then the z-set S“ for which Qaya; = Oa; fori = 1, --- , m consists of 


9"-" sets I in each of which the a4(1),...,a¢in) have specified values. Such a 
set [‘” is the image of a é interval of measure 2~” and hence S‘” has measure 
q7™.2-" = 2°”. Now the z-set for which aa a = oa for all a eG is in S™ for 
every m. Thus it has measure zero. Since this is also the set for which ray) = x 
we have shown, Ad (iii). 

The ergodicity will be established in (III) below. 

(II) Form for these S, G the spaces Hs and Hes of all complex-valued functions 
f(z) resp. F(x, a), x eS, ae@ which are measurable in x and with a finite 


[\70@) fae resp. Due [| F(e,a) Pax. ‘Thus (7,9) = | s(e)g(@) dr, (F, G) = 
S s s 
Yaw | F(x, a)G(x, a) dx (ef. [5], p. 194). Form the bounded operators 
s 
Us f(x) = fleas) 
U.,F (x, a) = F(xao , iat mee, 
Le F(z, a) = o(x)F(z, a) (g(x) bounded and measurable) 


(loc. cit., pp. 196, 198-199) and the ring M in Ses which the U.,, Leiz) generate 
(loc. cit., p. 200): 


(5.5.a) M = R(U,,, Leis), a € G, v(x) bounded and measurable). 
Before we go on we form the following system of functions in Hes 
w(t) = (—1)*@toa = (F = [aq , ae GleS, x = [aa,aeGleS.)” 


It is easy to verify that these functions (for all  « S) form a complete normalized 
orthogonal system in Ss.” Consequently the functions 
Fz a(x, a) = w;(x)ba,4, (7 eS, de G) 


form a complete normalized orthogonal system in §g,s. 





8° Tf the ao, ay , -++ are all distinct, let a; = ag‘, The result readily follows in this 
case. Otherwise, ao is of finite order, p = 2, 3, --- (p # 1 since a # 1). For each a we 
can define S, as the set of be @ for which b = aka for some k = 0,1, ---,p— 1. It is 
easily seen how we can choose a sequence a , a, --+ such that the Sa; are mutually ex- 
clusive. For this sequence we have that the a; , a2, --+ , @o@; , @oa@2 , «~~ are all different. 


This readily follows from the facts that the Sa; are mutually exclusive and a ¥ 1. 

® Owing to 7 = [&, a e G| « S we have & =~ 0 only for a finite set of a’s. Hence the 
sum } Gatq is really finite. 

In this particular case the group nature of @ is irrelevant. Hence we can replace G 
by any other countably infinite set. We replace the ae @ by a = 1, 2,---. After this 
substitution our wz(x) become the well-known complete normalized orthogonal set of 
Walsh-Rademacher functions. It was also considered in [7], p. 74, under the name of 
wa(Z). 
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A familiar argument shows that the g(x) in (5.5.a) can be restricted consider. 
ably without changing the ring M. Indeed: 

First it suffices, for reasons of continuity, to consider those g(x) only which 
are finite linear aggregates of the w;(x).~“ Second, we may now restrict the ¢(2) 
to the w;(x) themselves. So we have 


(5.5.8) M = R(U,,, Lu; (z) 3 @€G, eS). 


And as 1 occurs among the U,, (for a = 1) and among the L,,;2) (for = 0), : 
we can equally write: 


(5.5.7) M = R(Ua,Log(z) 3a €G, Ze S). 
(III) Clearly 
Uaw2(%) = we(rdo) = waz (x). 


Now consider any f e s with U.,f = f for all aoe@. Use the orthogonal expan- F 
sion f(z) = )oxe Azw:(x). Then the above formula gives f = > oe Aw, | 











is finite, this implies that \; = 0 if there are infinitely many distinct Zap , ay eG. F 


f(x) = YAgwo(x) = Ao. 
So U.,f =f (for all ao ¢ G) implies that fis a constant. Hence @ is ergodic. 
(IV) Clearly 


w2(X)w5(z) = wee;(z) 


Loa) 5,5(@, @) = w2(x)F5,5(2, @) = Figz,s(2, a). 






Next ’ 
U6F;,3(2, a) = F;5(xd, ad) = F5a-1,ba-1(2, a). 


Combining these gives 






(5.5.€) ULioF5,0(2, a) = Fozgya-1,ba-1(2, @). 


{S, G} by defining 
(5.5.5) {g, b 









{z,é} = {gt @ 2, be}. 











64 Cf. the argument of [7], pp. 73-74 (ID). 

65 We prove this as follows: Put = [@. , ae @]. Since ¢ ¥ 0 there is an a* such that 
Ga» ~ 0. Now as in footnote”, we can construct an infinite sequence of the a’s e G such 
that a,a*, a,a* are all different. Then Za;* = [&a;-1¢, a € ©] has for its a;a* component 
&a» = 1. Thus if we consider the zai’, Zaz", --- we find that there is an infinite number of 
a’s ¢ such that the a component is not zero for at least one of the Zaz". Since each zai" 
can have at most a finite number of components different from zero, there must be an infinite 


number of distinct Za7?. 





Uast = _- AzgWiaz! = 2 aie Aza - Hence A; = Nzao . As lf \|? aa Done | d; r 


Now this is the case for all Ze S,  ~ 0.” So & ¥ O implies A; = 0. Thus | 


Now treat the index 7, 6 of F;,; as one pair. Make these pairs into a group ‘ 
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As @ ® & = O (5.5.¢) implies that 
{g, 6} {z, a} = {(@ @ ga", ba}, 


Hence (5.5.e) becomes 
(5.5) Valo eF 5,5)(e, @) = F 45,8) 42,2)-1(2, a). 


(V) Apply the construction of §5.3 to the group {S, G} of (5.5.¢) above, 
instead of its G. This is possible since {S, G} fulfills (i) in Lemma 5.3.4; i.e. 
if {z, @} ~ {O, 1} then there exist infinitely many different {g, b}~*{z, a} {g, 6}. 
Indeed, if @ ~ 0 then form {0, 6}~*{z, a} {0, 6} = {zb, b-'ab}. There are in- 
finitely many distinct 2b for be G. Cf. footnote *. Thus our statement is 
true for ~ 0. If however = 0, then necessarily @ = 1. Form {%, 1} {0, a} 
{7,1} = {ga @ g, a}. There exist infinitely many different ga @ g.”° 

Now write ;, M, for its $, M. We have 
(5.5.8) M, = R(U;:,4; ; eS, d eG) 
and by (5.3.8) 

(5.5.0) Ut2,ajPty.b) = 9.5} (2,4)-2 - 

We can map gs isomorphically on §,; by carrying the complete orthonor- 
malized system F',,5, of the former into the set of gi3,5, of the latter. Then 
comparison of (5.5.1) and (5.5.n) shows that this isomorphism carries U;L..,:2) 
into U;z,a,. Hence (5.5.y) and (5.5.0) show that it carries M into M;. Thus 
M and Mare spatially isomorphic. 

Summing up: 

Lemma 5.5.1. Given any countably infinite group © define S, S as described 
in (1) above, and the group G; = {S, G} as described by (5.5.¢) (IV) above. Then 
the construction of [5], pp. 192-209, Part IV, can be applied to G and S and our 
construction of §5.3 to {S, G} (in place of its @). 

These two constructions produce spatially isomorphic factors M. 

The mappings 
(5.5.x) a{yj,b} =2b+ 9 
provide a convenient representation of the group {S, G} of (5.5.¢) in (V). If 
we specify x e S then (5.5.x) appears as a permutation of S. But as it maps S 
on itself, we can also prescribe x e S and view (5.5.x) as a permutation of S. 

(5.5.x) makes it clear that {S, G} is the simplest combination of S and G 
apart from the “direct group product’’. 

Our above result can also be interpreted in this way: 

We start with an arbitrary (countably infinite) group G and should like to 
apply the construction of §5.3. Since G may not fulfill the condition (i) of 





66 Put j = [5an, ae Gl, eS. ASd HX 1, Ha OB H = FG O J, means either b = c or 
ab = c, dc = b. In other words: If } runs over all @ there can never coincide more than 
two jha ® F. Now G is infinite. Hence there are infinitely many different Rad OB Hp. 
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Lemma 5.3.4 this cannot always be done directly. We therefore propose to 
expand © to a group @, which fulfills that condition. (5.5.¢) provides a very 
simple generally valid mechanism to do just that. This has the further interest- 
ing consequence that within M, the set of group numbers for any @, the metric 
closure of a subalgebra is equivalent to the topological closure for any of the ring 
topologies. For we extend M to M,as above, and Theorem I (of §1.6 above) 
shows that our statement is true in the extended space §;. Since any sub- 
algebra of M will be reduced by the original space 5, topological closure in §, 
will yield topological closure. Similarly the discussion of Chapter I may be 
carried through on the assumption that M is a group algebra. 


§5.6 The analogue of Lemma 5.2.2 is true for the construction of §5.3 too, 
and this time it is even easier to prove. 

Lemna 5.6.1. The ring M of §5.3 ts approximately finite if G possesses the prop- 
erty (¢) of Lemma 5.2.2 (besides the property (7) of Lemma 5.3.4). 

Proor. Form the @, , G:, --- of (i) in Lemma 5.2.2. Now 


M = R(U,;a€). 
Hence 
M = R(N, ; 7 = 1, 2, ---) 
with 
N, = R(U.;a€G,). 


Thus N, CN; € -::- and N, is of finite order because G,, is finite. Therefore 
M is approximately finite by Def. 4.6.1.” 

Observe that if G fulfills (i) in Lemma 5.2.2 (but not necessarily (i) in Lemma 
5.3.4) then the group G; = {©, G} of Lemma 5.5.1 possesses that property too. 
Put G = G6, + G+ --- , Gi SCG | --- allG, finite. Let S, be the set of all 
x = [& , a € @] with & = 0, whenaisnotinG,. Then S, CG €--- andall 
the S, are finite. So {S, G} = {S., G;} + {So ; Gp} + rey {S1, Gi} .. 
{S, , Go} | --- and all the {S,, , G,} are finite. 

Thus it is easy to form groups © which fulfill both (i) in Lemma 5.2.2 and (i) 
in Lemma 5.3.4. The following example is more direct. 

Lemma 5.6.2. The group G of all those permutations of (1, 2, --- ) which move 
only a finite number of elements, fulfills both (¢) in Lemma 5.2.2 and (z) in Lemma 
5.3.4. 

Proor. Ad (i) in Lemma 5.3.4.: Given an a eG, a # 1 choose n so that a 
moves no number other than 1, --- , n. Assume that a does move 7 (which is 
therefore =1,---,n). Let c,;be the transposition of 7 and j wherej = n + 1, 
n+2,-++-. Then the only k = n + 1,n + 2, --- moved by cj ac; is k = j. 
Thus the cj’ac;,j =n +1,n+ 2, --- are pairwise different and so &, is infinite. 

Ad (i) in Lemma 5.2.2.: Let G,, be the set of those permutations which move 
no number other than 1,---,n. Then@=6,+6.+---,G CG&C-::: 
and each @, is a finite subset of G. 
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The analysis of the invariants (1), (2) of §4.8, gives no new information. As 
to (1) all examples of [5] as well as those of §5.3 have M‘ = M. Indeed: Neither 
of these definitions ever mentions any specific non-real (complex) number. 
Hence ©, , M. coincide with 5, M so that M° = M' = M (ef. §2.3). 

Thus we possess no examples of a factor M in the case (II,) with M° + M. 
Possibly a generalization of the construction of 5.3, with the introduction of 
complex numerical factors in (i), (ii) of Lemma 5.3.1 (and (5.3.8) after that 
lemma) might achieve this.” But we have not obtained so far any conclusive 
results in this respect. 

As to (2), @(M) we know nothing beyond Theorem XV. 


CHAPTER VI. NoN-APPROXIMATELY Finite Factors 


§6.1 As pointed out at the end of §4.8 and again at the end of §5.6, we have 
not succeeded so far to establish the not approximately finite character of any 
factor with the help of the invariants (1), (2) of §4.8. We shall now prove the 
existence of not approximately finite factors, but it is necessary to introduce a 
new invariant in order to achieve this aim. 

Throughout what follows, M is again a factor in case (II;). 

DEFINITION 6.1.1. M has the property T if this ts true: 

Given any system, A;, +--+: , AmeM and any ec > 0 there exists a unitary U = 
U(A,, +++, Am, Ee M with 


Try(U) = 0 
and 
[[UA.U — Al] <¢ for h=1,---,m.™® 


This property I is clearly a purely algebraic property—i.e. one concerning the 
algebraic type M only. 





67 Corresponding to the technique of “‘multipliers’’ in forming skew fields over a given 
center in abstract algebra. 
6 The requirement Try(U) = 0 is necessary, since otherwise we could choose U = 1. 


Outright commutativity of U with Ai, --- , Am (instead of the last inequality) would not 
do for the following reason: If M = R(Ai, --- , A») then this commutativity would mean 
UeM’. Hence UeM-M’, U = a-1. Since Try(U) = 0 this would mean U = 0, contra- 
dicting the unitarity of U. Hence noM = R(A,, --- , Am) could then have this property. 


Now it can be shown that an approximately finite M = R(A:, A:) for two suitable 
A,, Az. Hence an approximately finite M would not have this property—but we need 
Lemma 6.1.2. 

® This property could be further subdivided, according to the values of m and of ex- 
pressions like ¢/Max (||| Ai |||, +--+, ||| Am |||). We could also require Ai, --- , Am to be 
unitary, ete. For our present purpose, however, these refinements are not needed. 
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Observe first this 


Lemma 6.1.1. Let a group G fulfilling (i) in Lemma 5.3.4 be given, which 


possesses ihis property: 


(1) 
o>? 


, Given any system a -,a™” ¢€@ there exists 
(i) (1) (n) 


a € G, co ¥ 1 which commutes with a’, --- , a 


Then the M of §5.3 possesses the property YT. 

Proor. Let Ai, ---,AmeM and e > 0 be given as indicated in Def. 6.1.1, 
Following (ii) in Lemma 5.3.6, we can choose a, --- , a €@ and {1, «+: ; 
fhm (these are the ac.) , «++ , ma) mentioned there for A = A, forh = 1, --- ,m) 


so that 


(6.1.a) [[4n — Doha tae Ua] < €/2 forh = 1, +++ ,m. 


Now apply our assumption (i) to these a’, --- , a‘ obtaining a @ eG, « ¥ 1 


which commutes with them. 
Then U., and U,<:) commute (cf. footnote “) and so 


Uz (An — Dorat fas Uaw)Ue, = A Fi AU., — Doimt fri Uati. 
Hence (6.1.a) yields 


(6.1.8) [Usp AU, — Doha Sax Uacw]] < €/2 
and (6.1.a) and (6.1.8) yield together 
(6.1.7) (Us AnUe, — Aal] < . 


, ’ 1... J=1 for c= 
Clearly U., ~ {ma-1} where 7, is ilies 


As @ # 1 this implies ni = Oi. 
(6.1.8) Tru(Ue,) = 0. 


Thus (6.1.7), (6.1.6) show that U = U,, meets all our requirements. 

We can now prove ; 

Lemma 6.1.2. Approximate finiteness implies the Property T. 

Proor.” It suffices to find a group @ which fulfills the condition (i) in Lemma 
5.3.4 (so that the M of §5.3 is a factor, of course, in case (II;)), (i) in Lemma 
5.2.2 (so that M is approximately finite by Lemma 5.6.1), and (i) in Lemma 


6.1.1 (so that M possesses the property [). Then Theorem XIV and our 


remark after Def. 6.1.1 take care of everything. 
Now the group © = @ of Lemma 5.6.2 possesses the first two properties. 
As to (i) in Lemma 6.1.1: Let a™, ---, a‘” be the given elements of ®. Choose 


p so that none of the a”... a™ move any element other than 1, ---, 7. 





70 There exists also a relatively simple direct proof, based on Def. 4.1.1. 
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Let cy be the transposition of p + 1 with p + 2. Then q =¥ 1 and it commutes 


° 1 
with a,---, a™. 


§6.2 We now proceed to establish the decisive negative result. 
Lemma 6.2.1. Let a group © fulfilling (i) in Lemma 5.3.4 be given, which 
possesses this property :” 
(i) There exists a set $1 & © with these properties: 
(i) There exists a cy ¢ G such that 


§ + ager’ = G — (1). 
(is): There exists a co €@, such that the three sets c2%c2', 1 = 0, + 1 are 
disjoint. 
Then the M of §5.3 does not possess the property T. 

Proor. Assume the opposite, i.e. that M possesses the property T. Apply 
Def. 6.1.1 with n = 2. Put Ai = U,,, A2 = U.,, while « > 0 will be chosen 
subsequently. Form the U = U(A,, As; e) described there. 

Then we have: 


(6.2.0) Try(U) = 0 
(6.2.8) [[U"U.,U — U.,]] < « for h = 1, 2. 
As U,,,, U are both unitary and 
U;,U(UU.,U — U.,) = U — UZUU,. 
(6.2.8) is equivalent to 
(6.2.7) [[(U — Uz UU.]] < « for h = 1, 2. 


Now determine the 7, in the sense of Lemma 5.3.2 for U, Uz,U | a 
U — Uz UU-, in succession. If the first is @, it is easy to verify that the second 
18 Beycex?” and hence the third is 0. — Ocjccr!. Therefore the application of (i) 
in Lemma 5.3.6 to U and to U — Uz) UU., gives 


[UIP = Qoeees | 8 |’ 
[U — Uh UU aI = Lee | — Gereex* |’ 
As U is unitary, [[U] = 1. Considering this and (6.2.7) these equations yield 
(6.2.8) Sue ef = 1 | 
(6.2.¢) (Yveew | 86 — Oeycex? |")? < € for h = 1, 2. 
After these preparations we introduce a measure in & by defining : 


v(M) = Docey | Oe |” for Ag G. 





71 This proof copies to a certain extent Hausdorf’s famous 1/2 — 1/3 division of the 
sphere. In this connection the use of the free group in Lemma 6.2.2 should be noted. 
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Then (6.2.6) becomes 


(6.2.¢) v(G) = 1 
(6.2.a) means 6; = 0 i.e. 
(6.2.7) v((1)) = 0. 


The triangle inequality in infinitely many dimensions gives 


| (doeen | 8-[?)' — (Seen | Ocneer™ |?)'| S (Yoees | Oc — Peneext |°)?. 


The left-hand side js clearly | »(%)* — v(e%ez1)’|. The right-hand side is 
J (Doeew | Oe — Ocyecx! ?)' which is <e by (6.2.e). So we have 


(6.2.8) | o()* — v(c,%ex1)* | < «. 
Now by (6.2.¢), v(2) and v(c,%c;") are < v(G) = 1. Hence 

| »(M) — v(ca%ez*) | = | oC? — v(eMez+)? | (oD? + v(cn%ez*)') 
2| v(M)* — v(ex Mex)? | 


lA 


Therefore (6.2.0) becomes 


(6.2.1) | v(20) — v(en%Mez) | < 2e. 
Let us apply (6.2) to §,a, 3, @, Cz Feo , C2 in place of its A,c,. Then 
(6.2.x) | o(%) — v(erer') | < 2c 
(6.2.2) | o(%) — v(coFez") | < Qc 
(6.2.4) | v(cz' Fee) — o(F) | < 2 


obtain. Now (i;) and (6.2.¢), (6.2.n) and (6.2.x) give 
W(§) + (XG) + 2) > 1 

i.e. 
(6.2.r) W()>F-—e. 
On the other hand (is) and (6.2.¢), (6.2.4) and (6.2.u) give 

WS) + (oH) — 2) + (XH) — 2) <1 
i.e. 
(6.2.0) v5) <3 + $e. 

(6.2.v) and (6.2.0) imply 
+—e< 3+ ge or 1/14 < «. 


Hence it suffices to choose « = 1/14 in order to have a contradiction. 
Thus we have shown that M cannot possess the property I. 








ee ae’ 





e 
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CoroLitary 1. Under the above assumptions, M is not approximately finite. 

Proor. Combine the above lemma with Lemma 6.1.2. 

CoroLuary 2. We may replace condition (ic) on G and § by 

(iz). There exist two elements c. and cz in ® such that §, c2%e2', cscs’ are 
mutually exclusive. ' 

Proor. In the first paragraph of the above proof we let A; = U,, and then 
take U = U(A;, Az, Az, €) instead of U = U(A;, Az, €). Wehaveh = 1, 2,3 
in (6.2.8), (6.2.7), (6.2.€), (6.2.0) and (6.2.1), instead of h = 1, 2. Finally we 
obtain an equation 


(6.2.u’) | o(%) — v(csFes') | < e 


instead of (6.2.u), by applying (6.2.1) to §, cs instead of cz'Fe, @. (6.2.u’) 
is used instead of (6.2.4) in order to obtain (6.2.0), and the rest of the proof is 
the same. 

We conclude by giving a specific instance of an M which does not possess the 
property TI and is not approximately finite. We do this by giving an example 
of a group @ which fulfills the requirements of Lemma 6.2.1. 

LemMA 6.2.2. Let & be the free group of two generators ¢ , C2. Then & fulfills 
the requirements of Lemma 6.2.1. 

Proor. Ad (i) in Lemma 5.3.4: Consider an ae@, a ~ 1. Write a asa 
power product of c:, c of minimum length. Then it is easy to verify that 
ci acj, n = 1, 2, --- are pairwise different unless a = cj}. In the latter case 
we have that the c:"acz = c2"cicz are distinct unless m = Oi.e.a = 1. Thus 
unless a = 1, &, is infinite. 

Ad (i) in Lemma 6.2.1: Let § be the set of a e@ which when written as a 
power product of ¢; , cz of minimum length end with a ci , n = +1, +2,---. 
Then (i;) and (ig) in Lemma 6.2.1, i.e. (i) eod., are immediately verified. 

Combining Lemma 6.2.2 with Corollary 1 to Lemma 6.2.1 gives 

THEOREM XVI. There exist not approximately finite factors M in the case (II). 

Or, considering Theorem XV, 

TuroreM XVI’. There exist in case (I1,) more than one algebraical type M. 


§6.3 We wish in this section to present a number of examples of groups G 
for which the corresponding M of §5.3 is not approximately finite. 

Lemma 6.3.1. Let @ be a group which contains two multiplicative subsets §1 
and §2. Suppose that & is the free product of §; and §2 and that §1 contains at 
least two elements and %2 contains at least three. Then @& satisfies condition (i) 
of Lemma 5.3.4, condition (i:) of Lemma 6.2.1 and condition (i2) of Corollary 2 
of that lemma (for the same §). 

Proor. Let c; be an element of §; which is not 1, and c , cz; elements of ¥2 
which are each not 1. 

We prove first that (i) of Lemma 5.3.4 holds, i.e. that for ae @, a ¥ 1 the & 
is infinite. 

Suppose an a eG, a ~ 1 is given. Since @ is a free product of §: and }2, 
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each a has a unique factorization a;-d2- --- -@» into a product in which the 
factors are alternately in }; and % and no factor is 1. 

We note for later use that if ce §;, then ce §;. Suppose 7 =1. Then 
c will have a factorization b,-b.- --- -b,. If bie % we have 1 = cc? = 
c-by-be- +++ +b, #1. Thus bbe §. But 1 = cc’ = (ch)-be- --+ -b, implies 
r = 1. Consequently ¢ = be hi. 

Now suppose firstly that a, (the first factor) and a, (the last factor) are both 
from $1. Let b, = (cc;)". Ten the set of b;'ab, are for n = 1, 2, --- all 
distinct. (The factorization is immediately apparent.) Hence &, is infinite 
in this case. 

If a, and a, are both from 2, we let b, = (eyc2)” and the result 
is again apparent. 

If a, is from §, and a, is from §: , we consider cz and cs; and denote by c’ that 
one of ¢2 , cs which is not equal toa;'. Let b, = (c’c,)”. Then forn = 1,2, --. 
the factorization of b;’ab, is obtained by simply writing out the expressions for 
these elements and coalescing a, and the first c’ in b,.a,c’ is in § but is not 1 
since c’ ~ a,. Hence the factorization has been obtained. These factoriza- 
tions for n = 1, 2, --- show that the b;’ab, are distinct, and hence &, is infinite. 

If a; is in § and a, is in §; we define c’ as that one of c2 , cs which is not equal 
to a,. An argument similar to that of the preceding paragraph will show that 
in this case also &, is infinite. 

Thus we have established (1) of Lemma 5.3.4. 

To establish (i,) of Lemma 6.2.1 and (iz) of Corollary 2 of that lemma for the 
same %, we define § as the set of a’s, a ¥ 1 having a factorization a,- --- -a, 
in which a, is in § . 

We show firstly (i,) in Lemma 6.2.1, i.e. 


% + cta = G — (1). 


If ae G@, a ¥ 1 then ahas a factorization a,- --- -a,. Nowif ais not e §, a, 
is not « $1 but a,e §2. In this case we consider cacy’ = cd: «++ -a,c;. If 
p is even, i.e. p = 2, 4, --- then a, € §; (since a, € 2) and the factorization of 
cac; is either (cya;)-a2- --+ <a, or (if cya; = 1) ay: -++ -ayci’. If pis odd, 
ie., p = 1, 3,---, a, € §2 and cc; has the factorization c,-a,- --- “Ap*Ci 
These factorizations all show that cacy’ is e §. Thusif a ~ 1 anda is not e §, 
cac;' € § oraec; gc. This is equivalent to G@ — (1) © § + ¢1 Fa. How- 
ever this inclusion is not proper. For 1 is not in §. Consequently 1 is not in 
ci Fe, and § + ci §e,. We can now conclude 


¥ + c'Fa = G — (1). 


One can establish (is) of Corollary 2 of Lemma 6.2.1 in a similar (in- 
deed easier) way. 
Thus our Lemma has been proven. 
This lemma permits us to offer many other examples similar to the G of Lemma 
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6.2.2. For we may obtain §; and §: in a number of ways, and then 
& = G (%1, Fe) is constructed by adding to 1 the ‘‘free’’ products a)-d- +--+ «a, 
where the a,’s are never 1 and are alternately from §, and %. As an example 
we may take §, as the group generated by a single generator a of order 
p = 2,3,---,% and §. as the group generated by an element b of 
order g = 3, 4,---, ©. @(a, b) = G(F, J) is then an example. Of course 
we may take for §; any group of order 22 and #: of order 23. 

The restriction that J contains at least 3 members rules out the case in which 
§, and 2 are both groups of order 2, i.e. §; consists of (1, a) and §2 consists of 
(1, b). Here of course we do not have the (i:) of Lemma 6.2.1 or the (iz) of its 
second corollary. However, condition (i) of Lemma 5.3.4 also fails. For the 
element ab has only ba and itself as conjugates, i.e. { = (ab, ba). Thus fe 
is finite. Hence by Lemma 5.3.4, the M for this G is not even a factor. 

Another lemma, which we shall use in an appendix, is readily shown now. 

Lemna 6.3.2. If G is such that to every a eG, a ¥ 1 there is a b € G, b of order 
23 such that & contains the free group G(a, b) then @& fulfills (i) of Lemma 5.3.4. 

(If a is not of order 2, b need only differ from the identity.) 

Proor. Let &, denote the class of a relative to the subgroup @(a, 6). Our 
discussion following Lemma 6.3.1 shows that @(a, b) satisfies the hypotheses 
of Lemma 6.3.1. Consequently that Lemma and Lemma 5.3.4 imply that & 
is infinite. Since 2, | &% we have &, infinite for G itself, and thus (i) of Lemma 
5.3.4 holds. 


APPENDIX” 


In this appendix we give examples of two Class (I],) factors which are not 
isomorphic and yet each of which is isomorphic to a subset of the other. 

The factors will be the factors associated with certain groups @; and §; as 
in §5.3. These groups are best presented as subgroups of a group © which we 
shall now define. 

@ is determined by generators 2, one for each rational number r = p/g. The 
commutation rules for these generators are determined as follows. Let A 
denote the set of dyadic rationals g/2" in the most reduced form where 
n = 0,1, 2, --- and q is odd except possibly when n = 0. Let B denote theset 
of all other rationals. 

The commutation rules for z, are the following: 


(i) If re A then z, combines freely with any product 2.,-%s.° +++ +X, 
if 8, 8,°°-, 8 are all < 1. 

(ii) If r e B, x, commutes with all products 2x.,-2s,° +++ *Xe, if 81, 82, °° , Sp 
are all < r. 

(iii) All 2, are of order . 

One can show that the set of products x7)- +++ -27?,n; = +1, +2, --- (with 





72 This example was originally part of a later investigation by the second-named author, 
but it can be most easily presented here, using our present methods. 
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a finite number of factors) constitutes a denumerably infinite group @.” This 
is also true for the set of products in which the z,’s are restricted, so that r is in 
a fixed non-empty subset S of the rational numbers. 

Let 5, be the subgroup of G determined by the generators x, with r’ < r, 
Let G, be the subgroup of @ determined by the generators x, with r’ <r. We 
can show 

Lemma A.l. (i) G, € 9H, 

(ii) Ifr’ <7, 9, CG,. 

(iii) Jfn = +1, 42,--- then H,in is isomorphic to §, . 

(iv) G, has property (i) of Lemma 5.3.4. 

(v) G, has property (i) of Lemma 6.1.1. 

(vi) Assume re A. Then , satisfies the hypotheses of Lemma 6.3.1, and 
consequently it satisfies (i;) and (is) of Lemma 6.2.1 and its Corollary 2 and (i) 
in Lemma 5.3.4. 

Proor. Ad (i) and (ii) are clear. 

Ad (iii). The correspondence 2,,, ~ x, between the generators of §,., and 
, is one-to-one and preserves the properties re A and re B. Consequently 
it determines an isomorphism between §,., and §,. 

Ad (iv). Suppose ae @,. Then a = 2]: --- -x7? with each r; <r. Let?’ 
be the Max;-1,...,, 7;. Then of course r’ < rand there is an 7” ¢ A such that 
r <r’ <r. By the first commutation rule above z,-. combines freely with a. 
By the definition of G, , (a, x,,-) € G,. The third rule above tells us that z, 
is of infinite order. These last two results show that the hypotheses of Lemma 
6.3.2 are satisfied. It follows from that lemma that the condition (i) of Lemma 
5.3.4 is satisfied. 

Ad (v). G, has property (i) of Lemma 6.1.1: For let a, --- , a, be any k 
elements of G, and let 2,,, 2;,,°-++ , 2, denote the generators which appear 
explicitly in a,,---,a,. Let 7’ = Max;.y,....7;. Then 7’ < r by the defini- 
tion of G,. Hence there is an 7” ¢ B such that r’ < r’ <r. Let ec = 2. 
Then c ¥ 1, ce G, and c commutes with a, , --- , a; by the second commutation 
rule above. This result shows that (i) in Lemma 6.1.1 is satisfied. 

Ad (vi). For 5, we let §; = G, and §. = (#7). Now 2, is of infinite order 
and the first commutation rule shows that , is the free product of G, and §:. 
These show that the hypotheses of Lemma 6.3.1 are fulfilled. That lemma itself 





73 This can be most readily shown by obtaining a “‘normal form’’ for each such product 
A tones "a,?. This normal form may be obtained as follows. Let r; denote the largest 
subscript which appears and is in B. We move 2} as far to the left as possible. Let ri’ 
be the next largest subscript, which is also in B. We then move aot, as far to the left as 
possible. We continue on until we have considered all the r;¢ B. The resulting product 
is then in a form in which the xi , r; ¢ A have the same order as before, but each such 
ari, r;¢A is followed by a product tril ae apie with the r;, each in B, each < r; and 
with ri; < Tig Sees Srp. 

We may use this form to establish the associativity of the composition rule. The exist- 
ence of an inverse is clear. 
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now shows that (i;) and (iz) of Lemma 6.2.1 and its Corollary 2 are satisfied, 
and (i) in Lemma 5.3.4. 

We next state a quite general lemma. 

Lemma A.2. Let M be a ring which contains (al) and suppose f € $ is such that 
Af = 0 and AeM imply A = 0. Let M = MM". Then if A is closed, has 
domain dense, and n M, A 1s bounded zf and only if it is bounded on Mt. 

Proor. It is clear that we need only show that if A is unbounded, it is 
unbounded on 9%. Let A = WB where W is partially isometric and B is definite 
(cf. [5], §4.4). Since A » M, we have B 7 M and also for all g, | Ag| = | Bg|. 
(This may be « of course.) Hence we may substitute B for A, or what is the 
same thing assume that A is definite. But A definite implies that there is 4 


resolution {E(A)} C M such that A = | AdE(A). Since A is unbounded, 
0 


1— E(\) + OforrA < «. Let g = (1 — E(A))f for any fixed }. By our hy- 
pothesis on f, g ~ Osince 1 — E(A) #0. From the formula for A we see | Ag | > 
\|g|. Furthermore g « M* = M. Thus if A is unbounded, it is unbounded 
on Me. 

CoroLtary. Jf AeM the bound of A on Mi is the same as the bound 
of A (||| A |I)). 

Proor. It is clear that the bound of A on Mis S ||| A |||. To show that 
it can’t be less one uses an argument similar to the above. 

We wish to apply Lemma A.2 to the case in which M is a subring of the set 
of group numbers in the sense of §5.3. We may do this by taking f = ¢; in the 
sense of '(5.3.a). For if A « M, we have that A ~ {n.-»} by Lemma 5.3.2 and 
Agi = Doces neve by (*, y). Thus Agi = 0 implies » = 0 for all c ¢@ and 
hence A = 0, 

It is also useful to notice in applying this to group numbers that if we have 
any sequence {7.} with )o@ | |” < c then the matrix {7-1} determines an 
A with a closure and domain dense. For it is clear from (“, y) that A is defined 
for all g, a¢€@ of (5.3.2) and hence for the linear combinations of these. 
Since the latter are dense, A has domain dense. Furthermore the matrix 
{f-12} is adjoint to it. Since this latter also has domain dense, A must have 
a closure. We shall consider A to be the least closed transformation, with 
matrix {m.-1%}. On its domain, A is the limit of finite linear combinations of 
the U, and hence is 7M. Cf. Lemmas 5.3.1, 5.3.2 and 5.3.6. 

Lemma A.3. Suppose G° and &” are two groups and M° and M™ their respec- 
tive group numbers in the sense of §5.3. Then if @ | G™, M° is algebraically 
isomorphic with a subring of M™. 

Proor. Foran A eM” we have a sequence {7. ;c ¢ @”} as in Lemma 5.3.2. 
Let M°** denote the set of A’s « M°” for which 7, = 0 if c not eG’. Since G° 
is a subgroup, this set of A’s is closed under the operations aA, A*, A + B, 
AB. Furthermore this set of A’s is metrically closed, and as we mentioned 
at the end of §5.5, for a subalgebra of group numbers, this implies ring closure. 
Thus M°* is a ring, and indeed is the ring determined by the U., c eG. 








808 F. J. MURRAY AND J. VON NEUMANN 


Let M° be the set ©5°” determined by the ¢, with a eG (cf. 5.3.a). It is 
clear that we can identify this with 5° the space on which we have M° defined. 
Now for every A ¢ M’ we have a sequence {{, ; c « @°} and corresponding matrix 
{ta-}. Correspondingly, we have a sequence {n., ce @™"} with mn. = & for 
ce@’ and yn. = 0 otherwise. As we pointed out above, the matrix { na~1} 
determines a closed operator A with domain dense. This is clearly 7 M°* and 
hence by the application of Lemma A.2 described above, it is bounded if and 
only if it is bounded on 92™°*. Now one can show by our above definition of 
M”™ that MM" = M°. Now A = A on M’ and thus is bounded there. Hence, 
by Lemma A.2, A is bounded and e M°*. We now see that to every A «M! 
there corresponds an A ¢ M®™ such that A agrees with A on 6° = M°. On the 
other hand, it is clear that to every A « M** we have an A ¢ M? with this prop- 
erty. 

One can readily verify that this is an algebraic isomorphism. 

We are now ready for the final step. Let M; be the set of group numbers 
for G,, Me the set of group numbers for §, (ef. §5.3). 

LemMA A.4. (i) M; and Mz are factors in Case (I,). 

(ii) My, is algebraically isomorphic with a subring of Me. 

(iii) Mz zs algebraically isomorphic with a subring of M, . 

(iv) M, has property T of Def. 6.1.1. 

(v) Me does not have property IT. 

Proor. Ad (i). M; is a factor by Lemma A.1 (iv) and Lemma 5.3.4. M, 
is a factor by Lemma A.1 (vi) and Lemma 5.3.4. My, and M2 are both in Case 
(II,) by Lemma 5.3.5 (i). 

Ad (ii). This follows from Lemma A.1 (i) and Lemma A.3. 

Ad (iii). Let Mo denote the set of group numbers for 5). Lemma A.1 (iii) for 
n = —1 shows that ©» and §, are isomorphic, and this of course implies that 
M: is algebraically isomorphic to Myo. Lemma A.1 (ii) and Lemma A.3 imply 
that Mb is isomorphic to a subring of M,. Hence Mz is algebraically isomorphic 
to a subring of M; . 

Ad (iv). This is implied by Lemma A.1 (v) and Lemma 6.1.1. 

Ad (v). This is implied by Lemma A.1 (vi) and Corollary 2 of Lemma 6.2.1. 

Since property IT is an isomorphism invariant, (iv) and (v) imply that M; 
and M2 are not algebraically isomorphic. Combining this with (ii), (i) and 
(iii), we have 

TuHEorEM A. There exist two rings Mi , M2, each a factor in Case (Il), which 
are not algebraically isomorphic to each other but are such that each is algebraically 
isomorphic to a subring of the other. 
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ERRATUM 


Page 318, lines 12 and 13 (after semicolon). Read: “and therefore, if B is 
completely additive (i. e., if the union of the elements of every subset of B exists), 
then it is isomorphic with a direct sum of f-homogeneous Boolean algebras.’’ 
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